e A s

Editorial Board
Main Editors

L. J. Mostertman (Co-ordinating), International Institute for Hydraulic
and Environmental Engineering, Delft

W. L. Moore, University of Texas at Austin

E. Mosonyi, Universitit Karlsruhe
Advisory Editor

E. P, Evans, Sir William Halcrow and Partners, Swindon
E. M. Laurenson, Monash University

Y. Maystre, Ecole Polytechnique Fédérale de Lausanne
0. Rescher, Technise

he Universitat Wien
Advisor for Computational Hydraulics Series

M. B, Abbott, International Institute for Hydraulic
and Environmenta) Engineering, Delft



Practical Aspects of
Computational
River Hydraulics,

J.A. Cunge, E.M--Holly;Jr

Société Grenobloise d'Etudes et d'Applications
Hydrauliques, SOGREAH, Grenoble

A. Verwey

International Institute for Hydraulic and Environmental
Engineering, Deilft

TC,
] 75
d et

J'C 5422205

Pitman Advanced Publishing Program
Boston - London - Melbourne




TC175C8¢

: 'Tmﬁ'mMPlesa:Ro

PITMAN PUBLISHING LIMITED

39 Parker Street, London WC2B 5PB

PITMAN PUBLISHING INC

1020 Plain Street, Marshfield, Massachusetts 02050
Associateq Companies

Pitman Publishing Pty 1td, Melbourne

Pitmyn Publishing New

Zealand Ltd, Wellington
Copp Clark Pitman, To.

Tonto

al river hydraulics
£I 1esources engineering; 3)

1, Rivers-Mathematical models

» 2. Stream Measurements—Mathematical
- models, 3, Channels (Hydraulie eng

ineering)—Mathematical modeis,
1. Holly, Forpeg M., joint author, |
IIL. Title, [V, gors

L Verwey, Adri, joint author,
627125

79-25810
ISBN 0273 08447 9

system, or transmitted in any form or by any
Slecty cal, Photocopying, recording and/or
8¢ mthout_ the Prior written Permission of the publishers,

Tposer Typesetting, Bath
?nd bound i Great Britajn "8, Ba
" The Pitman Bresg, Bogy o




Dans notre monde relatif, toute certitude est mensonge.

H. Poincaré



ywu-ri-ﬂ-rwv—'—r_-w—-—m» D i e R L R

Contents

Acknowledgements
List of symbols

1 Introduction 1

2 Mathematical formulation of physical processes 7

2.1

2.2

23
24

2.5

Equations of one-dimensional unsteady open channel flow 7
Basic hypotheses 7

Integral relations 9

Differential form of the de St Venant equations 13
Supplementary terms and coefficients 18

Characteristics — boundary and initial conditions 24
Boundary data requirements 29

Discontinuous solutions — bores 37

Simplified channel flow equations 44

Effect of neglecting the inertia terms 45

Effect of neglecting the inertia terms and the ah/ax term 46
Steady flow equations 48

Representation of special flow conditions 48
Localized inapplicability of the channel flow equatmns 49
Quasi two-dimensional flow 50

3 Solution techniques and their evaluation 53

3.1

32

Discretization and solution of flow relationships 53
Numerical solution by the method of characteristics . 534
Numerical solution by the method of finite differences 59
Some finite difference schemes 62 ' :

Discretization of boundary conditions 72

Discretization of the quasi-two-dimensional flow equations 75
Linear analysis of the validity of discretization - 77 -
Convergence and approximation error 71 '

Numerical stability 30
Amplitude and phase portraits 86

33 Dlscretlzatlon of nondinear terms and coefficients 92



i

64 Computationa) and modelling

Verwey's variant of the Preissmann scheme 96
Abbott—Ionescu scheme 97
Comments o8
34 Algorithmic aspects of modelling systems 103
Iterative matrix methods 105
Double sweep methods 106
3.5 Computational principles of steep front simulation 121
Shock fitting method 122
Pseudoviscosity method 124
Through methods 126

3.6 Representation of topographic and hydraulic data 128

Flow simulation in natural Tivers 132
4.1 Introductory remarks 132
42 Choice of equations for channel flow 135
43 One-dimensiongl and two-dimensional modelling 138
44 Topological discretization 143
4.5  Hydraulic discretization 15¢
4.6 Some computational problems in river and flood plain flow
simulation 175
Small depths 175
Weir oscillations 178
Flooded weir linearization 180
Steady flow calculations 181
47 Concluding remarks 184

Modei calibration and data needs 185

5.1 Mode] calibration 185
Steady flow 186 .
Unsteady flow 193

Example: calibration of the Senegal Valley mode] | 208

ple: calibration of the upper Rhéne mode] 216
- Accuracy of calibration 222 o
5.2 Data neegs 225

General remarks 225

Topographic datg - 228

Modelling of flow regulation in ifrigaﬁon canals and power
6.1

Flow contro) in irrigation ang water supply canals 233
Surges in Powercanals 242 . '
63  Flowand ENCTEY production ¢op

Canalized rivers - 253

trol in power Cascades on

consideratipng. .260
Modeluf_lg of discontinuuus fronts .- 260 -




B et e e T e e

Modelling of transitions and control structures 263
Example of gate simulation 265

7 Movable bed models 21
7.1 The role of movable bed mathematical models in engineering
practice 271
72  Basic hypotheses and formulation of equations 273
73  Boundary conditions in movable bed modelling 278
74 Data requirements 280 :
7.5 Mathematical analysis of the equations 281
Full unsteady flow equations 281
Simplified system of unsteady flow equations 282
7.6 Numerical solutions 287
Full system of three equations 287
Simplified system of two equations 291
7.7 Models of alluvial channel resistance 295
Physical aspects 265
Energy line gradient formulation 298
Solid transport formulation 298
Examples of application 299
78  Criteria involved in choosing a modelling method 307
Factors linked to the physical phenomena simulated 308
Factors linked to numerical methods 309

8 Trnsport of pollutants 312

8.1 Introduction 312

8.2 The dispersion process 313

8.3 One-limensional dispersion modelling 318

84 Evaluation of the longitudinal mixing coefficient 319

8.5 Numerical solution of the one-dimensional convection

equation 320

8.6 Numerical solution of the one-dimensional diffusion
equation 331

8.7 Example of one-dimensional dispersion modelling — the Vienne
river 333 . -

8.8 Two-dimensional dispersion modelling 336

89 Example: simulation of two-dimensional dispersion in the Mlssoun

- river from a continuous source = 340
8.10 Example: simulation of one-dimensional dispersion in Clmch
river 343

8.11 FEstimating the transverse distribution of longitudinal velocity 346
8.12 Conclusions 349

9  Special applications - 350
9.1 Flood forecasting and prediction 350
Strategy for implementation of forecasting models 354
Particular calibration and sensitivity study problems 356



9.2 Simulation of dam break waves 357 ' ) -
Physical description of the phenomenon and governing equations
Computational problems 360

9.3 Unsteady flow modelling in storm drain networks 365
Pressurized flow 366
Backflow from junctions 368
Backwater effects 368
Small depths 368
Looped networks 369
Hydraulic works 370

10 Costs, benefits and quality in
10.1 Cost/benefit and cost/quality ratios 372

10.2 Factors affecting the cost of 5 mathematical model 374
Algorithm and software development 374
Preliminary study 375
Adaptation of existing softw

are to the project’s particular

features 376
Construction of the mode] 377
Supplementary Surveys and measurements 378
Model calibration 378
Model exploitation anq interpretation of results 379
Transfer of models 380

10.3 Quality of 5 mode] 380

ifferential équationg 382
Finite difference Operator 383

Solution algorithm angd treaiment of Special features 383
Data input apg output 384

Simulation of observed situationg 384
Modeller-user relatiunslﬁp 384
105

ples of cost of mathematicy| modelg 385
Upper Nile basin 385

Mekong River Delts

11 Transfer of mathemag; 391
L1 Introductiog 91
2

Modeller_yge, relaﬁonslﬁp




Acknowledgements

The first two authors have acquired most of their experience at the Consulting
Engineering firm SOGREAH (Société Grenobloise d’Etudes et d’Applications
Hydrauliques). They wish to express their appreciation to SOGREAH for per-
mission to use internal reports and notes, for help in obtaining client’s
authorisations to use study material, and for material support in preparing the
manuscript, especially the final typing.

The first applications of mathematical modelling techniques to river
engineering problems in the 1960°s were made possible by Dr Alexandre
Preissmann, member of SOGREAH’s Board of Experts. The first two authors
consider it a great privilege to be able to work with the man whose pioneering
work launched the present day widespread use of mathematical models. His
constant help, guidance and, aboye all, his criticism have always been a source of
encouragement for which we wish to express our profound gratitude.

The third author has greatly appreciated the stimulation of Professor ir. L. J.
Mostertman, director of the International Institute for Hydraulic and Environ-
mental Engineering in Delft, who has always made possible the necessary
contacts in this field. The third author is also very much indebted to Dr M. B,
Abbott. Working with him at the International Institute in Delit represents not
only a professional contact but also a personal and stimulating friendship. The
author’s accumulation of professional experience was made possible by these
two colleagues, starting in 1970 through collaboration with the Versuchsanstalt
fiir Wasserbau of the Technische Hochschule Minchen on the development of 2
mathematical model for a stretch of the river Danube. After completion of this
study came the opportunity to develop the hydrodynamic part of the modelling
system ‘System 11 Siva’ at the Computational Hydraulics Centre of the Danish
Hydraulic Institute. Here the third author has very much appreciated the useful
comments of his colleagues Gaele Rodenhuis, Asger Kej, Peter Hinstrup, and Jens
Aage Bertelsen during the construction of the system and its application to real
problems. Last, but not least, thanks are given to the co-authors for the
considerable amount of additional work they did in Grenoble in integrating the
third author’s contribution into this work.



;
;
:
]
!
i
‘:

Additional thanks must be given to Mr Bill Eichert of the U.S. Army Corps of
Engineers, Hydrologic Engineering Center, and to Drs Carl Nordin and Raobert

Baltzer of the U.S. Geological Survey, for having supplied information on

current mathematical modelling activity in thejr respective organizations.

Finally, we must acknowledge the invaluable contribution of Joyce Holly,
who typed the early drafts and did considerable proofreading.
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1 Introduction

Mathematical modelling of flow in rivers is rapidly becoming an accepied
engineering tool, whose evolution can be compared to that of reduced scale
modelling. Scale models came into use as design and verification tools when the
complexity and scope of large structures began to present problems which could
not be solved using traditional hydraulic methods, but could be accurately and
productively modelled at a reduced scale. The use of scale models and inter-
pretation of their results provided important feedback into the development of
theory (similarity, statistics, turbulence, wave motion, sediment movement) as
well as experimental science (measuring equipment, laboratory technique, etc.).
The theoretical foundations of physical scale models were laid down by 15th
century precursors such as Froude; what was new in the 1930s and 1940s was
the general application of scale models to open channel engineering problems.
The early role of models as illustrative examples evolved into a role of providing
quantitative, reliable results on which design decisions could be based. But as
engineering projects became larger and economy considerations were more and
more often integrated into overall planning, scale models reached a natural limit
to the scope of their application. 1t is not sufficient merely to be able to produce
a satisfactory design of a given structure or to predict flow conditions in its
immediate vicinity; the structure’s interaction with the overall development plan
of a river basin or region must be considered, from both hydraulic and economic
points of view. For example, a sophisticated and well-designed sand-trap
structure on an irrigation canal will be useless if the canal system cannot deliver
sufficient water and with a high enough velocity. Even though scale distortion
and engineering experience can be used to extend the scope of scale models,
there is some point at which new techniques must be used to obtain simulations
which are reliable and economic. These new techniques are those of
mathematical modelling. _
Mathematical modelling in rivers is the simulation of flow conditions based
on the formulation and solution of mathematical relationships expressing known
hydraulic principles. The technique finds its origin in the 19th century work of
de St Venant and Boussinesq, who formulated the unsteady flow equations,
and in the work of Massau, who in 1889 published some early attempts to solve

1



2 Practical Aspects of Computational River Hydraulics

those equations, Important theoretical concepts were establishet.l m the first half
of this century, but the first engineering applications of thes? principles to .
natural river conditions awaited the development of electronic computers; in
1952-1953 Isaacson, Stoker and Troesch (1954) constructed and ran a mathe-
matical model of portions of the Ohio and Mississippi rivers. Following that
pioneering effort the use of mathematical modelling in rivers develpPed at first
quite slowly, then began to accelerate; today (1980) we seem to be in an expon-
ential growth phase, in which everyone is trying to build models. Even when
there may appear to be no need for a model in the planning and design of some
projects, contracts invariably call for a mathematical modelling effort.

Mathematical modelling in rivers is much more than the use of computers and
computer programs to simulate hydraulics. The engineer who works with data
processing techniques develops a particular analytical and experimental attitude,
a formalization of intuition and thought, an extension and concretization of the
thinking process. Most hydraulic engineers have at least once in their career met
a hydraulics expert, an engineer of great experience who applies his
unformalized engineering intuition to solve a problem. Such an expert can say,
‘if you do it that way, the dyke will collapse, but if you do it this way, the dyke
will hold’. He is almost always right, even though he may not be able to explain,
or formalize, his reasoning process, which is thus inaccessible to anyone else. If
his reasoning process were formalized and analysed, it could well serve as the
basis of 4 conceptual mathematical model available to everyone.

This formalization of intuitive hydraulic reasoning is an important aspect of

current river modelling development. Faced with the need to come up with

answers to design and planning problems as quickly and as economically as
possible, engineers have devel

oped a great numbes of programs and models,

formalizing engineering intuition to a5 great an extent as possible and profiting
from modern rapid cotnputin,

have led to the development
systems. Such systems comp
necessary to construct and o
dated plains, angd existing an
etc. The engineer using such
physical aspect of the proble

g techniques. Generalizations of this experience
between 1972 and 1976 of what we call modelling
tise all the programmed procedures (software)
perate models of a river with its tributaries, inun-

d future structures including dykes, dams, canals,

a system could concern himself only with the

m, just as does the user of a scale model. But in




Introduction 3

evolved which provides formal, mathematical support and guidance for the
various techniques used in modelling systems. It is impossible to develop a
modelling system without using computational hydraulics concepts (just as it is
impossible to do so without using classical hydraulics, calculus, numerical
analysis, programming, data processing concepts, etc.). Thus there has been a
constant interaction between modelling system development and computational
hydraulics.

The authors are concerned about two attitudes which seem to be developing
in mathematica! modelling of rivers. The first one is the black-box syndrome,
often symbolized by statements in the press such as ‘.. . the data were fed into
the computer (the black box) and the resuits which came out were . . .". The
black-box approach, in which one secks to construct a model which responds to
input in the same way as a physical system, is the only possible one when the
physical system is poorly undesstood — in cybernetics, for example, But in river
hydraulics we do have a good knowledge of the basic physical processes, and
models should be built with this knowledge as a foundation. The black-box use
of river modelling systems with little or no awareness of their limitations and
constraints, is, in our view, irresponsible.

The second attitude which concerns us is the desire to become immersed in
computational techniques to the exclusion of practical considerations. The use
of esoteric language and the unwillingness to explain practical details and the
relationships between theoretical results (often coming from numerical analysis
and gas dynamics) and their practical applications, again opens the door to
irresponsibility and even charlatanism. Both of these attitudes inhibit technical
progress in river mathematical modelling. It is of course much easier to believe in
the fairy’s magic wand than to be told that the quality of model results isa
direct function of the modeller’s efforts to understand the problem — the long -
way to Tipperary never was, and never will be, very popular. The unwillingness
to take the long road can have immediate practical consequences, as can already
be seen in the attitudes of some serious organizations. Having suffered the abuse
of ‘models’ which produce either false results or no results at all, these
organizations have become understandably discouraged and tend to treat anyone
talking about river mathematical modelling as a quack doctor. :

We have tried in this book to address ourselves to those who wish to know
what are the weak as well as the strong points of mathematical modelling; what
can be checked, what can be simulated, and at what price. As consultants our-
selves, we realize that we are giving our clients a stick to beat us with. We have
tried to dismantle various aspects of river modelling in order to point out
strengths and weaknesses and clarify the technical language employed. Without
doing so, how can we explain the concept of convergence of a finite difference
method to a water resource specialist in a language he can understand? And
without the notion of convergence, how can we show him that close reproduction
of recorded hydrographs is not sufficient proof of the reliability of a model, that
another model may be more reliable even though its reproduction of observed
events is not quite as good? How can we explain to an applied mathematician or
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systems analyst the relative importance of physical factors represented .in the
various terms of the flow equations? How can we justify seemingly arbitrary
decisions as to the neglect or not of inertial forces, or the use of weir-type or
fluvial-type exchange laws? How can we explain to the technical advisor of a
sponsoring organization what he should expect of a mathematical model, or how
one should be chosen, or how the quality of results depends on the price? These
are the kinds of questions we have considered, and although we may not have
been able to provide satisfying answers to all of them, we hope that our efforts
will have at least convinced the various parties involved in modelling that only
through honest understanding can modelling evolve into a mature engineering
tool.

In planning this book we were faced with the problem of deciding what kind
of reader we wanted to address. One possibility would have been to write for the
modelling system developer, staying in the realm of computational hydraulics,
humerical methods, solution algorithms, etc, Another possibility would have
been to write for the modelling system user, limiting our attention to model
schematization, calibration, interpretation of results, examples. But it soon be-
Came apparent that we would have to try to reach both kinds of readers.

the quality of model results depends to a large extent on the skill with which the

modeller schematizes the systemn, i.e. on the ‘art’ he applies to the emplacement
of computational points, flood plain storage cells, selection of boundary con-
ditions, calibration of bed roughness coefficients, and so on. If on the other
hand we consider flow in artificial canals subject to rapid flow variations due to
turbine and gate manoguvies, we realize that there is very little skill needed in
representing the physical System in discrete model form. In this case it is the

numfeﬁcal method which demands the modeller’s close attention, since rapidly
be correctly modelled with any off-the-shelf, hastily

d the user, we
must add those of a third p that is to say the organization who
pays for modal development and use and thus has an interest in appreciating the
Problems faced in g} aspects of modelling, ' '

- The structure of this book reflects our attem

readers. In Chapter 2 we develop the basic inte
volume point of view, th

Pt 1o reach these three types of
gral flow relations from a control

i t extent the
- differential equations can b : : normally used

2 * their physical significance, and finally
lating two-dimensional fioy on inundated plains.
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approximate momentum conservation in a control volume, and with the
practical implications and limitations of formal error, convergence, and stability
analyses as applied to typical schemes. We try to show that any proposed
method must be judged not only on the basis of its behaviour when applied to
simplified linear equations, but also on the way it treats internal and external
boundary conditions, non-linear coefficients, and so on. We then outline some
solution algorithms which can be used for branched and looped channel and
flood plain flow networks.

In Chapters 4 and 5 we discuss the practical problems involved in construct-
ing, calibrating, and exploiting models of natural river systems. Our main pre-
occupation is the model representation of physical features, and the sensitivity
of model quality to this representation. In Chapter 6 we treat the special
problems involved in modeling of flow subject to artificial regulation:
irfigation systems, derivation canals, and cascade hydroelectric projects.

In Chapters 7 and 8 we describe practical problems involved in the modelling
of long-term river bed evolution due to sediment transport, and in the simulation
of pollutant transport and dispersion in rivers. Although these topics do not
directly fall under the heading of unsteady flow modelling, they are becoming
more and more often included with, even becoming the object of, river flow
modelling. The practical problems arising in the modelling of both sediment and
pollution transport are closely related to those of river flow modelling. In
Chapter 9 we briefly consider the modelling problems involved in flood forecast-
ing and prediction, dam break wave calculation, and drainage network
simulation. Finally, we throw all caution to the wind and discuss cost/quality
and model transfer in Chapters 10 and 11.

The reader may be surprised to find that we have not described any single
modelling system in its entirety. At the present time (1980) we are still in the
early stages of development and application of modelling systems, and it would
appear useless to describe details which are usually available in other publi-
cations and which may become obsolete in a few years’ time, We have however
tried to describe the general principles of modelling systems, giving particular
attention to their industrial development involving the joint efforts of hydraulic
engineers, applied mathematicians, and data processing specialists. The authors
have been personally involved in the development and application of several
current systems: SOGREAH’s CARIMA system for the simulation of unsteady
flow in multiply connected networks of rivers, canals, and inundated areas; the
Danish Hydraulic Institute’s SIVA System 21 for unsteady flow in multiply con-
nected river and canal networks; SOGREAH’s CAREDAS system for unsteady
free-surface and pressurized flow in multiply connected drainage networks. We
have drawn largely on our own experiences using these systems for examples and
illustrations, we hope without displaying any religious fervour for our own
methods to the exclusion of others.

We assume that the reader has a basic knowledpe of hydraulics and
mathematics. We derive certain unsteady flow relationships only when it is-
necessary to interpret some aspects which are not readily found elsewhere, While
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frequently referring the
the self-contained chara
stood by itself,

reader to the literature, we have still tried to maintain

cter

of the book, which we hope can be read and under-



2 Mathematical formulation
of physical processes

2.1 EQUATIONS OF ONE-DIMENSIONAL UNSTEADY OPEN CHANNEL
FLOW

Basic hypotheses

The fundamental notions and hypotheses used in the mathematical modelling of
rivers are formalized in the equations of unsteady open channel flow. These
equations are simple models of extremely cormplex phenomena: they
incorporate only the most important realife flow influences, discarding those
which are thought to be of secondary importance in view of the purpose of
modelling. When dealing with a set of equations, the modeller must be aware of
the physical phenomena which they do and do not incorporate. Once the
equations are established, their subsequent mathematical and numerical
treatment (transformation, solution, study of properties, etc.) does not change
their built-in physical restrictions.

For the sake of clarity, we distinguish between channel flow and flood plain
flow. Flood plain flow is usually much more complex and more difficult to des-
cribe completely than channel flow; paradoxically, however, its mathematical
representation in models is much simpler. Most often the role of flooded plains
in flood propagation is to provide storage volume with slow exchange of water
from one part of the plain to another. The simulation scale of the whole river is
usually such that a global, coarse flood plain schematization may be adopted, a
representation which is in the end simpler than that used for the channel, as we
shall see in Section 2.5. Clearly, this is not the case when the local details of
flooded plain flow are to be represented with high accuracy, but then a physical,
reduced scale model is called for. .

~ Throughout this book channel flow is assumed to be strictly one-dimensional,
even though truly one-dimensional flow does not exist in nature. One of our
major concerns in this chapter is to define what is called a ‘one-dimensional -
situation’ and to consider to what extent natural river flow can be modelied as
such without violating the basic concepts of the one-dimensional flow equations.
We begin with a reminder of the de St Venant hypotheses which we consider to
be valid throughout this section and, in general, throughout the book except when

7






Mathematical Formulation of Physical Processes 9

Integral relations

Let us consider the control volume in the (x, ) plane between cross sections
x =x; and x =x;, and between times ¢ = ¢, and £ = ¢, shown in Fig. 2.1. In the
same figure is depicted the cartesian co-ordinate system which will be used
throughout the book. We shall establish equations of conservation of mass and
momentum for the control volume assuming that all the de St Venant
hypotheses are valid. In doing so we shall closely follow Liggett (1975), extend-
ing his unit-width analysis to a generalized section. The flow is assumed to be
nearly horizontal, i.e. the angle a between the channel bed and the x-axis is
sufficiently small so that cos &= 1. Based on these hypotheses, the basic
equations can be formulated by using the principles of conservatlon of mass and
momentum within a control volume.

The net inflow of mass into the volume is defined by the time integral of the
difference between the mass flowrates entering (pud)y, and leaving (puA )x,, the
control volume:

) o |
| * touty,, - ua), ) ar @1

This net inflow must be equal to the change of storage in the reach during the
time interval:

[ 0ty -, | 22)

where p = water density; 4 = u(x, £} = uniform cross-sectional velocity;

I
¥

Fig. 2.1. Definition sketch for derivation of unsteady flow equations:
(a) Control volume, section view;
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A = A(x, t)= wetted cross-sectional area. Consequently the mass continuity
integral relation for constant density is :

PE L |
[ 7 ey e e+ [0y, -1 ar=0 @3)
L

Xy
where 0=ud.

The conservation of momentum in the x-direction requires that the change of
momentum in the control volume between times ¢, and t; be equal to the sum
of the net inflow of momentum into the control volume and the integral of the
external forces acting on it over the same time interval. Momentum is the
product of mass and velocity, and momentum flux through the flow section is
the product of the mass flow rate and velocity, or

momentum flux = pud X u= pu’4 (2.4)

The net momentum flux into the control volume (momentum entering through
section x = x; minus the momentum leaving through the section x = x,) is

(pu ), ~ (pu*A)y,

and the net momentum inflow between #; and ¢, is

t
M= j ! (o), ~ (uPd), ] dt @.5)
t . :
The momentum contained in the co:itrol volume at any instant is
X
j pud dx
xl

and the net increase from #, to #; is

) X
&bt = ™ Gpudy, - (ud)y) & . @.6)

Xy )
We assume that the only important external forces acting upon the control .
volume in the x-direction are pressure, gravity, and frictional resistance. The
pressure force F.: , is the difference of pressure forces Fy and Fy, applied at
boundaries x,, x, of the reach. At any cross section x with free surface elevation
¥(x) the pressure force is expressed under the hydrostatic distribution
hypothesis by

Fp=g _‘ Mx] plh(x)—n} o(x, ) dn o (27
0
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where; n= depth integration variable along the y-axis; hx, t) = water depth;
o(x, ) = width of the Cross section such that o(x, k) = b(x) = free surface

width. Thus the time integral of the net pressure force £, when Foi is
expressed as in Equation (2.7),is

[ 4 f,
* 1 = a "! - "’ = 3 — 1)y d (2.8)
J, A J,, @ -mpyaess J, e, ~or 1

h(x)
where J, = I [2G)~n] o, 7)dn
0

r’ F - t3 x:
pdt=g j‘ _[ ol dx g 29)
h i odx, :

. |
Mheery= (") [2
]

en into account, In &Ny case, in such 5 situation
Wil be non-negy; ible, violati c
adopted, - . gl _ mg one;ofthe bas
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t; L orXx;
j ngt '—'j j pgAS, dx dr 2.11)
t, t Jx, .

Frictional resistance force £y is applied to the control volume through shear
along the channel bed and banks. In order to generalize the different ways in
which this shear force can be treated, we follow Chow (1959) in expressing the
shear force on a unit length of channel as pgASy where St is the so-called
friction slope, i.e. the energy gradient needed to overcome frictional resistance in
steady flow. The time integral of the resistance force on the control volume is
then

t, R, %,
I Fe dr=I j pgAS; dx dt 2.12)
4

Jh Jx

The statement of conservation of momentum thus leads to

P,

AM=M;s +I
t, 1,

t! ‘3 r‘!
F dr + I F_dr+ Fodt— I Fydt (2.13)
t t

or, for constant density p,

X, t,
[ e, -y o= * ety —eta ) ar

4, dy p Xy :
g Lr‘ [(1)x, ~ U1y, ] dr—gj j pIy dx dt ' (2.14)

4 Jx,
t, X,
+gj I A(So"'Sf)dxdr
4 Jx

Equation (2.14) is the integral form of the momentum conservation equation for
unsteady one-dimensional flow in natural channels of arbitrary shape. Equations
(2.3) and (2.14) together are the integral form of the unsteady flow relations
based on the de St Venant hypothesis.

Differential form of the de St Venant equations

Equations (2.3) and (2.14) are integral relations established without the require-
ment that flow variables 4, @, ¥, u, etc., be continuous or differentiable.
Nowhere did we require that the distance x; —x; be infinitely small. As Liggett
(1975) has pointed out, many finite difference schemes are based upon the
integral relations and we shall come back to them further on. The differential
equations of gradually varied unsteady flow may be obtained from integral
equations if one assumes that the dependent variables are continuous,
differentiable functions. Then, by Taylor series expansions we may write



i

 Substitution of the

 Ifthe refationg @17
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a4 24 AP .
(A)r, =(A)r1*"é—'m Hiry alr ek S

t T

L5, j :’ i), -(A),:. ldr = J::J.: %‘:; dt dx

(2.16)
lim z 4 rx, 3
==n(" g, “@cJas [T (220,
h fi vx,
And the continuity Equation (2.3) becomes
NRE ¥ a_g] dt dx=0 (2.17)
X Jy E

In 2 similar Wway we may write

(24 P4y Ax?
(u’A)x' -—(nr’A)‘.,‘I = -—(;-x—_) Ax + ——(-?_._) —_—t_,,

2
_ a0 30 AR 2.18)
(uA)r,“(uA),l-g;—AH-&z——i--b... | (
a7, 9%, Ax?
(Il)x’ "'(*.rl)x:. =-5x——Ax+ ™ 3

first terms of expansiong (2.18)

into Equatioy (2.14) and
then Passage to the limit (Ax, At~ 0) leads to o

SR L
: : x, :3 a‘rl . o B
= [——-—Iz—A(so—sf)J e

) and (2.19) are to hold everywhere in, tp,
an infinitely smal] vl £, and

e (x, ) Iplane, then
must hold for We can write two differential
Squations: e
Ty ax =0 (220)
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2Q  aw4) arl

momentum equation ™ —=gA(Sy —8¢) + gl (2.21)

Combining the x derivatives in Equation (2.21) and replacing u by Q/A:
b 2
24 2 (G +an) =satSo-50 431, (@.2)

Equations (2.20) and (2.22) are written in a special form, often called the
*divergent’ form of partial differential equations. If the right hand sides of
Equations (2.20) and (2.22) are equal to zero, these equations express nil
divergence of the mass and momentum vector functions in any clesed contour in
the (x, ¢) plane; mass and momentum are conserved. When the right hand side
of Equation (2.22) is different from zero, momentum is no longer conserved,
the free terms acting as momentum sources ot sinks.

Continuing our derivations, still assuming that all dependent variables are
differentiable, let us evaluate the derivative of the g/, term in Equation (2.22):

h{x)
w 6eg; | " )=l ote, my e 2.23)

Applying the Leibniz theorem for differentiation of an integral, and keeping in
h

mind that ofx, k) = b(x) and I odn=A, we obtain
0

h(x)
aem=e g | o man
o
+gj0 [h(x)_n] [‘a;]h=conﬂt dn
2 610 =84G) 5 + b 225)

Consequently Equation (2.21) may now be rewritten

20,2 wayren & var,=pao -5 +ety

Thus we obtain the ‘momentum’ equation genérally used in engineering practice,
aQ | 226
v 2 woyrea (L-so)raasemo @)

which, as we shall discuss later on, is not in a momentum divergent form, We
shall generally refer to the second of the two basic flow relations as the



ey p i s e o

2.27
ax

where p = b(h), 4 = AR).

(ii) O, 0,00, 1)
Water depth = Y=y,

ak.,ay.ah_ay__ayb &y
3?—-——_

o "8 T Fr m—— =

x & *S

9,3 (g ok s
a-,—+-(z—)+gAa—+gA(sf Se)=0

where Yo(x) s the bottom elevation; hence

Substitution into Equatiopg (2.2

7) leads to the system -
& . 1ag -
L - | (2.28)
.3 (0 Ay _ .
o o (F) e teaseo

where b=b(y), 4 = A@).
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90 _duA) _ o4 , o __ 30, B
st - e Yoo tar ax+Aar
3_(9_’)=3Q@_QE
wld) " A= ok

.0 d 0? [ oh (aA) ]
=92 W _Y¥ 1,7 4|
A ax 42 ax 0X / j = const

Substitution of these derivatives into the system of Equation (2.27) yields, after
cancelling some terms in the dynamic equation, the following system:

oh A ou oh _u {04 -
F-l-b_g-l.uﬁ-l-s (ﬁ)k:cmst-o
ou ou (2.29)
3 + u Py +g ax +g(Sf Sb) 0
where A = A(h), b= b(h)
(i) uCx, 1), y(x, 8
The space derivative of discharge @ = ud(y) is now
2ok e[ (¥),.
— =4 —tu|b—+|\| -
ox ax ax X / y = const
By substituting this expression and the derivatives
dh _op _ Wb _dy vg 08
x ax gx ox ¥ ot
into Equation (2.29), we obtain
a 4 du (a_y ) u (aA) -
af +3~ax + U ax +So +3 A% y=c0nst 0
: : (2.30}
ou ou oy _
3 +u x g e +g8¢=0

The preceding paragraphs may seem to be dedicated to spurious: ‘algebraic
manipulations’. As a matter of fact, these gymnastics are of some practical
importance, since certain numerical techniques may be better adapted to some
of the above systems of equations than others. Physical features of a given water-
course may also suggest the system which is ‘better’ (read: easier to integrate
numerically without gross errors) than others for that particular case. For
example, when the river is steep and its cross-sectional variations are small, the
use of A(x, £) rather than y(x, ) as a dependent variable is recommended since
h and ( gf ) n=const T2 stowly from one point to another. On the other

'hand flat slupes and large cross-sectional vanatlons favour the use of y(x 0.



ot in divergeny form, as we will have occasion tc
re-emphasize i Section 2.3,
€ systems of Equations @23

1o lons in natyrq] watercourses
$ tempted engineers 14 Introdyes ¢ i

relax de st Venang’s Sumption of Lniform velocity in the crosg section. '11.1e
most commep Cxample of Situation i Which this appears to pe necessary is
flow in CT0sS sectipng which Inclugde Overbank areas,
Tesistance 14 flow, th

Because of j¢s high )
€ Overbank area may contribyte only to Storage, conveying
Virtualiy no gis 228, In such cgge, the Continuity €quation is sometimes
Written
4, 00 2.31)
ot o ¢
Where 4, i o CIO8S-Sectional arg, available £o, storage, and i generally not
the same a1¢q g Used ip the Momentym ®quation, Ofyey, “ngineers define 2 so-
- calleg ‘storage-width’ bst, given by - .
' ' aAst

—— i

at

(2.32)
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As for the dynamic equation, the control volume approach we used in obtaining
Equation (2.14) is replaced by a consideration of momentum conservation in a
differential element in a cross section in which the velocity is not uniform.
Integration over the entire cross section as described by Abbott (1979) assuming
the water surface and energy slope to be everywhere the same yields another
dynamic equation, .

2
g? E( 9..) +gd 2 Y + gAs;=0 (2.35)

or, if lateral inflow is considered and ug is its downstream velocity component,
202 (19) vot (B 5)- ()
ET ax (ﬂA— +g4 $+Sf uq. ) 0 (236)

where 0 = A
i = cross-sectional gverage velocity, and

b
5 ul b, dz
0

B ) ; B=80) (2.37)
the subscripts z denoting local values of depth-averaged velocity and depth at
position z in the cross section. We shall come back to the meaning of § later on.

The system of two partial differential equations (2.33), (2.35) formally
resembles Equations (2.28). The two systems, nevertheless, are founded upon
basically different hypothesis. Equations (2.28) were obtained from integral
relations which were derived using the assumption of uniform velocity in the
whole cross section with a unique definition of discharge Q = A, 4 being the
cross-sectional area. Equations (2.33) and (2.35) were derived with the discharge
defined as @ = A#, § being an average velocity in the cross section and A being a
Yive’ cross-sectional area, different from the cross-sectional area Ag¢ used in the
continuity equation. Before discussing the physical meaning of the different
terms of the system (2.33) and (2.35), we would like to stress that, because of
these different hypotheses, Equations (2.33) and (2.35) are not compatible with
the.systems of Equations (2.27)(2.30). One cannot pass from one to another
through formal differentiation. The physical significance of this will be more
clear after a discussion of the physical meaning of the resistance term (the
friction slope Sy), the coefficient 8, the storage width by, and lateral inflow.

Empirical resistance laws

In our developments up to this pomt we have expressed the force per unit
channel length due to bed and bank resistance as pgASy in which the friction
slape’ Sy is taken to represent any one of 2 number of empirical resistance laws.'
Most of these empirical laws are based on a relation between dlschaxge and .
friction losses of the general type : : :



:
{
]

Units of
. ® N-valugg i, both Equat;
independently of its,

(
and the Strickler Telation .
% <ksy R /3, Q=ksi AR \f57
' ickler
where C's the ge Chezy resistance coefficient (m1/ ’55), ksyy the ?;E:;Tlle
coefficient (mY/ %) ang R the hydraylic tadius, defineq by the re
R4 Q@
P
Where P is i1, Wetted perimeter of the cross section. .In the A.nglo Saxon
Countries, engineers are more familias With the Manning relation
24
o _5=_'1?sz3\/§}_; Q-‘=;}AR”’3V/S; (
where 5 Manning’s coefficient, i Metric units (s/m1/ 3. Ffompaﬁﬂg_ tl:,:
Tesistance laws jt will be clear thyy the following relations Jink the vario
Coefficients: .
Cenl s . @4
C —n-R o
and : . |
’ 244
Koy = - (
In the lite, ature the Mannlng relation jg also foond as
o ahye e
Where @ ang Ra

cubic feot e, Second and feet, -
ons (2.42) and (2.45) are given

45} impiy , Constan vy,
$ection, I Natyr,

1€ of the roughpegg coefficient
. © the Coefficient,
eters linked 1o the compogs

kst 1 ang Care empirica]
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ness) the roughness coefficient along the wetted perimeter may be nearly
constant and the mean velocity can still be computed by one of the formulae
(2.39)<2.45) without much error (see Chow, 1959). If the cross section hasa
compound shape such as shown in Fig. 2.2, common practice consists in dividing
the cross section into several distinct subsections (vertical slices) with each sub--
section having a different roughness from the others. As we describe in more
detail in Chapter 4, it is possible to define a global conveyance factor for the
cross section based upon the hypothesis that the friction slope S¢is constant

1

et

ta)

|
18 1%

Fig. 2.2. Consequences of assumptions regarding constant energy level and
horizontal water surface in channel flow: 1-horizontal water surface implies non-
constant energy level, 2-constant energy level implies variable water surface.

(a) Non-uniform velocity distribution. (b) Flow cross section. '

across the watercourse width. Assumirlg that the resistance equation can be
applied separately to each of several vertical slices i, we have

- Dece e

Qr

> K= KV | e

where K;= kg h§13b; for the StricKler formula, and K; = Cii!* b, for the
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Chezy formula, b; being the width of slice 7.

Unfortunately Equation (247)is in contradiction with our one-dimensional
flow hypotheses: if the velocities vary across the width, the energy grade line
nust vary too in order to keep the free surface level constant, hence

St =81(z) # const. It would thus be more consistent to write the following
equality instead of Equation (2.47):

>k V8, =KV, | (2.48)
i .

On the other hand, assumin

non-uniform, the free water surface can no longer be horizontal. Figure 2.2
depicts this contradiction. It is only if the de

and for the Chezy formula

K= Zc,b,h?“
B |

(2.50)

Coefficient of non-uniform veloci ty distribution =~

a'l;he coefﬁcient Bin Efluations (2.35)and (2.36) appears as 4 result 6f the
Sinsuxpnon of non-uniform velocity in the crogs section. It reflects the fact that
c¢ local momentum fuy 13 proportional to the square of the local velocity,

the overall mean channe] ve},
PP esentativ
flux unless it is corrected by € of the overall momentum _

measured velocity distributiong ye

ocity is not rep
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(2.49) or (2.50), and if the friction slope is assumed to be constant with 2, i.e.
S{(z) = S (see once again Fig. 2.2) the integral of Equation (2.37) may be
approximated by using vertical slices of finite width b, instead of infinitely
narrow tubes db. We obtain

iy, 4 2 PR},
i

= 251
7 (Ecwﬁf’) @D
for the Chezy equation, and
2 kgtri h;ﬂsb&' A E kgtri hglsbf
i i
g= = (2.52)

KA ( 2 Kste, n§!2p, ) 3
i

for the Strickler equation. The coefficients § defined according to Equations
(2.51) and (2.52) are, for a given cross section, functions of water stage y and as
such may be used in the dynamic equation (2.36).

Storage width bg

The purpose of introducing the storage width bgq, or the storage cross-sectional
area Ay > A, is to take into account the fact that flooded zones often act only
as starage areas. They store water whose velocity is nil in the general flow
direction x and, thus, does not contribute to the overall momentum flux in the
cross section. If the coefficient 8 is used in the dynamic equation it already takes
into account this phenomenon. Indeed, if for a number of vertical slices the
roughness coefficient kg, is assumed to be very small, the global 8 coefficient
will increase and the term (80?)/A in Equation (2.36) will increase accordingly.
Tt would seem superfluous in this case to admit further that A < Agy. Besides, it
is not at all clear how to define the Tive’ area A and width b as distinct from

Ay and by for water stages higher than the river banks as shown in Fig. 2.3, The
introduction of a ‘live’ width 5(y) < by; opens the door to even more arbitrary
judgements as to the model representative of reality.

Lateral inflow

Inflow {or outflow) contmuously distributed along the rivercourse is seldom
encountered in mathematical modelling of rivers. The most common situations
in which such a lateral discharge is to be taken into account are linked to hydro-
logical phenomena: evaporation, rainfall, and infiltration, Usually these
processes can be neglected; in tropical areas, however, to neglect them may lead
to important errors. A well known example is the Nile River which loses
approximately 50% of its discharge between Momgalla and Malakal due to
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flow propagates along the channel in time and in two directions: downstream
and upstream. Thus the perturbation which takes place at point Q in Fig. 2.4a

I
1

(b

Fig. 2.4. Propagation of a disturbance in channel flow. (a) Range of influence -
of disturbance at point Q. (b) Domain of determmacy of point P

influences the shaded region limited by curves C;, C_ which represent the paths
of disturbance propagation. Inversely, taking a point P one can define backward
in time the domain in which disturbances can influence the conditions at point
P, Fig. 2.4b. Anything happening outside the shaded region will not influence
the state at point P. If the perturbations form shallow water waves of small
amplitude, the lines forming the boundaries of these regions are called
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equal to that of shallow water waves,

dx _ A1 (2.53)
[ “*(g?)‘

Such is not the case for discontinuities in th
Equation (2.53)¢

ot apply to a hydraujic bore, which is 2 discontinuity in
the free surface between two different depths.

Depending on the direc

€ variables themselves. For example,

tion of the two characteristics, one can distinglﬂﬂ;
_ . A\E.
uid motjon. In sub eritical flow the celerity ( 33) 15

a vertical line » =Xp = const. In Supercritical flow | 4 I> (g 4) ¥ and the two
characteristicg have the Same sign (Fig. 2.5¢ and 2.5d), In the last two cases the
State at point P doeg 1ot depend upon the downstream flow conditions, These
Statements as to ghe dependence of flow conditions at point P refer to a neigh-
bourhood of the poing p only. In the fofipwing Paragraphs we shall briefly show -
how characteristic behaviour i related to the flow equationg and we shall sum-
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ces of theoreticq] Considerations, The reader will find a
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lbngitudinal bottom slope Sa
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S T =0
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(b}

C+ c-

(e}

C+

PR

C+

Fig. 2.5. Structure of the characteristics and their relation to the type of flow at
point P. (a) Sub eritical flow; (b) critical flow; (c) supercritical flow in positive
direction; (d) supercritical flow in negative direction

We shall now transform Equations (2.54) into their characteristic form, closely

following Stoker (1957). We introduce a new variable ¢ to replace A

o

Then we find by differentiating ¢? with respect to x and ¢, and noting that

24 _
VR

2¢

Substitution into Equations (2.54)

equations:

8 _ ok
> fa “or

A
5y

)%,A=A(h)

oh dc

.2c_=

o
£ 5

leads to the following. system of two

(2.55)

(2.56)
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3
2.3_:+2u%x‘l+ca‘f=0 (2.57)
du e udu +E=Q
.$+2c‘§;+uax

where E'= g(§;~ 5,)

are nothing more thap total derivatives along these curves
D, 2,0 2 . 2 2.59)
oty ar " M- ap
Consequently WE may write
.g;; (u + 2(.‘) ==F (2.603}
%_;_ u-2¢)=—p- (2.60b}
Thus for any popjn¢ Moving through the Jluid with the velocity u % ¢, the relation
ship {2,604 15 true glong the charactenstic Curves C,, defined by
while the relatmnship ) 60b) is valig along the charactensnc curve C_, defined
'g’;‘. =u—¢ - {2.62)
o It may pe Proven that Equatjong (2;58) and (2.60), (2.61), (2 62) are com-

_ pletgly equivalent to the system of Equationg (2.59), With the system of four
differentiq] Equatigng (2.60)—(2.62) One can find foy, Partial derivatives of the
dependent Variables (3n/a,. ohfox, dufar, dufox) arey
&, 1) plane and th

€1t continye the solution ig th
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nd a line element in the
e vic
frictionlegs and

inity of sych an element.
horizonty) (le.E= 0), Equationg (2.60) state
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u + 2c = constant = J (2.63)
along the C, characteristic, while
u ~ 2¢ = constant =J_ (2.64)

along the C_ characteristic. Constants J, and J_ are called the Riemann
invariants whose values vary from one characteristic to another.

For a prismatic channel with a resistance shear stress (S¢ # 0), expressions
between two points 1 and 2 along a C,, characteristic can be obtained from
Equation (2.60a):

A\ 7? fa |
[u +2 (g F) ] =g -“ (So —Sp) dr (2.65)
1 t,
and along a C_ characteristic from Equation (2.60b):
2 ¢,
[u—2 (g g) : ] =g j * (8o -Sp)dr (2.66)
1 t,

The left-hand sides ate called the Riemann quasi-invariants when the right-hand
side quantities are sufficiently small, as they always can be forced to be by a
suitable choice of the £, —t, interval (Abbott, 1979). For non-prismatic
channels, the Riemann invariants under an analogous form cannot be derived;
Equations (2.60) are the only ones at our disposal. The variable £ in the general
system contains all terms brought in because of the non-prismatic character of
the channel and/or representing external forces. _

Under the restrictive conditions of differentiability of all functions, the
system of Equations (2.58) is equivalent to all the systems (2.27y(2.30), since,
for all of them, Q = ud, h =y — yp, etc. Mathematically all these systems of two
first order partial differential equations are of the same type and may be
classified as hyperbolic non-linear systems. Analogous though different
characteristic equations may be derived for the system of Equations (231)and -
(2.36). '

A pertinent physical observation is, as can be seen from Equations (2.55),
(2.61) and (2.62), that the celerities W are not directly dependent on bed slope,
resistance or other external forces, such as wind effects and lateral flow, which
might be included in the term E of Equations {2.60). '

Boundary data fequirements

Let us consider a line element x(f) in the (x, 7} plane within the domain of
solution of the flow Equations (2.54). For simplicity we shall assume that the
term £ is zero in Equations (2.60) and consequently that the Riemann
invariants are (Equations (2.63) and (2.64)) :



- fact thig applies o af) po
 characteriggic, the s

x ~¥1. Thus we €an say that two-point 4

30 Practical Agpects of Compu tational River Hydraulics

Je=u+2 (8?)*; J'_,=u—2(g g)*

A=AR); b=bpn)

some of its length to 2 Chi'“a:]t;ﬁ.
stic, only one of the functions ¢ and / can be given independently, while

isti ine
other follows from the Riemann invariant along the charactensflc. Wh'etz:tl.l:dlon
element and a characteristic intersect at one point only (eg. pouTt A ﬂth oot
the line (x,, ¥\ )in Fig. 2.6) the values of # and 4 given on that line at that p
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point data along (x =x¢;7> 0) and (x =x,; t 3= 0) are necessary to define the
solution in the domain bounded by the lines x = x4, =0 and x =x, for the
structure of the characteristics as shown in Fig. 2.6. Such data are sufficient to
define the solution as long as discontinuities (mobile hydraulic jumps) do not
develop within the domain of consideration.

The question arises as to whether one could not give two-point data along
x =x and one-point data along £ =0 and x = x¢. This would correspond to a
physical situation in which, for example, knowing the initial canal discharge and
upstream depth variation, one would like to calculate the initial depths and up-
stream discharge variation necessary to furnish specified downstream discharge
and level rydrographs. Such a calculation would have to proceed backwards in
time, which would be feasible if there were no energy losses (£ = 0 in Equations
(2.60)). But energy losses must of course be included, and in this case the so-
called inverse calculation becomes virtuaily impossibie. Physically speaking, local
perturbations in the flow are smoothed out as time advances due to friction
effects; a forward-in-time calculation models this behaviour. But to proceed
backward in time implies the reconstruction of the particular perturbations
which show up as smoothed flow features at a later time. The slightest error in
flow conditions at time ¢, >> ¢, will show up as completely artificial perturb-
ations at time #,. This problem of irreversibility, discussed by Abbott (1966),
implies that computations can only proceed in the positive time direction and
consequently two-point boundary data cannot be transferred backward in time
along the characteristics. This leads in fact to another definition of data to be
given at the limits of a domain in the (x, £} plane: one boundary condition has
to be given for every characteristic entering through the boundaries of the
solution domain. The above definition is illustrated in Fig. 2.7 where different
subcritical and supercritical cases are shown. Considering for example super-
critical flow in the positive x-direction, two characteristics enter through
x =X, at the upstream side; two characteristics enter through ¢ = #5; and zero
characteristics enter through x = x, . Consequently, the supercritical flow com-
putations require two-point data at the upstream boundary and two-point data -
along the 1= 1y line.

Generalizing this further, boundary data can be given as any functional
relationships between the dependent variables and their derivatives with respect
to x and ¢ as long as this function adds new information to the existing
information, or in other words, as long as it is independent of existing
information. One can formulate the following restrictions for boundary data: -

(i) They should be 'independent of each othsr when two-point data are
du
x
(ii) They should be independent of the basic equations. By virtue of the .

required. For éxémplf_: on the line £ =0 one cannot give u and ~— independently.

relation between g—? and ;x— (uh) in the mass equation, these two types of data

or, for example, A and.aaT' (u.‘i), cannot be given independently.
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values) for conditions given along a line ¢ = const and reserve the word boundary
for limits in physical space, from now on we shall apply these terms.

QOur above conclusions regarding two-point initial data apply to any of the
systems of Equations (2.27)—(2.30) and (2.31), (2.36). As long as these data
comply with the specifications we have laid down, they are formally accept-
able. From a practical point of view, however, the most attractivé approach (and
the one which is nearly always used) is to give directly the two dependent
variables. Thus, for example, the system of Equations (2.27) is supplemented
with initial conditions Q{x, 0), #(x, 0) while the system of Equations (2.30) may
be supplemented with conditions u(x, 0), »(x, 0), etc.

Knowing what kind of initial conditions are required, the question now arises
as to how to obtain these data and what their required accuracy must be.
Measuring of initiat data is very difficult to carry out, because everything has to
be measured at the same time. This becomes an impossible task in practice,
especially for velocities and discharges. As a rule initial data must be assumed
with some degree of approximation. The accuracy with which the data must be
assumed depends on the type of problem to be solved. Imagine a frictionless
channel closed off by vertical walls upstream (x = 0) and downstream (x = L).
Suppose that at the initial time ¢ = 0 the free surface is somehow perturbed
along a reach, 0 <x; €x Sx; < L. The perturbation will propagate in both
directions, and will be reflected at the vertical end walls. In the absence of
energy dissipating effects, the influence of the initial conditions will never
disappear from the solution. For such cases the initial condition must be given
with high accuracy. A typical case is encountered in the simulation of power
canals with very small roughness. For example, the Electricité de France
Oraison-Manosque canal in southern France, needs neaily two days after the
shutdown of turbines before all perceptible oscillations disappear! If friction
plays an important role in an isolated system such as described above, evolution
of the situation for £>> 0 will still depend entirely upon the initial conditions at
least until some time £, at which perturbations will be damped and a horizontal
free surface will be re-established. If one is interested in the way the disturbances
are damped along a reach 0 <x,; €x < x; <L and if the distances x, and
L —x, are so great that any wave will be completely damped by friction before
its reflection from the boundary comes back to the reach of interest,

X, % x %X, ,again, the initial conditions determine the evolution of the
phenomena. In all such cases initial conditions must be given with high
accuracy, and that accuracy will determine the accuracy of the final results.
Typical practical examples of such situations are the simulation of power canal
cascades and lock operations. : '

If the perturbations are maintained or induced through the boundary con-
ditions, the initial conditions may be without importance whatsoever. Consider -
for example a river reach X, < x < x, such that the hydrographs yixy, Hand
(x5, t) are known and imposed as boundary conditions. As depicted in Fig. 2.8
all points within the domain of determinacy of the point A (i.e. within the
characteristic triangle LAR) are influenced only by the initial conditions; the
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boundaries becomes more and more important as compared to the initial state,
whose influence on the solution is progressively damped through friction. After
some time £, , the ‘memory’ of the initial state is lost to the system. If the
modeller is interested in the solution for # > ¢, , the initial state can be quite
inaccurate as it will not influence the solution. This is the case in tidal problems,
for example; experience has shown that after two tidal periods the effect of the
initial conditions has nearly completely vanished in estuaries of relatively -
shallow depth. The simulations can be started one day in advance with assumed
initial data and even with a constant water level and zero discharges. Nonethe-
less, it is important to verify that such a ‘start up’ period is long enough so that
initial state influences do indeed disappear; the higher the friction loss, the
shorter the time necessary.

It is interesting to note that for certain boundary conditions the influence of
the initial state disappears with time even in a system without any friction loss.
Consider a canal which is closed at its upstream end (boundary condition z =0
at x =x,, Fig. 2.8b) and subject to a downstream rating curve type condition,

u = afc - co) at x = x, in which a is a constant 0 <<a < 1, ¢ is the celerity, and
co is a constant reference celerity. At point B, the arriving characteristic AB has
a Riemann invariant J,. determined from the initial conditions at point A,

Je=utle

The value of J_ on the characteristic BC leaving point B is determined by apply-
ing the downstream boundary condition u = afc — ¢s ), which yields
2-a
J_=u—-2~= -(m) (f; toacg)—acy
At point C on the upstream boundary (Fig. 2.8b), application of the condition
i =0 leads to

Ji=—J_ =( g—:;) . tacy) +ace

which can be reduced, by substracting 2¢, from both sides, to:
Jy—2c0= ( gTz) V4 = 2¢0)

Since 0 < &< 1, we see that after the upstream reflection the ‘new’ value of
J; = 2c, is reduced compared to the ‘old’ one at point A. If we were to continue
the calculation, we would see that after a number of reflection cycles n, '
(% = 2¢o) would tend toward zero so that J3 = 2¢4. In other words, after a
certain time the value of J would depend only on cp and be unrelated to the
initial conditions at A, even without friction. This is a consequence of the down-
stream rating curve type boundary condition. '

We have seen that for most practical cases (i.e. for all subcritical flow con-
ditions) one point boundary data are needed and these data will determine the
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solution to a large extent. Here again, not all the possible conditions are of
Practical interest, but most frequently either i, O, % or y are given as a function
of time; or a condition relating them is given. Derivatives are rarely given, mainly
because it is not practical to define them._ In general, boundary conditions
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2.3 DISCONTINUQUS SOLUTION — BORES

Up to now we have implicitly assumed that the hyperbolic partial differential
system of equations such as (2.27)(2.30) and (2.31), (2.36), have solutions in
the (x, t), t > 0 half plane, or within a domain of that half-plane limited by
boundaries x = x,, % = x,. We have also assumed that such solutions can be
found if the proper boundary data and initial conditions are prescribed. Let us
now consider a general system of hyperbolic partial differential equations:

F o ,p_ |

ar tA 5 +B=0 _ (2.67)
If the matrix A and the vector B are functions of x and ¢ only and satisfy certain
regularity requirements, then Equation (2.67) is a linear equation. If the initial
or boundary data or their derivatives are discontinuous, the discontinuities pro-
pagate along the characteristics and the solutions are also discontinuous in the
same sense. If the boundary and initial data are continuous, the solution can
only be continuous. It can be proved that for such equations and their proper
associated initial and boundary data, there exists a solution in the whole con-
sidered domain and, moreover, this solution is unique, i.e. at each point (x, £}

there is one and only one value of }' associated with a given set of initial-
boundary data. If A and B are regular functions of x and ¢, at every point

P (x, f) of the (x, ) plane exist two well defined characteristic directions (dx/df).
Two characteristics of the same family C, (or C_) cannot intersect.

Thus at point P in Fig. 2.6 one may have only one solutionf’, which is the
solution of the relationships along the characteristics AP and BP. But when the
equations are non-linear, that is to say when4 = A(x, ¢, 7 } andfor
B=RB(x, ¢, ?), then the slope of characteristics at each point of the domain (x, 3]
depends on the solution? itself, and the characteristics of the same family may
intersect one another as seen in Fig. 2.9. Thus at point Q one may find two
values for the unknown function f : one resulting from the characteristics AQ,
BQ and another from the characteristics DQ, BQ. The solution becomes
multivalued and, beyond the time t = £;, may no longer depend upon the initial
values at time #g.

Physically, considering the partial differential non-linear Equations (227
(2.30) for unsteady flow, such a situation corresponds to a hydraulic bore or to
an undular moving jump (also called a shock). It is obvious that in the neigh-
bourhood of the jump the basic de St Venant hypotheses are violated; the
streamline curvature is very strong, vertical accelerations are not negligible, and
hydrostatic pressure distribution cannot be considered to be a valid assumption,
However if we consider the bore to be a simple discontinuity of the water sur-
faces of infinitesimal length, then we can use the moving hydraulic jump
relations to link the regions upstream and downstream in which the de St Venant
hypotheses, and thus Equations (2.27)(2.30) or (231) and (2.36), are valid. As
derived by Favre (1935) (see also Henderson, 1966), or as can be obtained from
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Fig. 2.9, Characteristic structure for non-linear partia differential hyperbolic
equations

Equations (2 3) and (2 14), conservatiop of mass and momentum in a moving
hydrauiic jump is expressed by two relations
< Ay ~uy) 2.68)
v A T4 + Uy _ (
4, -4
Uy ~u; =4 (8“"‘1‘-'——3 (Az'?: ‘Azﬂz))* (2.69)
A4,

€ water surface Substituting Equation (2.69) into
uation (2.68), we obtain '
_ 4, Alﬂl ~A,n, )§ 2.70)
s (s A .
or, for rectanghlar cham;els_,
_:V=u=:l:(g-{’_l. E_t}i"'_)* @.71)

The path of the bore in the &, ) plane is a discontinuity Separating the two con-
tinuous flow regions 1 and 2 g¢ hown in Fig, 2.10; this Path is the solytjon of
the ordinary differentia] €Quation S St



Fig. 2.10. Bore propagation path (3) separating two continuous flow regions (1
and 2).

gases. For the observer moving with the celerity v, they reduce to the equation
of the stationary hydraulic jump. This schematization of a bore which may
appear 4t some time ¢ > 0 in the solution plane (x, #)is physically justified since
we are not interested in the detailed structure of the discontinuity. We note that
the bore celerity as defined by Equations (2.70) or (2.71) is not the same as that
of ‘small waves’ defined by c= (gA/b)* . Let us consider a rectangular ¢ross
section; then the bore propagation speed v, from Equation (2.71), is smaller than
the propagation speed v, =u, + ¢, of small waves in the upstream region and
greater than that v, = u, + ¢, in the downstream region. In Fig. 2.11 we see
that positive characteristics from region (1), such as the C,, curve GF, catch up
with the bore (at point F) while all positive characteristics of region (2) are
overtaken. Consider the situation at time #g in Fig. 2.11. The solution is double-
valued at the singular point E where there are two pairs of values U’E,v QE,)’
OE,, QE,) corresponding to the two pairs of characteristics (AE, A'E and BE,
B'Ei- Thus beginning at time ¢ = ¢g, there will be a bore in the system. Suppose
that we would like to know the solution at some time # > fg and suppose also
that the ‘initial’ state is known in all points along the line # = #5. As in the case
of point E, at the point F the solution will again be double-valued and we will
have four unknowns Y%, O . Y., @, - There will be one positive characteri-
stic GF which catches u;: with thezfront’ precisely at time f. Two characteristics
arrive_ at point F from the continuous region (2): positive characteristic HF
Wflich is overtaken by the bore just at that point, and the negative characteristic
_H F. The forms of these curves depend upon the solution at point F, namely
VB, sz, and the locus x. Consequently the abscissae xg, Xy and xgy- are un-
known since they depend, through the equation of characteristics dx/df =u *c,
upon the solution at F. Thus, to define the flow at ¢ = #p in the neighbourhood
of the bore, we have to determine 8 unknowns: 4 flow variables YE,» Qpl,
IR, Q}r'2 and 4 abscissae x g, xy, Xp and xyy. The solution of the problem is
“Possible since we have at our disposal 8 equations:

two differential eqliations (2.60:1), (2.61) or (2.60b), (2.62) corresponding to
-each of the characteristics GF, HF, H'F, i.e. six altogether and
two algebraic relationships (2.68), (2.69) across the discontinuity.

R
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. These relations express laws of conservation of mass and of momentum in
requiring that the integrals be zero within a contour in the (x, ¢) plane. The
functions @ and A may be continuous or discontinuous within that contour. If
there is a line of discontinuity in values of 0 and 4 in the (x, ) plane as shown
by the path PP’ in Fig, 2.12, the discontinuity propagates along it with certain

4
t

tP
14

Fig. 2.12. Hlustration of flow regions in which the divergent form of the
momentum conservation equations must be used. 1 and 2 represent continucus
flow regions, 3 is the path of the discontinuity which appears at P. Q is a point
unaffected by the discontinuity, where the solution may be obtained by any
form of the flow equations. R is a point in the continuous flow region which is
affected by the discontinuity. The solution can be obtained only through proper
representation of the influence of the discontinuity

velocity v. Equations (2.73) and (2.74) may be rewritten under the form of
contour integrals

3€[Adx +Qdf] =0 | o '_ (2.75)

fﬁ [Qdx + (%3; +gf,) di} =0 (2.76)

which may be integrated on the closed contour ABB'A’ in Fig. 2.12. Both
functions, 4 and Q% /4 suffer a jump, are discontinuous across the line defined
by v = dx/dt. Consequently, there must be two different pairs of functions:
(A4, Qy) valid in region (1) and (A4, @) valid in region (2); the solution of
integral relations (2.75) and (2.76) is composed of these two pairs which also
must satisfy the jump conditions defined by Equations (2.68) and (2.69).
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where f and g(f) are Tespectively the vector functions

f={g};m=( Q } @.78)

may be proved that iff; and f, are
Whose domaing of definition in the (x, .f) plane
» the two takep together will satisfy the integral
only if, the Joca slope of the separati.n_s Cl'lf“"
2 on either sigo of it satisfy the condition:

where [ )2 denotes the jump in the bracketeq Quantities from one side. of the
dividing curve 1 the other (gee Abbott, 1979). Such a solution of Equations

(2.77) which fatisfies glgo Equationg 275, (2 -76) and (2.79) is called a We‘fk
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fonless channe] of unit width b = 1 gpq depth
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2, . 8h S : -
Uh 422 . .
2
__f_rom Equationg (2.20) ang (2.22) or under the fory, :
| f={h}=8(r)={ . J @81)
u u?
L > tagh
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hz_"kl. .v o “2_}’2““_1"1 .. (2 .)
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Elimination of &, from the above equations gives a shock celerity v identical to
that obtained in Equation (2.71),

hy iy th
v=u2i(gﬁ_—._—-—12 2)*

But if the form (2.81) is taken, then Equation (2.79) leads to a quite different
value:

2 2
v=M- v = 2+g‘1 2 i (283)
hg_’h ? Uqy =iy )

2.71)

by eliminating u; :

)3
'= — : .84
v Us * ( hl‘l'hz ) (2 )

Clearly, Equations (2.84) and (2.71) are not equivalent (except when iy = h,)
and quite evidently Equation (2.71) is a physically valid solution while (2.84)is
not. _

A significant conclusion may be obtained from non-equivalence of Equations
(2.84) and (2.71); it is possible to obtain valid discontinuous (weak) solutions of
the differential equations only if the latter are written under the divergent form
and conserve relevant physical quantities (momentum in our case). In Fig. 2.12
before the discontinuity appears (£ < t,,) the solutions of the two forms (2.80)
or (2.81) are identical. For example it does not matter which form is used to
find the solution at point Q. The solution at point R, however, is influenced by
the discontinuity line PP’ through the backward characteristic RS. Therefore,
the physically relevant solution of the integral relationships (2.75),{2.76) at
point R is the same as the solution of the differential equations (2.77) only if
the momentum conservation form (2.80) is used for f and g(f). Xf a different
divergent form such as (2.81) is used, another discontinuous solution will be
obtained, but corresponding to a different system of integral relations — in the
case of Equation (2.81), the energy conservation equations. If a non-divergenﬁt
form of partial differential equations is used; not only will the sclution at point
R differ from the physically relevant solution of the integral relationships, but it
may not even develop a discontinuity. ' :

1t is thus clear that if bores may appear in a flow modelled using the differ-
entigl flow equations, the latter must be written in a divergent momentum
conservation form. OF all the sets of differential equations presented 'in this
chapter, only equations (2.20) and (2.22), derived directly.from the integral
telations, are in the required form, and then, strictly speaking only if the free
term gA(S, — Sy) +gI, is neglected. This free termactsas source or sink of
Mmomentum ; experience has shown that its presence does not modify t?le above
conclusions. If, however, the discontinuous flow phenomena are described by
integral relationships, the ambiguity disappears and there is no longer any need
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section, are the “inertia terms’ or “acceleration slopes’. The first term,é— g—':, re-
presents the slope of the energy grade line due to the variations of velocity in
time (acceleration). The second is the slope which corresponds to the variations
of velocity head 12 /2g (in steady flow) in space; for continuous functions,

2
% %‘ = 325_’_ (%) The third term is the slope of the water surface itself, The
fourth represents the slope due to the resistance which friction forces oppose to
the flow — it is called the ‘friction slope’.

It is well known to hydraulic engineers that the terms of Equation (2.86)
have different relative importance in different flow situations. Let us assume,
for example, that in 3 h the flow velocity in a river changes from 1.0m s to
2.0ms™t (which is a rather rapid variation) and that, along a distance of 10 km,
the velocity changes from 1.5 ms™ to 1.0 ms™" as the channel widens. Then
the first two terms of Equation (2.86) are of the order of, respectively,

9-181 X 5s3gg ™ 10%10° and g X 1.5 X Tgge ™ 15 X 1075

A typical bottom slope of the Rhdne River between Lyon and Avignon (France)
is about 0.7 X 10~ while the friction slope is also of the order of 107, These
are rather typical values and they suggest that when one is interested mainly in
global development of the flood, the acceleration terms may often be neglected
in natural steep rivers. When 9h/dx is small compared to the bed slope 3y,fax

it may also be dropped, and the dynamic equation is then reduced to the simple
equality S¢—So = 0. When one is interested in steady flow, the time dependent
terms in both Equations (2.85) and (2.86) are dropped. In the following para-
graphs we shall briefly look at the consequences of these simplifications.

Effect of neglecting the inertia terms
When the first two terms are dropped Equation (2.86) becomes

oh  9yp  01Q1 _ - > 87
where K(h) is the conveyance factor defined in Equation (2.38). Supposir-lg
b = constant, differentiating Equation (2.85) with respect to x and Equation

(2.87) with respect to ¢, _
2 2 2 ] 20(Q1 dK _
0%h 1 3°Q =0 *h + Z_IQI- _Q_— _ﬁ. ETe =

or T bt O owdf | g2 O KO

Putting
3K _dk dh _ K (_1aQ)
L A
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2
and eliminating %%— from the two equations, we obtain

;22,2001 30, 2010 wag_
b 2 K* or K3 dh ox

or, by rewriting:
§2+(Q_E’_f):‘9,__£2__§"_@=o (2.88)
or bK dh / ox 25| Q7 52

Equation (2.88) is 2 classical parabolic partial differential convection-diffusion

¢quation with one dependent variable Q(x, £). Thus the quantity Q (discharge)

is convected with the velocityi% % and diffused with a diffusion coefficient
2 .

BIoT If the inertia terms are in fact negligible, Equation (2.88)is a good

mode] of flood Propagation. It is capable of representing the backwater

influence of tributaries, dams, ete., since jt requires fwo boundary conditions

Q=K(h) VS, B X

Equation (2.89) implies indeed that Q = Q(4) and 4 =A(Q), i.e. that then;e isa
single-valued relationship between the wetted area and the discharge at a given
pointx =x,. Consequently, the first term of the continuity Equation (2.85)

may be rewritten

aA=(dA) aQ
3 “\ag), o
andtherefbre _ _

Equation (2.90) is the so-calied inematic wave equation. To get insight into its




Mathematical Formulation of Physical Processes 47

behaviour we can express the variation of Q(x, 7) along a line in the (x, £) plane
4s

. 90 a0
dQ = =% dt + =% dx | (2.91)
or
dg _ 3@  dx 3Q .' 2.92)

df o dr ox )
Comparison of Equations (2.90) and (2.92) shows that Q must be constant along
lines

(2.93)

=

&8

&
a

d4
given discharge Q, a speed which is different for different sections xo. Equation
(2.93) defines the characteristics of the first-order partial differential equation
(2.90), and it is clear that the slope of the characteristics may vary; as { remains
constant along them, the waves will be deformed but not damped. As long as
the characteristics do not intersect, there is only one characteristic directiop at
each point of the (x, £) plane as depicted in Fig. 2.13. Thus the _solution

and, consequently, ( 40 ) in Equation (2.90) is the propagation speed of a
*a

tJl
.
A
7 7
7,
LiT I S % : -
' 0 7 T *

Fig. 2.13, ‘Characteristics of the kinematic wave equation -
| ﬁ(l’:;:) of Equation (2.90) in the domain xo < <y, > 0 requires one initial
e ' Qlx, 0) at each point of the segment x <x <X and one boundary -
ndition O, £). Since information is carried along the characteristics from
Upstream boundary or initial state, the kinematic wave equation (2.90)
fannot represent backwater effects. o

"
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OW in open channels in classical :
references (Chow, 195 9; Henderson, 1966). As for applications and mathematical

- modelling of steady flow, the Hydrologica Engineering Centre of the US Army

Corps of Engineers has developed very thorough Programming systems and
documentation (Corps of Engincers, 1976), It g worth noting here that the
classical steady figy ordinary differentia] ¢quation may be obtained from the
system of Equationg (2.20) and (2.22) by assuming that Q = Q(x) and
A = A(x) so that A4/dr=3Qfar= 0. Then along a given reach 8Qfax =0,

= const and Equation (2.22) for non-prismatic chanpels becomes

d ( 0*
o\ T "’8‘11) =84 (So - 5;) tgl, . (2.95)

210, 81y and 1 are defined, respectively, by Equations (2.8) and
2.10).
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corrective terms or coefficients — we have discussed some of them such as the
Boussinesq-type coefficient related to the non-uniform velocity distribution,
storage width by, and conveyance factor X for compound sections (see
Equations (2.31), (2.36) and (2.48)). Certain flow situations, however, simply

_ cannot be described within the narrow framework of one-dimensional channel
flow, whatever the corrective coefficients introduced. In this section we discuss
two of the most important sitvations of this kind: strictly local violation of the
hypotheses of one-dimensional flow, and globally quasi two-dimensional flow
in the (x, z) plane.

Localized inapplicability of the channel flow equations

The original equations based on the de St Venant hypotheses may be applied to
long reaches of natural river or channels but only seldom to the entire length of
amodelled watercourse. We have seen, for example, that the hypotheses are not
valid in the neighbourhood of a discontinuity such as a bore. It was impossible,
at least as long as partial differential equations (and not integral relationships)
W'B_l'e used, to link the flow on both sides of the discontinuity by using the
original equations alone. An analogous situation, except that it is space-
localized, presents itself when there is a marked discontinuity in geometrical or
!lydraulic characteristics of the watercourse. Typical examples are river
Junctions, sudden changes in cross sections, flow over weirs, singular head losses,
¢tc. These incidents are local ones and they require hydraulic laws which, over
the short length of watercourse concerned, link together the reaches in which
the differentia) equations of unsteady flow are valid.
Thus the whole model may be considered as a set of reaches in which the
de St Venant hypotheses are valid, linked by special points where different
laws are introduced. These points, by analogy with true boundary conditions,
8}'0 often called interior boundary conditions. The number of laws needed to
1“1k_tWO reaches follows again from the theory of characteristics but quite
Obviously when two full flow equations are used in normal fluvial reaches one
needs'twc, compatibility conditions to link them: one is the discharge continuity
- ®quation at the point linking the reaches and another is the dynamic equation
for t!le particular hydraulic features. The channel junction (shown in Fig. 2.142)
reqlflm three independent conditions. From mass continuity it follows that at
- % Junction point the sum of the discharges has to be zero or, in this case

Q? =01 +Q, : o ' 0 (296)

For the other two relétionships (needed to link three reaches) one could specify
Water levels are equal at the junction: :

oy, . oy _ A - @297

A condic:. ' o
“ondition more applicable to some cases may be equality of energy levels
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- coastal zone, such as in estuarial tida] flats, the water

* one-dimensional Equations (2.27)(2.30) can pe established _ ,
. Abbott, 1979). When the flooded areas are on the other hand inundateq bya
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u? w2 u?
.}'1+‘2§,-=J’z+‘2—;—=)’3+‘7;- (298)

Consider next the sudden change in Cross-sectional area depicted in Fig. 2.14b.

(b
{a)

\\\C\\w“

.

Fig. 2.14. Examples of interjor boundary cdnditions. (a) Channel junction;
(b) sudden expansion o :

Two proper compatibility conditions are

Q1=Qz _ .
N R TRt e
yl+“2}-"yz+-§-+p-——2§___ - @ )

where the energy loss
direction for example.

Note that conditions sych as Equations (2.96)-(2.99) are completely

 Quasi two-dimensional ffoy

Inthe modelling df extensive inundated plains, one cannot simulate the water-

course ag 2 one-dimensionaj conceptual model, Whep, the flooded area isina

flow is most often truly -
two-dimensional and equations in twg Space dimensions (x, 2), analogous to the

. Tiver, they are most often crisscrosseq by dykes, Toads, groins, etc, In this case -

ble and a different approach
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must be used, for example, such as that proposed by Zanobetti et al. (1968,
1970}, described in detail by Cunge (1975¢), and briefly reviewed here,

We suppose that the inundated area can be represented by a series of inter-
connected cells of variable surface in the (x, z) plane. The area A’l of each cell

1is defined by the water level y; in the cell, and by its natural borders, such as
dykes, roads, banks, etc. It is assumed that the water surface is horizontal within
the cell for all free surface elevations and that the cell exchanges discharges with
adjacent cells k, according to the scheme shown in Fig. 2.15. The continuity

Fig. 2.15. Quasi two-dimensional representation of flooded plains by storage
cells B _ - _ .

equation for the_cell i between tim.es.: ty and i, can be written
, o
AV;‘“Z j "0, dr : : (2.100)
B ko dry 7 : . S
where AV, = change in volume stored in the cell i; Q; = discharge between

cells £ and k: T = summation over all cells k linked with the cell i. Expressing the
k

volume stored as function of the free surface area 4. (y), Equation (2.100)
becomes : :

Yilt) .oty .
j Ao dy; = I 2 Q;  dt _ o (za01)
Limiting ourselves to first order terms, i.¢. assuming that

aAsi_ .
aj‘i— Ay; | As!
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and assuming that ¢, — ty =Atr->Qand Y(t) - y(t,) = Ay; - 0, we may rewrite
Equation (2.101) in the differential form

dy;
As,-(]’i) T ZQH- | (2.102)

between two cells is 5 function only of the water surface elevation in these cells:

system (2.104) simylates two-dimensional flow, we call this Simulaﬁon, at least

in this book, quasi two-dimensional,




3 Solution techniques and their
evaluation

3.1 DISCRETIZATION AND SOLUTION OF FLOW RELATIONSHIPS

The differential equations and integral relationships derived in Chapter 2 are
mathematical models of real life unsteady flow. They express certain laws which
are thought to be the most important ones for the phenomena under study but,
as such, they furnish no direct answers as to the values of water stages and dis-
charges, which are functions of time and space, solutions of the basic equations.
The equations are too complex to be solved by analytical methods. It is possible,
however, to find approximate solutions, i.¢. stages and discharges at a certain
number of points in the time-space domain, in such a way as to satisfy the basic
laws as well as possible. We call discretization the process of expressing general
flow laws, written for a continuous medium, in terms of discrete values at 2
finite number of points in the flow field. Discretized flow laws can then be
numerically solved to furnish engineering solutions, i.e. stages and discharges. It
nust be stressed that discretization does not imply simply the replacement of
derivatives by finite differences, this being only one of many possibilities. Dis-
Cretization may consist, for example, in the evaluation of coefficients in poly-_
nomial expressions used for interpolation between points where flow values
may be computed. A typical example of discretization is the finite element .
method in which the description of flow behaviour requires that one find maxi-
mum values of a function which is expressed as well as possible by a finite
number of parameters. o

As was shown in Chapter 2, there are many different forms of the basic laws,
often having different domains of validity. Moreover, there may be several
methods of numerical solution of each of the basic sets of relationships. To
describe all of them in detail would go far beyond the material possibilities of
the present book; nevertheless it would appear worthwhile to mention at least
those methods which are most often employed as well as those which find
application to certain special cases. Although our attention will be focused on
the methods which are most commonly used, in line with our interest in the
Practical aspects of modelling, the reader should not misinterpret this focusas a
religious attachment to certain methods. The fundamental ideas of finite
difference theory, such as presented by Courant, Friedrichs and Lewy in 1928,
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began to be recognized only when digital computers became our everyday
companions in the 1960, We feel it is im

portant to distinguish between present-
day research, which may one day find jts Place in practical applications, and the
current industria] application of mathematical modelling, which is the subject
of this book.

® 35 astandard for other methods, since it i5 possible to prove that its solutions
Mmay be brought as close to the solution of the basic €quations as one desires (or
is willing to Pay for . . ); ’

® as a means of representing the boundary conditions in methogs which cannot
compute all flow vatiables at exterior or interior boundary points of the model.
The finite difference method will be de, i

Numericaj solution by the method of

characteristics S
Consider the System of four differential equations obtained from Equatjons
(2.60), (2.61) ang (262.. L ' .
Feure | e
N K ) (G + 20) = ~g(s ~50) . @.1b)
. ot S dx R £ 0 S
.-g-—-_?u.—c' | o n - (3.22)
3 *u-c) _3_} tu-—2c)=-g(s -;So) - 7 (3.20)
A3 axf M £ %) e Beb
. Letug assume that, in the (x, 1) plane, initial "daté are known at points Land R
+ . {seeF

ig. 3.1). The characteristics issui_ng_ from these Points and dt__aﬁngd. b;_: o




ot
tR+

“usi teristic metho
Fig. 3.1. Basis of numerical solution using the charac

i ty and
. The coordlnates M
, the point M. to be found by
i 3.22) intersect at own values to
Equations (3.1a) ant:i gbles 1ty and ypg, are the un:'fﬂns (3.1) and (3.2) express
i nd the flow o 3.1) and (3.2). Since Equatio d since all variables are
*olution of Equations (3. cteristics (see Chapter 2), ann the characteristics as
onatives along ;l,l X ?Efl{mit is possible to integrate aiong
known at points L and R, i
fullows:_

- (3.33)
: xmng+th (“'*."')dt '
L S (3.3b)
" ' M at
Sn "_Sf)
'uM+2cM=uL+2C_L+§,Lg(_ - o
' o : . (3.4a
Xy =xp + Sr‘“(u—c)dr N B |
Xy =X o | i
oo Y] -—S)dt i
U = Dn = o — e + g0 5S¢ o o o
Hy 20y =R~ 2R S

f

| In
¥ M-
' ions can be solved for the four unknfoximatit)n has been made
These f°“r,relamnsal the characteristics, 00 app ation appears in the
taking the integrals 2s (3.1) and (3.2); the P (3.3) md (3.4). For example,
compared to E‘.quz-:tioni_ e In tegrals in Equations (3. @ M and R and M leads to
rtlhmnerical e?g:il:::;:no?i;tegmﬁm between pomts Lan .
¢ trapezoi I
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uy + up +
TMTXL = (y ~ 1) (“-'----—M 3 My --—-—-——Lz CL) (3.52)
Som ~Spy Sor 'SIL) b
"Mty =up 4o Yoty ~1) ( oM:z = Ty ) G
xM —-xR=(tM —-tR)(il—b.l_%ﬂ + uR;cR) (3.63)

’ Son —S Sop =8
40 = e gy - oSy + 2R SR ) (o g1

-6) are four non-linear algehyajc equations which may be

€ values of XM . Uy and Yy thus
tical solution of Equations (3. 1} and _

¢y of iterations and the truncation error in

cond stage of poings Ni,N,, N, may then be computed
oints My, and 50 o, We see from
Yy} is found on an irregular
ints, the limits being defined by the trajectories x, ¥ and

i vely on the values of flow
r<-w5)attime £=, I there is 2 Iimit to the

posing that the floy Variables have
disposal two Equationg (3.5a) and (3.5b) al
imposad boundary condition; with these thy,
three unknowng, Knowing the flow varigh}
it is possible, using Equations (3.5)and (3.

considered domaip,_ Consider Fig. 3.2 showin
characteristics of the same family, 1.Q angd MQ. The flow Variables at poin¢ P,
can be computed using characteristipg MP; and N 1P3. Point P, is computed
using LP, and PP, ; point Ry with the ajg of N; R, and P,R,;
P;R; and R2R,; points S2, 8, with the ajq of N,
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! (b}

L " M N1 K2 N3 x

Fig, 32 Characteristic solution on an irregular grid: (a) continuous flow;
() discontinucus flow

Mmethod must be used to compute its neighbourhood. The usual procedure fails
to do so because the equations on which it is based are not valid any more.
The method of characteristics described above is 2 numerical integration
Method over a variable grid of points in the (x, £) plane. The basis of this
Variable-grid method is described in all standard textbooks on numerical
analysis; A detailed analysis of its particular features as related to numerical
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The original method of characteristics on a variable computational grid is not
widely used for industrial modelling because of its complexity and the need to
interpolate both the original topographic data and the final results. Characteri- -
stics on specified intervals are employed somewhat more frequently, but this
method is complex and more costly than finite difference methods without
offering any improvement in accuracy. The principal advantage of characteristic
methods would seem to be their capability of dealing easily with supercritical
flow, which is however rarely encountered in river modelling problems. A not-
able exception is the study of dam break waves (see Chapter 9) for which the
variable-grid characteristic method is often used (Chervet and Dalléves, 1970).

Numerical solution by the method of finite differences

The foundation of the finite difference method is the following: functions of
continuous arguments which describe the state of flow are replaced by functions
defined on a finite number of grid points within the considered domain. The
derivatives are then replaced by divided differences. Thus the differential
equations, i ¢. the laws describing the evolution of the continuum, are replaced
by algebraic finite difference relationships. The different ways in which
derivatives and integrals are expressed by discrete functions are called finite
difference schemes. The computational grid is a finite set of points sharing the
same domain in the (x, ¢) plane as the continuous argument functions. This set is
the domain of definition of the discrete-argument functions which we call grid
functions, A typical compufationai grid for simple one-dimensional problems is
shown in Fig. 3.4. This computational grid may be uniform in space (along the

F
t

+ 7 - ) .
a+l+ i
4
a=14 _
14 ' '
. fd

Ot e ——+ f—f—p— == ———
01 =1 i N-I:

Fig. 3.4. Finite difference computational grid

*-axis) in which case there are N — 1 equal space intervals Ax. If the grid is not
: ufﬁfam" the space intervals Ax; = Xy = Xj..y are of variable length. In general the
discretization along the x-axis may be symbolically described as a set of points
W =lxysiax j=1,2,. ., N; Ax; =Xy ~x;}. In the same way the dis-
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cretization in time is defined by the set of
At =y

n+1 "1y }. The computational prid jn (he (*, #) plane for a one-
dimensjony] unsteady flow problem is thep defined by the set

w= W, X w, = {(xf! tn);xf'i-l = +Ax}_; Iney = 5+ Atn;]' =1,2,.. .,-N;

=012 ; i COMputationgl points. A non-umeIT'Tl
n¥enient when ope wishes to refine the representation

v of the Phenomena of in i i

Parts of the domain where flow para-
geometry vary more rapidly.

points w,_ = {,=nAt,n=0,1,...

-aLf_= i fcr-]-Ax’t)
dx Alicrgo Ax

~flx, 1) 3.7

S, however, Ay i ever infinitely smali; jn fact, it represents 2
mMportance. Consider three consecutive _
Computationa} grig pointsx, *p X541 of a uniform grid (see Fig. 3.5) with a
’ Al A;
I~

I LI
Fig. 3.5, Portion of 4 uniform com
Space interval Ay = const, at time ¢

n- In order to approximate the derivative ’
defined py Equation G Dar point j, the following relationships could be used:

Putational grid a¢ 5 = &,

o T o
?&*““‘“5;--“(&;);,

Dol : e o
B e L Y

o I -5 aF 3.8
&~ = (X)) 38

af J}n'l-l ___fjn fn-i-l

T =/ o
e a ¥ gy ’ : L 39)
o . o

o ' ! .'.lﬂ'-:. .n '}}21"'5’-’-1 - <1 - -
At _."_[“’5' B e i0<e<t

ete. Co
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Not only the derivatives, but also the grid functions themselves, may be defined
in severat different ways. The value of the function f{x, £) may be approxi-
mated at the grid point , # as fJ' = flx;, #,). This is not the only way to proceed;
for example one may decide that the continuous functions f(x, 1) are not to be
defined at the points x;, t,, but rather in the centre of the computational
intervals, for example f(x, £) = (1/2) (f; + fj+1 ), etc. These are only two
examples of the many ways one can express the grid function values at the
computational points. :

The replacement of differential expressions by their finite difference
analogues is an approximation, the degree of which is often called ‘truncation
error’ or ‘order of approximation’. Consider the analytic function f(x, #}and its

derivative g'g Using a Taylor series development, one can find the value of the
function at the point x; + Ax knowing its value at the point ;.

82f Ax? | 3f Ax?
S+ Ax, £) = fix;, t,) + i'f-Ax+——-——+_-——~—

7 n) f(x’; H) ax axg 2 ax3 3! (3'10)
+0(AxY)

where O(Ax*) groups all of the remaining terms, the first of which, (and pres-
Umably the greatest) is a derivative of the function f multiplied by Ax*. We call
these terms ‘higher order terms’, in this case ‘fourth order terms’. If the
definition of the grid function is )j-" =fix; tn ), then from Equation (3.10) the
€Xpression for the derivative will be:

. n
%J,;J fo—f" 9 ax ¥ A g6,
Ax w2 w3 -

This may be compared with the first finite difference expression approximating
the derivative 3ffax in Equation (3.8). Clearly
(af) af | 3f Ax, Of Ax® 3
-— =____+__,_-|-,_._.._--—-+0(Ax)
O/ B gx? 2 ax® 3t _ (31D

. =%{_—+ O(Ax)

We say that the approximation of the derivative %by the difference operator

of . . .
(ESE);, is of the first order, i.e. the first of the neglected terms, O(Ax),isa

derivative mul tiplied by Ax. It may be seen that the third finite difference
expression in Equation (3.8) is a second-order approximation of affax.

The order of approximation also depends on the uniformity of the com-
Putational giid. Consider a non-uniform grid and the following derivative
approximation at point (x; 1):

P




2 (3.12)

= i t the
~ %41 = X7 and ax; = X;=X;_,, and assuming tha
series,

' 2 Ax?
s~ an 0w

f
it ax? 2
i 1 a2
| e eraona, o

The order of approximatign as defineq above s the exponént of the grid
ing j 5t of the Taylor series terms which is

3

§

4
g
£
g
B

» it is indeeq helpfu] o know that if the number of
grid intervals jy doubled (ax divide,
reduced by 3 factor of two for 5 first-order sch

Sécond-order scheme, But this says Nothing shout the Magnitude of the error; a

second-order scheme jg 1ot necessarily Capable of modelling reality more
accurately than 3 first-order one, - ' N R

Some finjte difference schemeg

The finite difference schemes used in unsteady river flpy fﬁodeumg r‘:n'a;v be
Brouped into severaf distinct classeg according to thej; main features. Within each
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class the differences between competing schemes may be minor as far as the
discretization principle is concerned, but these differences may have far reaching
practical consequences. The main distinction among schemes belonging to the
same class is related to the way in which physical coefficients in the flow
equations (such as, for example, A(¥), b(y) Si(», @} in Equaticns (2.28)) are
discretized. These coefficients, being functions of the dependent variables,
render the equations non-linear; as 2 result the differences in discretization of
these coefficients may have more influence upon the results than analysis based
on simplified linear equations might suggest. Consequently, considerable
attention must be devoted to coefficient discretization.

It is not our intention to describe all known finite difference schemes, Nor do
we intend to describe the detailed development of all terms, coefficients, and
algorithms for the most often used schemes, and this is for two basic reasons:

(1) these developments are usually available in other literature;
(2) the wise programmer wil! derive these various elements himself in order to
- be sure of their correctness and to adjust them to his own needs.

After describing some of the typical classes of finite difference schemes and their
features using simplified systems of differential or integral relationships, we shall
come back to practical problems such as discretization of non-linear terms, topo-
logical problems arising in solution algorithms, etc. Quf objective is not to
furnish recipes (which do not exist), but rather to stress the practical advantages
at.1d disadvantages of various approaches, pointing out their shortcuts and/or
g‘:f:i]& so that the reader can better assess their applicability to practical
oblems.

Family of schemes based on the integral relationships

The first possible classification of finite difference schemes is defined by the
flow r'elationships they approximate, integral relationships or differential
equations. Consider Equations (2.3) and (2.14) in which the double integrals
fepresenting free terms are dropped: L

x, o t, .
L A —A)ax+ S @y, ~0Qx,) =0
_ . _ _
xl ' (3.14)
1 . t .

j. ©Q, Q)&+ j ’ I:(u’A +gh)y,, — @4 _+gI,)x‘] dt=0
. *4 o1 '
.Refe"ing to Fig. 3.6, it may be shown that Equétiohs (3.14) are contour
integrals taken along the path ABCD (this can be verified by setting :
X4 =%, X3 =Xppy, 1 = by, {2 = lyey In Equation (3.14). The system of

Equations (3.14) may be written under the general vector form: -

'_"39_[fdxfcmdr:|=o - ey




gl
1
i
!
1

64 Practical Aspects of Computational River Hydraulies

E 3
t
a1 Blj.ne1) Ll(j+1,n41)
A
np—— l Aljn) oliial
. Asx
‘_-_'_'_'—-———-_-
) X1 xj s+l xj+2 3

Fig. 3.6, Computational grid for schemes with both
puted at all grid puints - ' '

where o
f= {A} ; 6= @ | (3.16)
Q @, ; S _
A TahL . _
From now on we shall define the vector grid function using the following
notation: _ . .
o 8)=1" @ [y 2] = G; etc. S NEBY)

The discretization of Equation (3.15) (or of Equations (3.14)) assumes that the
values of the functions fand G betw

een the computational grid points can be
eXpressed in terms of the values of these functions g¢ the grid points.

Let us define the following formulae jn which functiong £, G in interyals
Lhitlandm n+1 are replaced by their weighted averages between these
points: B

for the time interval LRIy,

Gix;, D=9 G+ (1 -8)GP

. {3.182)
Cpe1 D=0 GAY +(1-0) 7, . (3.18b)
for the space interval X Rx<xpy, .
R 6)= VAL + (- £ | (3.193)
ot = v it +a-py (3.19b)




Solution Technigues and their Evalugtion 65

where 0 <0 < 1,0 ¢ < 1 are weights and /", G are the grid functions
defined by Equations (3.16) and (3.17). The substitution of Equations (3.18)
and (3.19) into Equations (3.14) (or, equivalently, (3.15)) yields

[ {wgrr s a w1 - it +0 -1} a
! t o (3.20)
+5"ﬂ{WQ&?+U—ﬂﬁﬁd—wq““WP4X¢ﬂd“m

ty
Direct 'integration and substitution of Xjpg %= Ax, tyyy " = At,leadsto 2

panametric finjte difference equation with weighting coefficients ¥, 0as
Parameters: I

[[W,'ii" (- - + -0 }Ax
+{[e G 1+ (1 —B)G,’il]-—[ﬂG;’“ +(1 —9)6}’] ]At=0 (3.21)

1 +1

Clearly, Equation (3.21) is a finite difference equation which approximates the
conservation law expressed by the integral relationship Equation (3.15) along
the contour ABCD of the elementary computational mesh in the {x, f) plane.

A whole family of finite difference schemes may be obtained from Equation
(3.21) by varying the parameters ¥ and 8. The finite difference Equation (3.21)
is 1ot only an approximation to the integral relationship (3.15) but also to the
corresponding differential system
of | 3G

4 T ax

This may be immediately seen by dividing Equation (3.21) by the product ' _
Axi}r . The corresponding difference scheme represents the following approxi-
mations to the derivatives: _ '

~0 (3:22)

o _ WD +-0T- v+ 007 e
a _ At S -
o OGEY -GrtY+ (-0 G =G (3.23b)
ax T A& E -

If Equation (3.22) expresses a system of conservation laws, this finite difference
scheme approximates those laws as well. ' .

When { = 1/2, Equation (3.21) becomes the Preissmant 4-point scheme of
finite differences in which the time derivatives are approximated by

L .“n+.1.\nf"._1.._j.h.r.t: n -




n and Cunge, 1961a, b; Cunge and Wegner, 1964; Cunge,
1966a; Liggett and Cunge, 1975; Abbott, 1979; Amein and Fang, 1970).

The purpose of discretization is to make it possible to compute unknown
flow variables at & computational grid points at time level

n+1
f}ﬂ"’l: 7 ’-f=l,2,.--,N'_IsN

tn+1 E]

Q}I‘l‘l

Since in the system of two difference equations represented by Equation (3.21)
we have four unknowng FHARS o7, AfY G151, they cannot be found
directly, It js possible however to write N —1 systems of Equation (3.21) (or in
‘other words, 24 ~ 2 equations) for & Computational points, Then, using two
boundary conditions, the solution may be found at the time level # + | since
there are 2¥ unknowns 45 01G=1,2,.. N}, 2V~ 2 non linear algebraic
equations and two boundary conditions, Finite difference schemes of this type
which must be solved for all points simultaneously at time Y44 are called
implicit finite difference schemes: Preissmann’s scheme is one of them.

® they compute both unknown flow variabes a¢ the same computational
grid points; T Do
® they link together flow variables at only two adjacent sections,xf, X}y ; thus
the space intervals Xivy ~ X, Xjra ~Xzqy ,etc,, may be variable while the -
accuracy of approximation is unaffected; : '
® they are schemes of first order of approximation, in the senge that the
derivatives (or integrals) are approximated with first-order formulae, except for a
special case when ¥ =60=0.5: then the approximation is of second order;

® for a special choice of Ax and Ar they furnish the exact solution for the fully
linearized flow equations, _ . :

g?_*ho%‘=0;.'ho=const.. -
du . an G B2

This is an important feature because it allows us to verify the method for simple
cases having exact analytical solutions. - : N
Some explicit sc}xerizés applied to the differentiat equations Sy
Explicit finite difference schemes are those in which the flow variables at any

-point / at the time level nn + | (see Fig. 3.6) may be compiited based entirely on -
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to a system of algebraic equations, since each point can be computed separately.
Nevertheless explicit methods are seldom used in river modelling for reasons of
stability which we will discuss later on. They are however useful for some special
cases, and are helpful in conceptual explanations of numerical concepts; conse-
quently we shall briefly describe two of them, probably the best known: the 1ax
SCh?me and the leap-frog scheme. One cannot discuss explicit schemes without
l?‘“"ﬂg at least mentioned Stoker (1957) who first used such a method for real-
life flood propagation computations, We would like also to mention another
well-known and often applied explicit scheme of second order accuracy, the
Lax~Wendroff scheme. We do not describe them here because they are very well
documented in the literature and do not bring in anything new as examples.

Once again, we refer the interested reader to Liggett and Cunge (1975) for more
material conceming the application of explicit schemes to the open channel flow
equations,

X {0) The Lax scheme, as applied to the general vector form of the
omogeneous system of Equation (3.22) is based upon the following approxi-
mation of derivatives:

SR i
af f}n-'.l"‘[af;'"'f(l—a) _,H-lz F 1]

o AF (3.26)
3G(7) G;'-I-l -G, |
{al B

o e : 0asl
Substitution into Equation (3.22) leads to an explicit formula for the unknown
vector function fat the computational point (¥, fy+, ):

Ay £+
n+1 _ | 4 _ _ A i
5 [Q;H_I] = off + (1 Q)5 |
(327)

. -"'A""—zzx (G?-u - j-l). : :
The formulation is clear and easy to analyse. Both unknown values (4;, Q,\r)"+1 '
may be computed at any and all pointsj = 2,3, .. ¥~ 1 by using the known
functions at the ‘points (f — 1, 1), /, n)and G +1, n). The reader will note how-
ever, that it is not obvious how to compute the flow variables at the boundaries
(e-2. at the right hand boundary point N where one variable is imposed but the’
oﬁfer cannot be computed because the point N +1 lies outside the domain).
This scheme, as in the case of the Preissmani implicit scheme, yields the exact
solution of the fully linearized Equations (3.25) for a particular choice of the
coefficient a = 0 and for Ax/At = @ha)% _For arbitrary values of &, Ax and Af,
the derivative approximations, Equation (3 26), are of the first order of
aecul'acy_ . ) i

(ii) The Ieap-frbg ri:e_théd is piobablf the éaﬂiest one ever used for numerical
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solution of the one-dimensional waye ¢quations. In this method the derivatives
are approximated a5

N i/ Gley ~ G

. 1 i1 (3.28)
O " TIATTT G e

dx 2Ax

f}n“ = “%(G?ﬂ —GL,) (3.29)

Here again the problem of Computation a¢ boundary points/ = 1,7 = N arises, as
it does for gy explicit schemes, As in the two Previous schemes, the leap-frog
method produyces values of Q ang A atall Computational points and gives the

exact solution of the linear Equations (3.25) when Ax/At = (ghy)t . The scheme
4pproximates the derivatives with an ace

in At, at feast qg long ag X141~ =x;

=4y,

Some implici Schemes applied to the differentint equations

Sengible implicit finite difference schemes can be constructed in Thany different
ways. Few of the Possibilities, however, have been adopted as the foundation of

S; Indeed the b °Quations are the same .
except that the fuj flow €quations with,

ws. There are -points® ang ‘Q-points’ in the computational grid, the former
corresponding to the nedes, the latter to the between them; the space deri-
vatives are weighted between I, and ¢
8: o S

*1 41
n ___f?ll

o SN N
ax Y g Bt et

The Delft scheme i idep tical to the Abbott-—lonescu scheme (considered'l'?l.' _
detail further on}insofar ag application to the basic homogenenys flow .-+ -

n+1 time leve] using a weighting coefﬁcim# .-
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equations is concerned, differences appearing at the level of definition of the
equation coefficients, coefficient 8, convective momentum term, and solution
algorithm,

(i) Abbotr-Tonescu type scheme :

In this scheme two dependent variables (say discharge 0 and depth #) are com-
puted at different grid points as shown in Fig. 3.7. This scheme was first

L
t

e+t Pyt

2 iy : j*1 2
Fig. 3.7. Computational grid for the Abbott—Tonescu scheme

proposed by Abbott and Ionescu {1967) at the International Institute for
Hydraulic and Environmental Engineering in Delft, the Netherlands. Because the
flow variables are computed at different points, the difference approximations
of the derivatives in Equations (3.22) are not applied at the same cross sections.
Consider the following system of homogeneous flow equations which may be
obtained from Equations (2.29):

oh ou T
g - ¥ - ? —gh) =0 (3.31a)
ou oh oh - 1b
k -_a—r- -~ i ,at —_ (“3 _gh) =0 (3'3 )

grigin.ally the scheme was applied to the above system by introducing into
quation (3.31a) the following derivative approximations:

on _ kit ~hf

e

kR LY;

1 (u};’;‘ ~uf, wo —u;‘_,) (3:32)
'_ar 2 \TAr Y e :

Bu 1 (u}’+t‘~u}’_‘1‘ u}il—u;"_:) |

ax 3 28x 2Ax

- #nd in Equation (3.31b):
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ou “jTi! "“f’-'l-l
T Af

+1 +1_
Ok ,,,5_;_ (h;iz ~h: + k' h}')

(333)
ot At 3
O 1 (IS —pptr Mz "’f')
Ea ) (“‘24?“"- M7 v
Thaus the finjte difference operator in this scheme involves eight points, i.e. four
points at the same time level (from I=1toj+ 2). Each of the two equations of
the system (3.31)is approximated at 5 different point Equation (3.31a) at
P pointj and Equatjon (3.31b) at the adjacent pointf + |
0 For practicai applications, such ag in tje System 11 SIVA developed by
erwey (1971) the scheme 1S applied to the flow €quations (3.33) with the
vector £ as defineqd by Equationg (3.16) (we are still leaving the free term out for
l the moment):
¥, 00_ 334)
a0 (
N L2 Q’) -0 - (3.340)
P ar"““ax"?aE(T o ¢
Again there are “A~(or y-)points’ (corresponding to the &

-points in Fig, 3.7) and
_ *@-points’ (oorresponding to the u-points iy, Fig. 3.7) within the computational
1 8rid used. The discretization i a

pplied to Equation (3-34a) with the aid of the
o following approximationg.

n+1
ay ~ ¥ "')’F

——

. 5 Y |
i 1 _ g n oA
- W 1 (Qf’ix i Qj"+1 "Qf—-t) 3.35
. L R a7 v 2x ©35)
| ? ' while Equation (3.34b) is approximated using
P : ntr __ an
l _g_?m Qﬂ:g; Qi1 |
::5_ o _ ay l J’;:.:l ‘.".)’"“ J”f-’u ‘J’F) - 36
L Em(gt ko G39

> (8 ok (2~ ()
x T) 2Ax a4 2 4 7
The reader should ﬁote that

there is no time level p + 112
pointsf, j+2 which are (or

Equation (3.36) is written symbolically; indeed,
and no disch

arge values Q at the computational
A} points. Thys the Q values a¢ G.n+1/2)ang

P e
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(f+2, n +1/2) must be obtained by interpolation. We shall come back to this
problem when discussing the representation of equation coefficients.

The Abbott=Ionescu scheme represents fwo contour integrals, shifted one
with respect to another since at the ‘4-points’ mass conservation is applied
while the momentum equation is written for ‘Q-points’, It does not produce
the analytical solution for the linearized Equations (3.25), whatever the ratio
Atf{Ax as compared to the celerity (gho)} . It does converge to the exact _
solution when At, Ax — 0, but for finite values of the computational intervals,
the two solutions cannot coincide. :

The scheme is an implicit one. ForV computational points, there are N
unknowns (Q"*! and A"*') and N ~ 2 equations. Two boundary conditions close
the system. However, the boundary conditions may ot be applied without
caution; for example, one cannot prescribe a Q(f) condition at an ‘h-point’. We
shall come back to this problem later on.

(ii}) Vasiliev scheme - -
The Vasiliev scheme was developed by a team of researchers at the Institute of
Hydrodynamics, Novosibirsk (USSR), headed by O. F. Vasiliev (Vasiliev and
Godunov, 1963; Vasiliev et al., 1965). The scheme is 2 fully implicit one in
which both dependent variables are computed at all grid points. It uses the
following approximation of time and space derivatives (see Fig. 3.6):

' n-i-i‘_Gn-I;:

of f}‘nﬂ -f}n G _ Ui
-yt . Z 3.37
ot AT . 2B% @37)

This discretization is applied to the continuity equation written under its u.sual
form (say Equation (2.20)), and to the dynamic equation under the following
form which may be obtained from Equations (2.30): :

3 | -
20, 20 22 -uyp L-o (339)

Wher.e c=(gh)t, b= width, @ = resistance and slope terms.
Limiting ourselves to hiomogeneous and linear situations, t

he substitution of
Equgﬁon (3.37) into Equations (2.20) and (3.38) leads us to -

: At
4 -ap + B O -0 o350
1 At ' ' '
o -of +'“_-3E(Q;’i+;'-Q}lﬁ‘) |
A o
(P -u) by R -y =0 . (3.390)

Disregarding for the time being the representation of coefficients u, (¢* —u*), b,
etc., and keeping in mind the functional dependence A4 = A(p), we realize that,
.. for N computational points and 2¥ unknown dependent variables, it is possible

. 1o write 2V — 4 equations (3.39). Thus there is a boundary problem which must

e . N




(iv) Gunaratnamﬁ"erkins scheme
This scheme (Gunaratnam and Perkins, 1970) i

Mation of the flow equations written iy 4 line
characteristjc form,

Y »_ 1 /) gg_] =0
) ey | 38 tan) &
The derivatives are replaced by : _
' +1 n
S LR g /YA (340)
%% A? t3 Ar s At
41 apy
‘g'x{ o
Consequently thisis a fully implicit scheme which links together three conse-

en the differentia) €quations are replaced by finite
ce the discrete system is
supposed to approximate the continuous one, The application of this principle
is unfortunately noy always straightforward. The eqge or difficulty depends
upon the discretizatio method chosen, which is why we shall describe in the
Sequel a few of the difficuities whicp a modeller may meet i applying exterior

boundary conditions and /oy interior compatibility conditions. Boundary con-
ditions shoylg have the g

dme numerical Properties as the scheme used for
interior points, 1 isofn i

0 use to develop a higher order of Accuracy scheme as
the boundary conditions aze approximated on}

¥ to first order!
One obvious diffi i ici
Consider Fig. 3.8 ang assume that the ¢ oy

peints L, M, R a¢ time level pay.
discharge Qis Prescribed ag g ky

section x,,. Consequently we know the valye of O at the

point B, but we
still need 10 solve for the

other dependen; variable, say hj’,*__' - The only generaj
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Fis- 3.8. Boundary conditions for explicit schemes. If one dependent variable is
imposed at point B, the equation of the backward characteristic BC and the
differential equation valid along it allow us to compute the abscissa of point C
and the other dependent variable at point B

te_C‘hnique-. available for the solution of this problem is the method of characteri-
ics, as we described it earlier (see point T in Fig. 3.2). The detailed description
of this method applied to the boundary problem may be found in Liggett and
Cunge (1975), and we limit ourselves here to a reminder that any other
Simplified’ way of dealing with the problem may lead to serious difficulties.

and errors, :

Explicit schemes are not the only ones which require special treatment of
b°““dﬂl‘y conditions. The same situation arises when implicit schemes based on
three computationat points along the x-axis are used, as we mentioned when
describing the Vasiliev and Gunaratnam—Perkins schemes. The latter needs the
Method of characteristics to compute the second variable at the boundary.

Analogous constraints are found for all these schemes when an interlqr
g?““dafy (or compatibility condition)is to be taken into account. Consider

18.3.9, in which two points I and R are linked by two compatibility

_O]OEOE
ALY,

]

s/ \p

- )M 2 N-1

:‘ig. 3.9. Interior and exterior boundary conditions for implicit schemes based
“threepointsathtn R : '
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conditions (in this cage trivial) such a5 Or=0p, yn =YL - There are fU“‘: un-
knowns to be computed: (y, Q)" and o, Q)5 Using any of the explicit

for six unknown yalyes: P, ortr YA, OR, Xg and Xxp. This implies

the need to solve a system of 81X non-inear algebraic equations at each tin?e step

and at each interjo, boundary ang transition, Generally the Newton iterative

method js used, as it converges quite rapidly to the Tequired accuracy, Still, the
iginal simplj i S Is compromised by this problem. An

it schemes such a5 Vasiliev or Gunaratnam-
Perking (see original papers of these authors),

where h(z) is imposed, and a
Q-point wheye @) is Prescribed. Thig may lead to practica) difficulties, .
especially for the interior boundarijes. Rapid Modification of the computational

€xample of the introduction of a rating curve using the Abbott—lonescu scheme
is given by Verwey ( 1971) and jg shown in Fig. 3.10. Insteaqd of approximating,
7t

let us say, a lineay relationship Rt = gonet, b(@andp being in general
functi_ons of i), the following relationship is used: B '
: ' B4, oam o _ : R .
%-(hg_z _'_f'h;'\';")*C': 9§-2'5_g£;—1'+¢, o : - (3.41)
where €, C, are coefficients, _ S R
In other words, the relationship js applied at the poin¢ p assuming that linear
interpolation across tWo Ax steps is valig. I T _
-1t should be noteg that the Preissmann-type class of schemes is Rotatall = -
hampered by any of the above mentioneq difficulties. Any two A




-

Fig. 3.10. Interpolation scheme for application of a downstream rating curve 1
the Abbott—Ionescu scheme

conditions by two compatibility conditions changes only the coefficients of the
two equations. Thus, for any kind of model having ¥ points there are 2N us-
knowns and 2V —2 equations. Two boundary conditions close the system with-
out introducing any new equations. Discharges and stages being computed at the
Same points, the system easily accepts modifications such as insertion of new
points, its accuracy being unaffected by variations of the space interval AX.
Stage/discharge rating cusves and similar relationships may be introduced at the
same locations with no particular difficulty.

Discretization of the quasi-two-dimensional flow equations
The differentjal equations of quasi-two-dirnensional flow, such as occurs over
Imundated plains, were derived in Chapter 2 (Equations (2.104)):

oo dy _ S 342
As}(yj) '&t—j = ; Q; k0 Yi) (342)
where 4, (y;) = horizontal water surface area of the cell j, y; = water stage in the

‘cellf (supposed horizontal), k = index of the cells adjacent to the cell /,

Q1 ¥;) = discharge between cells j and £, dependent only upon the water

stages y;, y, in these cells. The most commonly used finite difference approxi-

Mation to Equation (3.42) is the following one: . - :
n+1

L oyprign R
A,“\‘r -..L_.a_t.....j_ =g 2 Q@P“J’gﬂ) | |
e | (343)

a0y 200}y 0<0<T
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=00} yi) may be given under various forms which are
described in available references (Zanobettj ef al., 1968; Zanobetti of al., 1970;
i is written forevery celij=1,2,,. Ninthe

: Puted. The conveyance is of course
Dl'lsy-, which fi . eometry
(see Chapter 4. . » Yk de ne_ the ﬂow ¢ross-section g .
(i) W?ir-like discharge formujae Tepresenting Natural sills or man
;oads, ‘;'aﬂway emb%ents, ete. For €xample the broad crest weir
€ used, b

15268 5~ ol
Qj_k = '

| Hab (g}t @, W) Oy ~p i
where Py is the Weir elevatjon and y, > Yi.

-made dykes,
formula can

. fora free overilow weir

(3.45b)
for a drowned weir -+ - '

Ok = ud ( 207~y )*
where 4 = orifjce Cross-sectional areq, and agaiy, y>.
_ (iv) Discharge-elevatinn reléﬁonship hetWeeﬁ. the cell f and a fictitious down-
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stream cell (boundary condition), given, for example, as the polynomial

O =0 +ayy; +ayf + ... (3.45d)

3.2 LINEAR ANALYSIS OF THE VALIDITY OF DISCRETIZATION

Any system of computer programs for mathematical modelling of unsteady river
flow is based on three fundamental elements:

® the integral or differential relationships expressing the physical laws which
govern the flow, such as Equations (2.3), (2.14), (2 27)(2.30),(2.36);

® the finite difference scheme which, when applied to the flow equations,
produces a system of algebraic equations;

® the algorithm used to solve these algebraic equations.

The overall assessment of a modelling system has to be based on all three of
these elements. In Chapter 2 we tried to situate the various mathematical
formulations of flow laws with respect to one another and to physical reality.
In Section 3.4 we shall look at various solution algorithms and the kinds of
physical situations to which they are applicable. In this section we are con-
cemed with the convergence of finite difference schemes to the true solutions
f’f the flow equations. The convergence qualities of a scheme may be of decisive
importance as to a modelling system’s usefulness; put another way, it is useless
to construct an elaborate modelling system around a basically poor scheme.

Co_“"mee and approximation error

rete solutions
ns to those .
At are both

The fundamental notion in convergence is the following one: disc
to the governing flow equations should approach the exact solutio
same equations as the computational grid is refined (i.e. as Ax and
teduced). :

In asking the question, ‘Does the numerical solution (i.e. the solution of the
finite difference equations) approach the solution of the differential or integral
relationships?” one should not forget that the full differential equations cannot
be solved exactly save for very few exceptions, and thus we never really know
their solution. Therefore it is impossible to directly compare numerical and
. analytical results for general flow situations. What can be done, however, is to
analyse the numerical method and to obtain some information conceming the
behaviour of its solution as a function of certain parameters. Let Lf =0 be a
System of differential equations whose solution is a vector function f{x, t} and
let Ly, £ =0 be a system of finite difference equations whose solution is the
vector grid function fj, (fAx, nAf). Then it is possible to investigate the
behaviour of this solution f5, as a function of the parameters Ax and Af, the
space and time intervals. Clearly, when these intervals decrease (Ax, At~ 0),
the numerical solution F(Ax, nar) must approach the analytical solution
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For linear equations convergence is ensured if the conditions of the famous
Lax theorem are satisfied: : '

‘Given a properly posed initial-value problem and 2 finite difference approx
mation to it that satisfies the consistency condition, stability is the necessary
and sufficient condition for convergence.’

We assumne here that the problems are properly posed — such is generally the
case if the boundary and initial conditions are prescribed cotrectly. Consistency
means, very roughly, that the finite difference operators approach the
differential equations when A, Ax - 0. Numerical stability means, also very
roughly, that the solutions obtained with the aid of a numerical scheme are
bounded; that a small error (e.g. round-off error in the sixth place after the
decimal point) should stay small during the whole computation, however long,
and never become as great as the significant number (see the following

section). The consistency condition may be explained _immedjately using the
following example. Consider a differential equation

=, B (3.46)
u=5+t%=0
where L =§; + a% is a differential operator and its finite difference analogue is
uftt —ult —ult,
Lou, = /i f st T st (3.47)
74 A t~aEx 0

where Ly is the difference operator and.u;' is a grid function satisfying Equation
(347). Suppose that the functions u]' ", #f3; and ull , can be developed in
Taylor series around the point (nAt, jAx):

dult 2ul® Ar?
ntl _ 1 7
uf u}' + 5}“ At + at3 ] ...
O al ot ax
noo f -
“f""l = u}t - a—xL Ax + Fx? 3 P

ete. Substitution into Equation (3 A7) leadsto .

Sl %l A Wl Pyl AX? Ay
oy 0w Are 9 L DT AL o(Ar?, AXY) (3.48)
y=m*sp 27 '@ 6 (
If the definition of the grid function #; is such that uff =ulx =jbx, t= naf),
then we can write :
az#n A a!uﬂ A 2 .
cH at f ax = O(At, Ax? 3.49
Tt 6t T owe s 649

|L,-uj—-Lu 1=
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Numerical stabiity

Let ug consider 3 completely linear

system of twq Partial differential flow
¢quations with dependent variabjeg

u(x, £) and h(x, 1),

ah‘-' a-_.k a—‘.‘.:

- (350)
We seek o solution of Equation (3.50) of the type:
hix, &) =H, exp (i(o,,x +8,,8)); _ |
ulx, )= Uy exp (i(g,,x + B, 1) ' : . 3.51)
where g, ang B, are constants, independept of x and ¢, Substituting Equations
(3.51) into Equations (3.50) we obtaj

Unfm +&Hy0,, =0, p, UnOm +H,8, =9 (3.52)
whose determinant must be nil for non-trivia| sblutioﬁs. Abplyiﬁg'ﬂﬁs condition,
and setting Cghc)* = ¢, we obtain 4

relationship betweer, Om and B, and the
rtie U, /H, : : I
Bu=c ol =0, m =tc o
| om . (3.53)
Unn m g
= =g M _ ¥ 2
B, 8§ %%




Solution Techniques and their Evaluation 81

Tointerpret this result, we first recall the physical meaning of the coefficients
of Equations (3.52) and (3.53). If k is the number of waves per unit length, i.e.
the inverse of the wavelength A (k= 1/Ais called the “wave number’), then
0=2rk = 2m/\; if v is the wave frequency, i.e. the inverse of the wave period T
(v=1{T) then = 2m = 2n/T; f/o = \/T is thus the wave celerity. Equation
(3.53) tells us that the celerity ¢ is independent of 0y

- Thus there are two solutions of the type (3.51) according to the sign +or=
in the above ratio. Their superposition, permitted here because of the linearity
of Equations (3.50), gives '

h,, = ei“mx(Ameiﬂmt +Bme"iﬂmt)
i U . U
u,, =eldm* I:A ( _m) iBmt 4 ( m ) —iﬂmr]
m m\& ), e By H-—-m , e

where A,,, B,, are arbitrary constants, WUp/Hmh = -gfe, UpfHm)2 = +gfc.
These two sinusoidal solutions give us all liberty to choose A(x, 0) and u(x, 0)
2s independent functions. Hence we can write the development in Fourier
integral of any initial repartition of u and &. Consequently the solutions b, and
Uy, can be considered as Fourier series components with m indicating the
hamonic.

Equation (3.54) shows that each component of the solution may be damped
(or amplified) with time, the damping (or amplification) factor being
| exp (iB,, £)\. Since g, = 2nfAand ¢ = (gho)} are both obviously real numbers,
then from Equation (3.53) 8,, must be real too. Consequently

(3.54)

| exp (& iB, ) 1 = | cO8 Bt £ isin Bnf 1= 1

and the components A,, (x, t) of the solution are neither damped nor amplified;
the exact solution to system (3.50), i.e. Equation (3.5 1), is energy conserving.

Now let us apply the Lax scheme (see Equation (3.26)) of finite differences
with a = 0 to Equation (3.50): S |

1 At =
u;H-I 3 ("-‘F-t-j. + u}t-x) t & A% (h}lﬂ -_h;"—l)_ 0
o (3.55)
1 t -

B = § O+ o 5 o 77O

and suppose that while u(x, £), h(x, 1) are the exact solutions of the differential
system (3.50), the grid functions uJ', ' are the solutions of the difference
system (3.55). Proceeding as we did earlier for the analytical solution to
Equation (3.50), we first express the grid functions ufy;" and R as

(3.56a)

Ui = U oxp {ilop G+ 1)Ax + Bt DAY

h?:ll,m =H,, B_Xp_.{i[UmO' +1)Ax +ﬁm(n +.1)AI].} SRR {3.56b)

R
o e
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Substitution intg the difference System (3.55) gives

U, [efmat _ % (elomax | e——io'mdx)]
Y8 5p5 Hp[elomAx _ o ax ) =@

.hu Ay U, Ie e ]

+Hm [em"'ﬂf__ _;_(eiﬂmAI +e—-iomdx)] =0

Or Using trigonometric definitions,

U, (em’"‘“-—cos 0, AX) +H, ¢ i—‘; isin OpAx=0

U, ho g—; ising,Ax +H, ((Bmat

TC0s g, Ax)=0

The determinant of this system must be nil for a non-triviaj solution, hence

! Bmat. ——on {A)?

9m may be found,

@O

If Equation (3.57) is satisfied, the

Tl expressions (3.56) are solutions of the
difference system (3.55). ' T i .
g Same way as was done for differentia] €quations,
R =exp (o, G + 1) Ax
g

) s exp 8y, 2+ 19 Ar
By exp (18, (1 + 1) ar)) |

! .
I
; % Ul =exp (i0,, G + 1) Ax) [4 ( H——m

— (U,
+ Bm'( Krﬁ')z P (i + 1)r) -

T (52). oo 8, 604 1y 20y
m/1 _

AN where ;!:,_,E;' are constants; ﬁ,,,' ,.ﬂm’f are two values obtaineq through - - -
o . Equation (3.5'?);(Um/Hm h (U, )2 correspond to By
Consequently the solutions of difference equations can be represented 15
. X - n+1
19" may be
hat exp (iﬁ,,,,,l . At) s the ampliﬁcation
m, , 10 be real numbers, Setting

REEED)

o2 B, Tespectively.
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we find

olBmAt _ ~ImBnAL iRefmAt

= ¢ IMBmA! (o5 Re B, At +1 sin Re B Af)

Our goal is to find the damping factor and the relationship between
Re §,,A¢ and g, . To that end substitution into Equation (3.57) and equating of

real and imaginary parts yields

¢ MPmAt (os Re B, AL = cOS Oy AX (3.58)
e MAmAL gin Re B, At=%¢ ‘z-—-; sin a,, A% (3.59)
Division of Equation (3.59) by Equation (3.58) gives
tanRefAr=%c i—;tm Oy A% | (3.60)
Squaring and adding Equations (3.58) and (3.59) leads to
¢ InbmAL - 4 (cos? 0, A% +.(:2 (%‘;) ’ _Siﬂ2 amAx)i (3.61)
Thus the damping factor | ¢, | for one step of the solution will be:
| o BrnAD)] = exp (~Im By, PAD)!
| At (3.62)

. . 2 L
= (cos’ 0,y A% + ¢t (E) sin? g, AX)?

Having established Equation (3.62) we may now ask the two following
Questions: C

(i) When Ax and At are fixed, what is the behaviour of h}' - h(jAx, nAt)
when 7 -+ o0 (i.e. when the number of time steps increases infinitely)? -

(i) Suppose oy, Is given, and suppose that the computational gtid is pro-
gressively refined (i.c. At, Ax = 0); does the finite difference solution 4/’
approach the analytical solution A(FAX, nAt),ie. what is the behaviour of
18] ~ h(jAx, nAf)| for a fixed value of nA? : _

We have seen that the analytical solution A(AX, nAt) is neither damped nor
deformed with time. Such is not the case for the numerical solution. Consider
Equation (3 61) and expand cos? g, Ax and sin?g,, Ax in power series of small_ '
arguments a,, Ax and 0, At. The result '

2 .
ImEmAL o | 4 "T'" (08 —Ax?) (3.63)

Shows that the growth (or ampliﬁcatidn) factor of each component of the




i
T
H
i
H

. : taking Ax
Mumerical solutigp may approach unity with any desired accuracy, by taking

= const., the
and Ay suﬁiciently small. Thys, by decreasing Ax and At when 0,;,] sotl:stion of
solution of the difference ®quations should approach the analytic

m
0.2
Nea, At [1 3 (ax? ~c?Ar?) _
- ' 3.64)
and ’33_‘.’1'29_' =g [1 +2m (ax? -czz.\r’)] ¢
0, Af 3 =

. - 3 . ion
Thus the ratip Reﬂm /6, u;rill tend, with Ax, At » 0, to the differential equ
Ao )T,

solution celerity o ~

order in the numerical solution. Ift
€se hammonie, have 5 Browth factor such that they are amplified with time,

after a certaip number of time Steps they could desthY the
solution, ' S I '

nstabiliy, 1y is intuitively evident that for At, Ax fixed and 77 -» oo the stability
Condition j5 SR SRR CRR

Y loml<
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Take for example Equation (3.62) for a fixed value of g, Ax = % (ie.a
value for which ¢, Ax is not smali). Then the amplification factor will be
A
Il =lc A—; . If At, Ax are chosen such that | ¢, | <1, the mth harmonic

will be damped with every time step and, eventually, will disappear. If, to the
contraty, | @, | > 1, at every time step the amplitude will be increased, being

multiplied by | ¢ %—; |> 1, a fixed quantity, independent of At. If we refine the

grid letting Az, Ax — 0, the solution will grow without limits for a given time T.

- In order to see how the stability condition Equation (3.65) constrains the
tn;w and distance steps in the Lax scheme, we apply it to Equation (3.61) to -
obtain _ : :

cos? 0, Ax +¢? ( %‘) sin? g, Ax <1 (3'6_6)

2T i
= =— for different
o . :

fied for all

Quite obviously, given arbitrary values of coefficients 0,

hamonics, the condition which ensures that Equation (3.65) is satis
values of m is

At
ch

This is the so called Courant—- Fﬁe(iﬂchs-lcwy (CFL) condition, established by
the three authors in 1928. The value (cAt)/Ax, or more precisely and for the -

full equations |.¢ +u | %IJE , is called throughout this book the Courant number,

(3.67)

<1, c=ghot

C.‘_r, We would like to remind the reader that the CFL stability condition is
dl_fectly linked to the theory of characteristics. Namely, with reference to
Fig. 2.5b, it is seen that Equation (3.67) (Cr < 1) expresses the fact that the
computed point (# + 1,7) lies within the domain of determinacy of the point P
of intersection of two characteristics drawn from two neighbouring points at the
nAt time level. Thus if only these two points {5, j — 1) and (n,j + 1) enter into
the computation of point (7 + 1,7), the time interval A should be less than
' ~nAt, 1 being the time level of intersection point P. In the process of grid
tefinement to improve accuracy, one must obviously satisfy the stability
°0n.diti0n at all times, i.e. there must be some celationship fixed at the
ng'miﬂg, between Ax and Af whatever the Courant number value (unless the
difference system is unconditionally stable). T :
Without developing these ideas further, we note that all explicit finite differ-
ence schemes, when applied to the hyperbolic flow equations, are conditionally
Stable. Therefore the time step At used cannot be chosen freely but must be
;im all enough to satisfy the Courant (or other analogous) condition. This often
¢ads to a computational time step which is too small as compared with the
- Physical phenomena under consideration. Consider a river with an average depth
. ©f3.0 m and a model of flood propagation along that river having computational




bointg every 10
step should pe

1000 .
Ar< (981"""“-;(-—3-55 %= 3Imin

hang, ¢ap generally be made umndmom’zt_

Stable in that the 8rowth factor for Armonics is never larger than 1.0 v:to

istance steps (or Courant number) chosen. With respec| 0
the characteris_tic triangle ang Cpy. condition one shoyjq r, ealize that lmphc:)ims
schemes make 11 solution a¢ any one point (7,  + 1) dependent upon g I!pf
Gnj= L2,... us the Computed poin¢ lies always within a d"mam.o ios
determinacy (see Chapte, 2) of the Point of intersection of two characteristic
Issuing from tpe time leve] ;. Ty, Preissmann anq pejp, Hydraulics Lﬂb"’"f'wr{t
schemes a7 unconditionally table a4 long as g 0.5 (Cunge, 1966a, tf; Ligge
and Cupge, 1975 Vreugdenhij 1973), The Abbott~Jonescy ang Vasiliey

conditionally siapje (Abbott apg Tonescu, 1967; Vasitiev and
Godunov, 1963; Ap ott, 1979), _ : -

7 U8t s possible that a schempe which is declared
- stable bageq on linea; analysis

lingar, non-homogeneq : ;
Consequences of ghys Problem f

i S m o the édlutibﬁ '(3.51) 10 the .linéa.r -
Equations 3.50) conserve their amplitude g4 le'fm 1=, and all haye the same
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celerity (c =% %’1 ) as they propagate along the channel. We have also seen that

m
numerical solutions only approximately model this behaviour, as in the case of
the Lax scheme which has the amplification factor defined by Equation (3.61).
Staying on the safe side of the stability condition, i.e. considering only

A
Cr=¢ A_i % 1, one finds easily that, unless Cr=1,

|eMMBmAY < | ie. Im B, At>0 (3.68)
The conclusion is that the stable numerical solution is in fact damped with time,
the damping factor over one time step being given precisely by Equation (3.61):

| T™EmAY = (o052 OpAX +C? sinta,, Ax)t (3.69)
Clearly, this factor is a function of the Courant number Cr = ¢ % and of the

Parameter

Ay M
Wh“'“?M is the number of computational intervals per wavelength A, corres-
pOnr?mg to the mth component of the solution. It is thus possible to comp'utfa
& series of curves relating the damping to the computational grid characteristics,

In a similar way the celerity €, of the mth component of the numerical solution
may be found from Equation (3.60):
o _ Refy _ (3.12)
m® T e arctan _(i Cr tan 0, AX)

Except for ¢r = 1, the celerities ?:"m will be different for different components.
(we refer to the distortion of the solution caused by non-uniform celerities as
Jumerical dispersion”). Again one may compute a series of curves :
€m = f(Cr, M). These curves constitute what we call the ‘amplitude and phase
Portraits' of a finite difference scheme. The detailed description and interpre-
tation of such portraits may be found elsewhere (Preissmann, 1965; Cunge,
1966a, b; Leendertse, 1967; Abbott, 1979). |

Numerical damping over one time step is described by the ratio

- Numerical solution growth factor _ SXP CIm f, A7) 3.73
R, gro - (3.73)
. exact solution growth factor ~exp (—Im B 1)

where e'::qa(-—'ImE',.,.l At) is computed from formulae such as Equation (_3 69),
Ehﬂe exp(~ Img,, Af) is found from the exact solution such as Equation (_3-53)-'
the Particular case of Equations (3.50) without dissipative terms there isno
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damping anq the
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solution by the time Ryxr =~
The Coefficients 5 and R,

coefﬁcients’)
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R2
1.5+

1AT

134
Cr=075

124

14 Cr=10

2 e w15 2 50
Fig. 3.12, Phase portrait for the Lax scheme, &= 0

are shown, Such curves may be plotted for any scheme. The convergence
coefficients R, (or, if preferred, the amplitude portraits) ate extremely simple -
for the Abbott-Ionescu and Preissmann (with 8 = 1 /2) schemes: Ry = 1. They
are not dissipative, there is no numerical damping. The Lax scheme, on the
contrary, is dissipative: R, < 1 (except fora=0, Cr =1, see Fig. 3.11). The
Preissmann scheme may be rendered dissipative by adopting 1/2 <¢ <1 Tl.‘e
:ﬁbbott—[onescu scheme may be rendered dissipative by adopting a ‘dissipative
interface’ (see Abbott, 1979). All three schemes are in general dispersive: the
celerities of computational solution components are not equal and vary with Cr
and M, However, for Cr = 1 both the Lax and Preissmann (for 8 = 0.5) schemes
are non-dissipative and non-dispersive — they both give an exact solution to the
linear system of Equations (3.50); such is not the case for the third scheme
(see Fig. 3.13). For higher values of Courant number the Preissmann and

I 5 N : s ’ ’ - :
R2
1 —_ Ci=10
s
03

oy
e
054 Cr=107
e} /

0al !/

034
014
[Fi 8

; 3 4 ; 1:u 15 _;o o 5.|:| 1l‘lﬂ 150 200 300 400500 1000
Fig. 3.13. - Phase portraits for the Preissmann (1) and the Abbott--lonescu )
schemes .~ - o I ceo -
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solutions of this wave were obtained for Ax = 10.0 m using the Preissmann
scheme with different values of Af and @ as shown in Fig. 3.14. It is seen from

(@ {2240 Seconds
B-0.5
B=055 At=108 ﬂt/ﬁx=1
) 6=066] Ax=10m
h 8s0.1
___|
2.0 ——te—T
\\\
. \_{t
N
1.5
N
Sy
"""-. ™ e X
1.0 = : —
c 5 10 15 20 30 35
(b) i t =240 Seconds
8205
enaees Gu0B56 | At =203 -
: t/Ax=2
_______ —— B:066f AxniOm A
h e e i 1 e 8 8=0.1
2.0 —
1.5 ]
1.0 X
et s 10 .15 20 25 30 35

:;_g ' ?f'“' Comparison of analytical and numerical solutions (Preissmann meth_od)
alinear wave, Equation (3.50). (2) At/Ax = 1.0, (b) At/Ax =20
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(2.14) according to the general principles of Equations (3.18)(3.21), the
dependent flow variables are the wetted area A(x, ) and the discharge Q(x, 1).
The continuity equation does not contain any coefficients, but the dynamic
equation requires discretization of the integral:

In ; . . .
4 I ﬂ jxlﬂ [f, + A(So —Sp)] dx df _ (3.75)
t, I
h(x) '
0 ax . h,
Sy= 210 K = K(y)= conveyance 3.77)

Ka i

Discretizing any function f(x, #) such as I, or Sgusing interpolation formulae
analogous to those of Equations (3.18) and (3.19), setting the weighting para-
meter y = 0.5 and integrating, we obtain x :

Ine1 [ Xp+1
j 5 fx, Hydx dt

t, xr. o
.f}l‘l"‘l +f-n+1 f_ﬂ +fn : 378
B/ L/ I AR Sl Bk i (3.78)
[ — +(1-6) L | XA |
Thf’n using Equations (3.16), (3 21)and (3 78) one can write for any pair of
pointsj, j + 1 two algebraic non-linear equations in terms of unknowns 4 and Q:

Ax
T(Ajn-‘-l +A"+l)_‘ %x- (Ai" +A?+l)

j+1
(379

+ AL [OQRY - Q) + (1 - 0) Qs -0 =0

Ax et nirs DX .n " ] Q2+I)n+l
T(Q-‘H-l +Qf )_—2_(QI+1 +Qf)+Af J Z— g]fl*l

T O [ v S A
+11

+'§-A—%é-§ {B [T, +AS; = AS)f ™ +Cha +ASg—ASoYry

+(1—8) (-, +AS;—ASe) +Ch +ASf'—ASo)}’+,]] =0 (3.80)

1{1 these equations /, is a function of water stagey (see Equation (2.8)),and
consequently of the dependent variable A(x, 1). Actually I; 18 the first moment
of the wetted area with respect to the free surface level. I, is a function of the
width variation between two sections and of the water stage (see Equation
(3.76)) hence it is also, ultimately, 2 function of A(x, £). To evaluate it one

needs to know the width as a function of water stages oF of wetted areas. The
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friction slope S is a function of dependent variables Q(x, £) and A(x, £) acoord-
ing to Equatioy (3.77) through the conveyance X (which is a function of the
Wetted area o Water stage), Such functions mygt be tabulated or represented in
Some other fashion for Computations, gee Section 3.6,

Because of thege implicit dependencies, Equations (3.79), (3.80) form a non-

inear algebrgic System. It must pe stressed that ip Practice these particular
integra) relations, Equatjong (2.3)ang (2.14), are not often used as the

Orms of the bagie Equations. Fo; example, the system of
Equationg (2.28)
.10 (3.81)
' EEmTo -
9,2 (0 3 2io| 3.82)
5;“"'&‘(‘3‘)*8431'8.4--—-_ 0 (
18 most oftey used in spite of the fact thay it is not written in a ﬂgbrOUSI.Y con-
Servative fory, © application of the Preissmann scheme to the derivatives in
Uations (3.81),(3.82 according o Equations (3.23) and (3.24) yields,
again for y = 0.5, _ ' :

dy  yhh ~Yh, ¥+ =~y
ok 1 ——
ot 247 + A

- . 3.83a)
20 U -08, gt g | } (
3~ gLt T o e
aQ Q;'I:;l -Q;!+I : . Q}"’:'l "'Q" N
e — j
i a? A +(1 .a) =
2 (Q’)% 8 '[(Q;T{')’ '(Q;'”)’]
" - __
- ARy 727
==l f&_z.ae_z] 1 casm
s T )
¥y

H oo
WO M- Zaop
The #’;_)é::g interval jn phe above €quations js Ay =X, =X;.The coefficients of
eq_lanns (3.8n,2 -82), when tepresented according to the Preissmann,

formulagiop S T T

I Ry L G
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yield, together with the derivatives expressed by Equations (3.83a,b), two alge-
braic equations: .

l(y}':i‘ /L e

2 At _ at .

’ n+1 _ + _ -—

IR 0 v i R G L Sk L (3.853)

Bx Pt + b+ (-0 G ¥ 1)

v U —Q}‘) 8 -[(92)”“
At

D} -
n—

2 At YAl \A
_(Qz)nﬂ] .(1 _e)[(gz)n ' (Qz)n]
A | T A W\A T A
An'l-l +An+1 n +A"] S ntl ntl
vol g A tA1 -y At ;[[ A/
8[8 5 +(1-8) =5 o 2
+
+(1_3)y;"+1 —y}'] . [ ] on o 1+ g 1gF** |
Ax 2
s -p) P! On |+0f |_ij|] [B &Y + &P
2 o )
Kﬂ 2 + 41 - ..
+(1-8) (_111_)_2_5511] }=0; 05<6<10 (3.85b)
H:"e again we find two non-linear algebraic equations in terms of y}"” . Q}”" .
) afld an . The way the coefficients leading to Equations (3.85) are expressed
also influences the way in w ich the non-linear system ;s solved. In SOGREAH's
applications of the Preissmann method, it is supposed that 4l functions fiy, @)

in th’j discretized non-linear algebraic equations are known at time level nAt and
;:e dl_fferentiable with respect to y and Q. Then one can evaluate any such
unction at the time level (n + 1)Atby & Taylor series expansion of the form

ot _ e npogn g T of, =~ LN,

where Ay, AQ are y and Q increments during the time step At. The substitution

of such expansions into the finite difference approximations leads to a system of
thl non-linear algebraic equations in terms of &y;, AQj, DY j+r» AQy,, forevery
pair of points @, j + 1). For ¥ computational points there will be a system of
2N - 2 such equations for 2V unknowns. With the addition of two boundary
conditions the system can be solved by & Newton iteration method, and for that
Purpose it is first linearized in terms of unknowns Ayp, A0y, = 15 2,..,Nas
desc’_‘bed by Liggett and Cunge (1975)- For a pair of adjacent points (j, 7 + 1)
the linearized system may be written as follows:
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A8y +BAQ, 4 Cly; +DAQ, + G = o

(3.86)
A'dy;, rBAQ,, + C'ay; *D'AQ + =9
Using the known va[yeg of y}-", Q;" the coefficients A B C,.. .G ca::n be com-
Puted, and the linearized syggom, of Equationg (3.86) written for & points can
be solved, fumishl'ng the second approximation to the unknowns at the new
time (n + 1Az, (The first aPproximation in the iteration process was

- The explanation is, of course,
t when the coefficients 4, B, ... are derivatives of the functions iy, @), the

ic convergence characteristics of the Newton
method, Op the other hang the full implicys discretization of coefficients
ensures numerica) Stability of the Computation, S

Verwey’s vatiant of the Preissmanp, scheme
Verwey derived 5 scheme of the Preissmann
principle for Some terms, a5 shown below;

= (§) ~ i (%ag g )

type using a different discretization

3.87a)

RSP -

YO N A~ B gy (3.87b)
2 T 2

2101 197 1o+t 19, 1gn% 3.87¢)

K? mf[“}nﬂ!z)z ¥ &7y (

levels nas and (2 + 1)A,. The Computation begins with the evaluation of the
coefficients SUPEISCripted with 5 4 112 i

bfnﬂ -3 bfn’ Ajn.“h =Aju,xn+1fz -"-'X;'. The resuiting system of linear
equations jp, ¥ fﬂ‘F r QI!‘!", i=1,2,.. &Y is solveg to give a secong 8ppl'0"1'm‘_’ﬁon
to these values, prret, gr+ and to the coefficients, o '

e e

. Experience with this scheme hag .shown that most"problem can be -treate
sa'tisfac!on‘ly with a Weighting coefficient 9 = 1 2. Asa nyje two itgratmns per

o
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timc? step (i.e. fwo solutions of the algebraic system of 2N equations) are needed
Fo give a sufficiently accurate simulation. Application of this scheme without
iterating generally leads to unstable behaviour. '

Abbott—Tonescu scheme

The Abb_ﬂtt—lonescu scheme applied to the system of Equations (3.81),
(3.82) with the discretization of derivatives according to Equations (3.32),
(3.33) leads to: . R

’ n+1 _._n +1 __ +1 n o .
pprifa i 0, L ( i —0h, Gn f"')=o (3.882)

At o2 Ax; A%y
O Ok, 1 [ (Q")""“ _-(Q’)"“”] |
At B2xpy, | \A /42 a5 1
+g A}{:lh I:J’;r;l "J’;FH + y,ﬂ-z _y;t:l
2 A2xjpyy A2xpyy
A2 _
e (Z)7 [ 1055 1+0-910f 1081 | =0 o
where o '

A2x; SXjey ~Xjy s Ay T Xjag TXf f.= weighting coefficient (3.88¢)

;';Whi‘fh the discretization chosen for the coefficients is evident. This

Hmuz‘ation is used in System 11 SIVA developed by Verwey of the Danish
ydraulic Institute. Since in this scheme water stages y and discharges Q are not

. ) 2
tomputed at the same points, the values of Q? in the a%(%—) terms of

Equation (3.88) have to be evaluated at the y-points j, / + 2. They are inter-
Polated from the values at neighbouring Q-points with a weighting defined by

Storage. The parameter £ in the resistance term has been introduced because of
the possible rapid variation and reversal of discharge. The solution of Equations:
(3.88) requires iterations; in the first iteration f is taken equal to 1.0, whilein
the later iterations it is given the value - o

n+1f2 - : N -
7= Q12 gnti/z ~Qrof o _ (3.89)
B rantl _ : - R
A R | o N
If the coefficients of Equations (3 88) with superscript 7+ 1 /2 are considered as

known functions of flow variables computed at time level nist, these equations
may be rewritten under the following form: - '

O B vy =5
¥l s

g% ghFl : o
Y ¥y B, }:';l"'T;H Vita 841

[
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where coefficients 48,78, a%, g%, 7%, &* are known fu.nctio.ns of ﬂo:f valnes
variables. Equations (3.90) are two linear algebrai.:: equatlm:ls in te-lr_rl;; 2 system

f~10 Y @iy, and y;,, ; for each pair of points (f - LG+ l,fnalo nto
of Equationg (3.90) can be established, Thus thege equations are analog,

. i d
the system of Equations (3.86) but, of course, with different coefficients an
variables on 4 Staggered grid,

) _ n+f2
The coefficients btz Al ( ‘4‘)

are evaluated during iterations
K? J+t t
L] * E thﬂ
in the same way as in Verwey’s variant of Preissmann’ scheme. It is of not

the coefficients 4 41 and ( ;Y_A'i) are to be evaluateq at the Q-points, where
: Fad|

water stages are Unknowp, Hence thege functi ne1/1 . gh
Assuming a5 5 firgt approXimation p+1/2 o ", 4"+12 < yn X o
Q"2 o » Equationg (3.88) are linear algebraic equations which, whe

solved, furnish 5 first approximation to the variables y7*1, Q;Til =1,...5)

ntl .
and, hence 5 second pproximation to the coefficients 47+1/2 = " +4 oluZl}%ﬂ
K™ < gm L enayy /2, etc. The substitution in (3.88) and second res

i on) leads to g new, second, apprbm_atﬁo:"ro
fory/i*1, grta ;o L,2,. . N.The scheme gives satisfactory results wit
iterations g every time Step. Whenevey oscillations due to phase errors (see

and Perking, 19706, for the MIT six-poin

¢ of non-constant time and space

the highest accuracy is obtaineg with @ = | /2. Suppose that the modelled river

s such that the iner, terms in the basic dynamic ¢qua_t_ion_'ar_¢,,n=g_li_sib_lé B
._comparedtoothertems:_ o AT B '



Thus the dy.namic equation is, in reality, reduced to the following one, which
must be satisfied at every time leveln, n.+1,n+ 2,..4

., QlQl
E-'- K2 =0

8 et s '
uppose that at initial time # = O this equation was not satisfied exactly (typical

case in practice). Then, at the time level nAz =0,

Y o100\
(a?) +( K! ) =4
f"hef_e Ais the error due to the initial state. Let us now use the following
implicit schematization:

()" oo (2] 0 (212000 (58 =

ax ax
ime step since, at the

Ifo=1; I
8= 1 is used, the initial error will be corrected afterone t
g = 1/2, then

{n + 1)At time level, the equation will be satisfied. If, however,

(2 a2y (&) (48]

ie.

and

¥, glol\"" 3 QlQi n

g:::;l:tmr} wil? continuously oscillate. For 1 j2<@<1the oscillations will
casen 1 r vfr;th t.nne. 051e may ask if a number of the ‘non-linear instability’
be avoids::l-l ed in t.he literature are not due to the above phenomenan which can
terms or by-p}lttmg 0 = 1 at least in the portions of 3 model in which inertia
¢ negligible, :

mi £:econd comment concerns the
exam Pls can be made. We would like to describe
dyna:; ie encoufltered during recent years. Amo

mic equation derived from Equations (3.81),

relative ease with which discretization

in some detail an instructive
del was built based on a '
(3.82) and using by differen-
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——— -, T

2 2 a4
tiation of the term 5;:3— (%) written ag 2030 _0

42 ox
30,2000 02 a4 ay AQIQI.__O (391
%t 7T x 2R NS

Preissmann’g scheme wag 2pplied and the thirg and fourth terms were discretize
in the following manner:

2\ n+y 2\ 1+ - 2\ n N

o3 (Z) )™ 120 (8), (%)

4 2\ g2}, A%/ 2 [\4%/p, /

04 ) 1-8

WAy Uy L8 69)
[/ 1-48

RIS

d a N, 1-9
a__i_’ = B_i j}::l;.t _yiﬂ+l)+ -E'x" (vj’-l!-] __yjn)

Consider g steady flow situation,

Equation (3 91) reduces to the energy
equation,

¥ _ 1 g - | R 69

EZ ZE -a-x- + Sf‘- 0
or, for two cross Sections f, 7 + 1, to the follow
uf —y2 94
Virr =y; + “}'Y"Q'E-{'-'-l ~ax S, (94

ing discrete form

Let us now see if the discretization (3.92) of Equation (3.93) leads indeed to

quation (3.94). Tg that enq We may take the (7 + 1)Af time level, ie.0 = 1,
since we are concerned with 5 5

SCTipt 11 + 1 the discretized Equation

Yriq Y5 2 I(Q)‘?+1 sz) Aj+1 '_Af. .
—_— ¥ - ———
A éafﬂ +A.f) 2 Afz+1 A}?

A _ _ . (3.95)
=0

Putting O =0y, for steady flow, - L _ _
Yis1 =y;+ f%;‘! u_fﬂ : j. ~A4x S L. (396)
whereA_= (A}_-I‘Af;l)/i. . o o .

- Comparing Equations (3.96) and (3.94), we see.clearly that i steady flow

simulation_s the €Nergy equation is not satisfied when such a discre_tiza_tion is
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used. As long as the difference in wetted area (and thus velocity) between two
adjacent cross sections is small, the error is very difficult to detect in unsteady
flow computations. Fortunately the model in question included a section of
dyked river with a weir as shown in Fig. 3.15. Two computational points.J

1 ]
el
-~ s I /wnir
4 o . 4
1 - ¢ NG f_‘
T ' '
N 4 S J+2
~ |
i ~J
1
Fig. 3.15. Schematization used to replace the approach velocity head in the weir
tual river width; &f =

fo“_n'_lh by an artificial increase in water stage: b = ac
fictitious river width at point J

andJ + 1 were linked by two compatibility equations: @;= Qj4,,and the

weir discharge equation Qy = u{yy — P2,y = weir crest level), an equation

which neglects the velocity head at the location J, in ordinary circumstances

Quite a reasonable assumption. During high water, however, and because of
3.7 ms !, corresponding

dyking, the weir approach velocity was of the order of
Fﬂ a head of 0.72 m, too much of a difference to be neglected as seen in the
mpossibility of obtaining a satisfactory upstream calibration. The modeller
t!’lought of an expedient to avoid having to reprogram the weir subroutine:
flnee he was not interested in the exact reproduction of water stages in the
mmediate upstream vicinity of the weir, he decided to change the cross section
of the point J for high stages, By widening' it considerably as shown in Fig. 3.15.
As a consequence the velocity u; should become negligible and the fictitious
water stage 7; should be ' '

ul_

;mej_l + "-231— AxSf

;e. much higher than the natural level y;.
€ virtually no energy loss, and the water leve

Since Ax was very small there would
] used in the weir equation would

be then
- ut_
Vymyy+ _JZEI

n into account, at least approxi-

Consequently the velocity head would be take
al section widening would be

| mately. The error in volume due to the artifici




Mation of the coeffy
Equation (3.92), by

cient I Which should pe discretized not as shown in

t rather in the following way:

a8 (9 1z (95,42 T e

Now

1\ 4y
Then the steady flow Equation (3.95) is replaced by
Y141 y)’__ x._x('_Qﬁ'_’_ -|--Q-”_)2
& @vay e 4 _
Ay, -4 3.98)
x (—-—’f-_i._;__l +8p=0 (
as before, Putting Qs = o, _
: -y 1 4 +1 — 4, ' 'Iz . ' | . (3.99)
Vpsy K % A, 4, .(u,-ﬂ Ty taxs=g -

(Af-n =4;) (4, +tiuy)? = Ay,
=y uf, +4;,

= Q“fﬂ

~4;) (szﬁl + 2y, , + uf’
14f + 2upy, |

Af"’l -'Afu}+l "Aju}" 21[!1. 1 ujA]-

A~y -2, g

"Q - e f 4 EZ‘;I | '
(u, “e1) Q(*‘;:: 4 )

and Equatjon (3.99) becomes

. Y
. Q . ) ujz uj-'-] =
| o L T )k L S Hel L e o
| _J’f*‘_y’ 2% A VA (‘_"_”'u’“J g 1 TERRT
+A; '

Since Lt T4y L

I %tu,,
L iy

U »the 'second term of the equation is
T+1ty . _ S
transfon'ned into

Lt dfag, muuj, "'“}‘“ﬁﬁ Luf-up, e o
AR} * =1 u )
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And finally

1 -
bt el (u} —ufyy) +Ax Sp=0 (3.100)

which is the proper approxiﬁation.
Several remarks may be made concerning the above ‘post mortem’ example.

(@) When czonsidering Equation (3.91) alone, it is not obvious that the

coefficient % should be represented in discrete form by

1{2 1{0 ]2 l(Q!) 1 0* .
[2 (I);* E(Z)m rather than by 3 {73/ 7 3 _(zi),ﬂ'.

Only by appealing to another hydraulic law can one choose the proper form,

dthough the two forms are clearly not equivalent. _
Fb) The error does not affect either the order of the finite difference scheme
ot its stability; it could not have been detected a priori by examination of
phase and amplitude portraits. _ _ _
()it was necessary to look through the FORTRAN statements to find, in
this particular case, the formulation actually used (). ' _
(d) The formulation was programmed following published material in which,
by negligence, the improper discretization was indicated. _
nt the engineer’s judgement and action

The experience shows to what a large exte
s upon the trituration

can influence modelling results, whose vaiue often depend
of terms and coefficients.

34, ALGORITHMIC ASPECTS OF MODELLING SYSTEMS

A convergent discretized form of the basic relationships, together with
appropriate boundary conditions, furnishes a system of algebraic equations in
terms of unknown flow variables at the time level (n + 1)At. The equations
resulting from explicit schemes are uncoupled; there is no need for complex
solution algorithms since the unknown values at the time level (# + 1)Af may be
computed separately for every computational grid point. S
Implicit schemes lead to large systems of non-linear algebraic equations which
can only be solved by successive approximation (iteration) methods. Present-day
quek often contain hundreds, and sometimes thousands, of computational
points, The advantages of using implicit schemes aré Jost unless efficient
methods for the solution (at every time step) of such systems of non-linear
al_gebraic equations are used. - S :
_ Inorder to solve a non-inear system by iterations, the system is first
linearized, i.e. the coefficients are evaluated on the basis of known values of flow
Variables at the time level nAr. Then this linear system is solved, furnishing a




e i ..._.'....__q-—-__ﬁ...__.__\._.,-...“.w_..,_._ m— e oL
ot me

104 Progtipgy Aspects of Computationat River Hydraylicg

first approximation tg the flow varighles at the time leve] (n + 1)Ar, The )
coefficients, which render the equations Non-linear, are then re-evaluated using
the new, estimateq values of the floy variables at time (n + 1)A¢, and then the
inear system is solved again to furnigh 5 still better approximation to the flow
variables, which then can be ygeq to improve the estimate of the coefficients,
and 5o on. For example, 1he coeflicients 51*4/2 gm+1f2 pens1fs ;o
Abbott~Jonesey Equationg (3.88) or the coefficients 4, B, C ....,G inthe
Preissmann Equatipng (3.86) are Updated in such 5 way. This general approach
Taises two important problems,

€ first problem concerns the definition of updated coefficients — indeed,
the speed of convergence of Suceessive solutiong of linear systems to the non- .
inear solution depends upon this definition, We mentioned in Section 3.3 that if
the coefficients are defined a5 derivatives of Updated functions with respect to
dependent Variables, the iteration Procedure amounts g 4 Newton-like method,

and its convergence will be of secong order. In most cases the first approxi-

mation to the flow varigheg obtained from just one solution of the linear

SYStem is sufficient; whep , Second iteration i required, it furnishes an

APProximation whij, g VEIy nearly the exget solution to the non-linear system.

Preissmann’s scheme as used jn SOG 's general purpose modelling systems

. ay; the Delft Hydraulics Laboratery
modelling system is based upon the same princj

 discharge wys introduced, T, Simulation, which used a Af
of 6 min, began with the SYStem at rest a1 5 depth of 7.0 m; then during 6 h one

88 Was introdyceq into the canal, so -

. - h, the inpy¢ discharge was held at
zero u!ml all wave PIopagation disappeareq and the syster, returned again to
Test. Since the net inflow to the canal vag Zero, the fing| depths shouid have
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resolutions of the linear system to obtaina sufficiently accurate approximation).

In the above we haye assumed that the iteration process is always convergent.
But this may not always be the case, especially when interior compatibility con-
ditions at constrictions, weirs, dams, junctions, étc., ar¢ modelled without
sufficient care, or if the first approximation is too far from the sought solution.
Honcon\rergent behaviour of an iteration algorithm is sometimes attributed to
instability in the difference scheme, and summarily declared ‘non-linear unstable
behaviour’, Proper identification of the source of trouble is most important ifa
remedy is to be found, and it is dangerous to jump to hasty conclusions as to the
identity of the guilty party. '

The second problem concerns the solution of the linearized system of
equations, the result of which furnishes successive approximations to the '
solution of the non-inear system, One could use standard matrix inversion
t°°_hﬂique-°>, but this is precisely the best way to nullify all the potential benefits
of lm_p]icit schemes. Since the number of operations in standard inversion
“lg°ﬂ_thm (and thus the cost) is proportional to N?, where N is the number of
équations, matrix inversion cost for a large model could become prohibitive.
This is why all existing modelling systems used for models having more than 50
computational points or so are based on one of two techniques: iterative matrix

methods, or double sweep methods.

Iterative matrix methods

The only major example of iterative matrix methods known to the authors is
the Delft Hydraulics Laboratory modelling system (Vreugdenhil, 1973).
Vreugdenhil uses the Gauss—Seidel method of successive relaxation: each
equation i is written with only the main element Z; on the left hand side of the

equation in the form:

. . N _
;= _.(bj"' 2 a,-kzk), k#i.

a;
k=1 |
where z, i= 1,2, . .., N are unknowns, and g are matrix coefficients. At first,
e level nAt are adopted, and

2 values corresponding to the situation at the tim

then they are successively improved by substitution into the right hand side of

Equation (3.101). As soon as a new value is computed, it is taken into account

.ﬁ“ subsequent computations, this being a method of successive relaxation. The
iteration process is continued until the absolute value of the difference between

two successive iterations for all elements z; is
According to Vreugdenhil the number of iterations usually necessary is of the
order of 5 — 10 (but no indication concerning the corresponding matrix size is
furnished). In general, it is not easy to predict a priori the number of iterations
needed by an iterative matrix method, and it is therefore difficult to antjcipate

the computer effort needed. -

(3.101)

grnaller than an accuracy criterion.
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Double sweep methods A
These methogs are much more ofteq used in industrig} modelling Sys_te:;“l-)m
omputatianal point of 4 model is not linkeg directly to alf cirtiv.:_r'}_);;ﬂlke:l oy
only to adjacent ones. In 3 one-dimensional river mode 2 point/ is dﬂ tod i
to the adjacent Pointsj~landjeq. In quasi-two-dimt'enmonal mgnl 32 X
models, 3 ceft 7 May well be linkeq 1o several neighbouring celis k -—t ’TI;I;S tl’1e
but still thejr total number & ig usually less than six, ten at the mo.} . o
TatHix of the linear systep, of equations is sparse, ang in the case of o

. -or
ensional one-reach modeis, the Sparse matrices are banded and three
ﬁve-diagona.l.

» MOreover, jt increases fro
to the numper of pointy &7 and not to

Straightforward, ang has been ygeq for years in models composed of series of
one-dimengiop reaches. But the method requireg complex algorithms and
considerable Programming effo s when applied 14 looped (or mulﬁp}y con-
Rected) chanpe] networks or two.d; ensional mode]s, In the following |
Paragraphs we shall briefly Summarize the features of 4 single channel double .
SWeep method, then its application to a brancheq network of channels. qu‘ter
description of double—swaep methods applied to Quasi-two-dimensional inun-
dated plain models, we shall thep outline the Principles of double-sweep
algorithms for looped networks of channels ang inundated plajns. -

M one model to another in pfOPOf:i‘m
- The double Sweep method is quite

Procedures, we take ¢he Abbott—Ionescu type
scheme with Equations (3.90) Wiitten in matyix form ag o
[ a, By 1z - [ "N
Az Bg Cz Zz D 2
Aa B E C’;, : 23 Dg

- (3.102)

itions at the first -
intj =z Z; reptesents the dependent variable at
grid point  (ejther Q" o ¥ depending op the grid point). The : o
coefficients 4 5 B, G and D, 310 Coefficients iy the continuity ang d)mamlc'*
Equations (3.90) correspon-:ﬂ'ng to the coefficients o B,v 6 or qr'., .‘ﬂ". T+, 5% :
Intmducing the auxiliary relation L C

T
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Z;  =EZ;+F (3.103)

and substituting it into the equation at a gridpoint s
AiZ; s +B;Z;+CZpy =Dy . (3.104)

one obtains an expression relating. Z;and Ziyy*

z,= ~GZp * O -4 F)
7 By + AE;

By anology with Equation (3.103) we see the recurrence relationships

-C D~ A F; o
g.- =G . g, DA (3.105)

f"‘l ] .
Bf +A}.E} jr1 7 Bf +A]Ef :

To initialize a forward sweep, the E, F; valuesare evaluated from the
equivalence of Equation (3.103) and the relation at the boundary. Equation
(3.103) is written for the two first points as:

Z)=EjZy +F, | . (3.106a)
and the first equation of the system (3.102) is
0 Zy +8,Z, =7 | '

or Z, = _ﬂ Zy t+ 11_ : | (3’106b)

[ 3 L3 | |
Comparison of Equations (3.106a) and (3 .106b) gives the general form of the
first coefficients,

___B_,-; F,:Zl _ ' _ - (3.107)
o

E, =
The boundary condition could, of course, have been treated in a less general
way. For example when the value of Z is known directly at the first point, the
starting values obtained are simply B =0 and F> =Z1. .

The forward sweep can now be carried on to compute the pairs of _
coefficients (Es, F3), (Ea, Fa) - - -» B Fy;) by applying the recurrence relations
of Equations (3.105), At the last point / =7/, Equation (3.103) may be written
again together with the last equation of the system (3.102).

(3.108a)

Zy =EyZy+Fy
: (3.108b)

%iZya *ByZy=my
~ From these equations the value of the boundary condition prescribed (by means
- of &, B; and ) is obtained by elimination of Z_, : '

“ﬂ

i

i

= T
i
b

=

-l
E;iij s
:»ﬂ - :




T i

e

bramoy
and Lo, Utsievski (1 964). Th
hydraylicg b

very briefly 45 follows:
relationship

ij, then express the di

Tecurrence relationships will resyly

d boundary condit

N

N Ly, Ay =Ly
The €ssentia) Principles of the

ing Equation (3.103).

P T fons of
. Readeys interested jp theoretical justificatio
» ACCuracy ang stabili

8¢ (19612, b) and described in mors doral

om the System of these twg e
3Ige incremeny A

<o Nm Computed, O, the othe; hand the elimination
Hations (3.86) of g leads to - .

(3.109)

-4y ZZ! Zl ‘ra}ues

Computing Z%-l AT

ty considerations are in"it;g;;’
(1961), Abramoy and Andrieyev (Icham; d
¢ method wag firgs applied to open

qQUations the unknown incremel;t
Ci+1 332 function of AVyy- Tw

ion fumisheg (£, F1), all coefficients

—-.l Y
doubje Sweep method can be applied to any
tpe of schems esulting in 5 bandeg Mmatrix, For éxample, the Vasiliev scheme
may be rewrittep 35 an equatjon linking three grid points,
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A ZP + Bz + Gzl =D (3.110)
where 4, B, C; ate 2 X 2 matrices, D; is the free term vector of two

components and
n+1
Z}- = ( g';u- 1 )
I
The system of Equations (3.110) is then solved by the double sweep method
using a procedure equivalent to those described above, with operations per-
formed on matrices and vectors instead of on single elements.

Interior one-dimensional flow boundary conditions link two subsequent com-
p}ltational grid points, often located at the same geographical section, with the
al'ﬂ of two flow equations which differ from the usual difference analogue of
differential or integral relationships. These two compatibility equations are
usually discretized at the time level (n + 1)A, since the compatibility conditions
should be satisfied at that time. When the difference scheme computes water
stages and discharges at the same points (as do the Preissmann or Vasiliev type
f"’heme& for example), the resulting algebraic compatibility equations may be
incorporated easily into the system: they are just another pair of relationships
such as Equation (3.86), with coefficients 4, B, C, ..., G which come from the
?Ompatibility conditions instead of the usual flow equations. The algorithm
itself is unchanged. A detailed description of the procedure used for interior
conditions with the Preissmann scheme is given by Liggett and Cunge (1975).
Most interior boundaries in the CARIMA modelling systerm developed by
SOGREAH are treated as described in that reference. The treatment of these
conditions is more complex with staggered schemes,

Branched channel solution algorithms . :
Amodel of a branched channel system (also called ‘tree-like”), includes
tributaries and/or distributaries. As long as the network of channels is ot
looped, the basic double sweep algorithm can still be applied, provided thata
certain computation order is respected. Let us consider the junction’ algorithms
for two implicit schemes: Abbott—lonescu and Preissmann.
A junction of two channels simulated with the Abbott—onescu scheme is
shown in Fig. 3.16a. The flow direction does not matter, the important thing
being the section where the double sweep algorithm was initiated. Suppose that
the first sweep was initiated at (D where, for example, a water stage as 2 function
of time is given. The schematization should be made in such a way that the
junction coincides with a y-point of the computational grid. Carrying the
fo_m'afd sweep from point @ to the junction along branch A, one can compute
with Equations (3.105) all £ and F coefficients, including the last two Ey144,
Fyy41 in the relationship = :

QU =B, y" +Fy ' (3.111)




M-'-' * -y 'oi.[

computing the £,  r

::he complete solution in branch ¢ could haye been defined in the return sweep
mdependently of the influence of channe] B, which is Physically absurd. For

SWeep is initiated a4 1he limit @ of branch B, Ap) £, F coefficients are computed
along branch B up through a1 Fyy o, which define the relationship

O = 0 point

(v}

at reason the forward SWeep is interrupteq at the junction angd another first

Q;.lt'n =E:1+1J’”+l +F21+.I ) L o '. o (3.112)
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QI +a"ORT! By £y QR =8 (3.113a)
or, under the general algorithmic form of Equation (3.102):
A Q% + 4,057 + By 4 COY =D (3.113b)

Discharges 0! and Q5! may be eliminated by substitution of Equations

(3.111) and (3.112) into (3.113b); then the stage y**" may be expressed as
function of QF,*!»

YU =EyQFF! +Fy - | N BV T
where '
E.. = - _
U B4AE s t 4B _ (3.1153)

._D —A1F141 +A4;F21+1

= 3.115b
% B4AEyer tA2En 4 ( )

The forward sweep along the branch can now be carried on down to point @
where the appropriate boundary condition is applied. Then the return sweep
computes Q"*1 and y"*! values from @ back to the junction. The return .
sweeps along the two other branches may then be initiated by Equations (3.1 12)
and (3.111), respectively, since y™** at the junction is known. :
When the Preissmann scheme is used, discharges and stages are computed at
the same points (see Fig. 3.16b). The forward sweep is initiated at, say, point @
and the recurrence coefficients are computed along branch A. In the Preissmann

;:heme, however, the recurrence relations between adjacent points are expressed

AQ; = EjAy; + F R (3.116)
Y= LAy, +MAQy,, +N; S (3.117)
Where ' '

Ei=E(E-__1); F} =F(Ef—l! F}'—l) .

(3.118)
Li=LE), M=ME), N;=NE,F)

':lhe forward sweep along branch A computes Ey;, F1y and the forward sweep
; ong. branch B computes Ey;, Fyy . Three compatibility conditions at the -
-Junction are now applied:

y?1+1-+l(a?r')’ i) (Qé’f")’
- l L) A—

LAV LA S PRV 3119)
'y{;l-n + l (Q?f“)2 - n+l_+_1_ (le-u )2- o
... 2g Afiﬂ' 31 T 3e A;311+1_ _

n+1 +
a = Q?l 1 + Q;’rl




LV e TR 2

(3.120)

: f
and linearization i, terms of Ay ang AQ leads to the following SYStem_ 0
€quations:

4,4y, +8,A0,

1+ CAy,, +D,AQ,, =H;
4,4y, +B,A0,

1+ G4y, +D,AQ,, =H,

(3.121)
AQ,, ~AQ,, ~ 40, =0h +0}, - 0% _
The discharge incrementg AQy; and AQ,, mhy be eliminated by _ )
' ' 3.122
- AQy, =Ey 4y, tFy; CAQy, =Ey Ay, +Fy ¢
using the coefficionts

Ev, Py, By, Fy1 com
along A apg B. Then E, 121) represent a
in termg of 4 unknowng:

. By eliminating Apy; and

Teationship AQ, =54y +Fy with gprICIt
CXpressiong . .
Ey "E(Eu, £,) _ . (3-'123)
Fy SFEy,, £31, Fyy, Fy) o ' '
Now the forward Sweep along branch Ccan be continued to point @ as bEf";‘;
tthe end of the 1, Umm sweep from @ back to the junction, elimination
uSEyAp, £,y from the first of Equationg (3.121) gives
414, "’31511)"'014?31 +D140,, = 4, ~8.F,
andthen .. :

Ay - G Ay, ~D; Ag,, +(H, ~8,Fyy) .
o A, t8,E,

 @.124)
Equation (3, 24) furnigheg the ret

um trapsfer coefﬁcienis B
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My, and N,, permitting the return sweep along branch B.
Similar double sweep procedures can be developed for other implicit schemes,
and can easily be extended to junctions of more than 3 channels.

Two-dimensional solution algorithms

nmre are two basic differences between models of one-dimensional channel flow
and quasi-two-dimensional flood plain flow insofar as solution algorithms are
¢oncerned. '

(i) The flow direction in channels is well defined, and the computational
points are aligned in branches, while the flow direction in flooded areas is un-
determined so that the computational cells and links form a very complex
interconnected network; the very concept of 2 channel disappears as seen in the
network of computational cells and discharge links of the two-dimensional
Mekong Delta mathematical model built by SOGREAH and shown in Fig. 3.17.

(ii) The flow equations are usually fundamentally different. For channel flow,
one retains all inertia terms, so that the discharge between two pointsis a
ﬂ_‘“cﬁ‘m of water levels at those points and of the discharge itself, and
discharge cannot be eliminated from the computation. Since two-dimensional
ﬂﬂﬁf over inundated plains is most often 2 slow phenomenon, the equations may
be simplified by neglecting the inertia terms. If the levels are known, the dis-
charges can be computed. Therefore the discharges may be eliminated from the
computation routine and the levels are the only unknown variables.

These two differences are reflected in the algorithms developed to solve the -
linear systems of equations resulting from the discretization of flow equations.
For both kinds of models linearization is used to furnish successive approxi-
mations to the non-linear equations, as explained in the previous sections. But
one-dimensional discretization always leads to banded matrices; the narrow
bfmd? are only a few elements wide and the number of elements adjacent to the
diagonal is always the same. In two-dimensional models a cell j may be linked to
other cells k in various ways and the number of links, while usually limited to

less than 10, is really arbitrary. Thus even if the overall matrix is a sparse one,

~ the number of elements around the diagonal is variable and may not be
negligible. (A cell j linked to 10 cells k will be represented by something like 21
elements in an overall matrix of, say, 400 x 400; thus in aj row there will be 21
elements and 379 zeros.) On the other hand, the possibility of eliminating dis- -
charges as unknown variables makes it pdssible to express the unknown level in
cell / solely in terms of the unknown levels in the neighbouring cells, which
makes the solution algorithm more efficient as we will show further on.

_T° the authors’ best knowledge there is only one published method dealing
with the problem of implicit schemes applied to models of inundated areas. The
Principle of the double sweep matrix elimination algorithm, which is the basis of
| the method’s solution algorithm and which will be explained here, is of course

avery general technique and has nothing to do with hydraulics or mathematical
models. The scheme used to transform the flow equations into a form tractable
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A,
m’f'&f =92Q}'}‘ +(1—6)2 Oy +P; (3.125)
k k

whete, we recall, A5, = horizontal water surface, Oy = discharge between the
cell f and an adjacent cell k, and P; is a direct inflow into the cell {such as rain-
fall). The discharges Q; p = Sy Jare defined by Bquations (3.45) and are
functions only of y; and y;. By developing the discharge formulae in Taylor

series around the time level #At, and dropping higher order terms, we obtain
ot =0, + ok Orx 3.126)
et M+ AVy (3.12¢

S‘ubstitiltion of Equation (3.126) into Equatioh (3.125) yields a systerﬁ ofN
linear algebraic equations for Ay, i = 1,2,...N: :

Ay, 20 '~ 30
" Ayi=8(2 ok py;+ > ?_‘ﬁAyk) + 2,00 +F G127
N g ig] k Vi ok _

The sparse matrix representing the system of Equation (3.127) can of course be
wlved by any direct matrix inversion method. An iterative method could be
Used, such as the one employed by Delft Hydraulics Laboratory. Another
%olution algorithm can be developed if the cells forming the model are arranged
In a certain number of groups as shown in Fig. 3.18. A cell i in a certain groupj

group € (upstream boundory condition}

group $-1
grom j+ number of cells '“jﬂ LT )

group | mumber of cails mj 3

group j o) number of cells My =5

group |

group O {downstreom boundary condition)

Fig. 3.18. Arrangement of cell groups in 2 qﬁasi?f\ifo-dimmﬁonal model
¢an only exchange water with the cells in the same group f, or the preceding
Broup f — 1, or the following group f + 1. Such a grouping Is possib_Ie bgcause qf

the Sparseness of the matrix. Equation (3.127), rewritten as -
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As; aQf ZaQn g
A}! —_ --.i'_ —_— l’k_ Lk L-=0 (3]2 )

graup /, the Preceding 8T0Up j ~ 1 and the following group f + 1 of the example
shown in Fig. 3 18; Using matrix Notation, the thyee continuity qu_lahﬂﬂs
»6and 7in Fig, 3 1g belonging to the group /, are

Wl g sy Bty a] (897} + (1} =0 (29
in which: (¥ = a square Matrix, my X m; (in the example 3 x 3), whose
elements are derivatives of discharges between the cells within group 7, and
Ag /AL, M,,,1= 2 rectanguiar matrix Mj11 X 1y (in the example 4 x 3),
whose elements 5y, derivatives of discharges between groupfandjf +1; he

7/—11 = a rectangylap matrix (in the xample 5 x 3), whose elements are }
dentvatives of discharges between the ceils of groupjandj-1;{ 4J’j}s {_A-"J'“ ’
Wiy} = the corresponding vector unknowns; {L,-}_= the free term vector.

Uation (3.129) may be written for each group 7, including group 1:

[#:] {4p,} + M) {ay,} + M) (Apo} +4L,) =0 (3.130)

There are 7~ 1 equatiops of ﬂu‘s type and I+ 1 vector unknowns 4y;, the down-
Stream ang upstream boundary conditiong closing the System,
ce the cells are thus grouped, the double sweep matrix algorithm can be

used exactly ag s the one-dimensigna double sweep method. Assuming a
functionaj relationship between | A} and { Ay, l, '

b= Ay} {7 ) . (3.131)

where

oy g, L ()
Rt 4y, 1, H.‘f{ W11 UFy) 4 (1) } (3.132b)

Clearly, witn the aid of ¢, Tecurrence Equations (3.132) one can compute in a

A (£7] and the vectors {7} for all groups up until -
1 Provided the first values £0],{Fo} are evaluated from the baundary
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[0 + [y, 11E; 1]

if:;:"e;};tgm:f} of cegs and for every time step. As the number of operations

of ﬂfepal :r);:hntlod(mj) (these matrices have 10 2610 elements), the efficiency

with curfent . epends on having as few cells per group as possible, Experience

depends of co omputers has shown that the desired size is mm; <20 but this

of the modell “;Sﬁ upon the speed of c-ornputer used. Depending upon the shape

come back toet h;lomaln, su-::h a grouping m-ay be more or less difficult; we shall

away that 2l t problem in the next section. If the grouping is made in such

isproportion xlgfﬂulps haveathe same number of cells my, the computational time

matrix alto I x (my) < N°, NP relating to the time needed for a standard
inversion without the use of a double sweep matrix algorithm.

Looped network solution algorithms

;h; fundamental difference between
ig. 3.19. From a given point in a branched networ

‘pranched’ and Jooped’ networks is shown
k there is only one possible

!

N

ig.3.19, Branched (a) and looped (b) networks

in general several possible pathsina

flow path to another point, while there are
a looped solution algorithm using

F::’:’:dl_ﬂ?twm:k. It is not difficult to program

sche nl:elm finite difference scheme, but, as we have already indicated, implicit

efﬁcieni : ¢ Ufually preferred for engineering applications. Consequently
finite dift gorithms capable of solving the equations resulting from an implicit
develo 1 derence scheme applied to a looped network have recently been
¢ orrespe ' :_l‘he generally adopted procedure is the reduction of the matrix .
don I;Oﬂdmg to the complete model by local elimination of internal grid points
mUsth ranches between'nodal points (i.e. points where several branches meet). It
of schee Stfefsed that.th_xs principle, which we shall demonstrate for a few types
et mmes, is not universally used. Some modelling systems used an iteration

_ od applied to the original complete system of equations.




amples of nodes, The principle of the looped
gorithm g a5 follows: 5

has 15 unkn

Mediate points on the i

I there

System of simultaneous linear equations is

Owns only the water leve] changes Ay at each nod.
relatively smay system by any
A

Y values at each node. The
between nodes

matrix inversion (or ite'ratian)
Ay and AQ values at all inter-

(3.133)
cients A; ._‘B, C; eté,; suppose n?\'.f
exists the following relationship:
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E;=EEpy, Fiero Hy) Fi= F(Eisys Fier Hivr) (3.135)
Hz‘z-H(Eiﬂ_-F;'ﬂ, Hi+_1)

If coefficients E,,_, , Fp_, and H,_, are known by elimination of AQ,, from
Equations (3.86), it is possible to compute ina first sweep from B to A the groups
of coefficients (E, F, H)p_a5 - - » E, F, H),. Consequently one finds that:

AQian = E1aB OV14B + F1aB + HiaB &p (3.136)
where (‘E ,F,H), ap are known values. Equation (3.136) shows, through the
coefficient H, zp, the influence of the nodal point p on the nodal point 1AB
along the link BA. -

’The same process may be repeated with respect to t
with the point ¢ the sweep from C to A leads to:

he branch AC: beginning

AQiac = Erac AJ’:AC..*‘F:AC +Hyac Ayq (3.137)
An analogous formula is obtained by the sweep fromato Al

AQypa = Eypn A¥1aa + Fras + Hine (3.138)

At node A a compatibility condition must be satisfied. The most simpie one is

that of discharge continuity and common water levels,

m
2' OB =0 (3.139)
k=1 ' : .
y?l"-l =J’?g+l =.. .=yrk+l =L =y;’£l (3°140)

where n + | = superscript to indicate the (n + 1)At time Jevel in the solution,

k= index of the links which emanate from the node A, and m = the number of
such links. I Apy o = AV1AC = AV142 = OV as it is clear that if Equations
(3.136), (3.137) and (3.138) are substituted into the discharge continuity con-
dition of Equation (3.139) (recalling that g"*1 =g + AQ), we obtain a linear

algebraic equation in terms of 4 unknowns, namely

fByp, 8y,, Ayq, 8Y,) =0

Equation (3.136) shows how the node B (through nodal point p) influences the
fode A. The reciprocal is also true: one can express the influence of node Aon
node B. To do this, a second sweep along the link Ato Bis effected through 2
procedure identical to the first sweep but in the opposite direction. Analogous
sweeps along other links leading to the node B provide similar expressions which
Cal:l be introduced into-the compatibility condition, Equation (3.139), at this. -
node. . : : '
Relations of the form of Equation (3.141)
to a system of M linear equations having as unkn
at each node, : :

(3.141)

written for each of M nodes leads
owns the water level changes Ay




SN e

where [S] = Coefficient matrix, M x ar
Melements; 1= vecto

The System fepresente

T of the free terms,
inversion technique,

dby Equation (3.1
c¢ the Increments o
) and (3.134)

all Inttermed; ; .

M elements.

42) may be solved by any ma!ﬁ
fwater stages Ay are known at

In 3 generalized return sweep.

. iazinov
® above Joppeq algorithm were published by Fn&z;nﬁnﬂe
(1 970) whe describeq it ang Proved jtg numericg] stability for a system _
difference ®Quations of the following type: _ ;
3.143
a,-Zi.H --b,Z, +cfzf"-l +df = 0, 1 <i <P . (
Where g be g= knowry coefﬁcienté, Z= unknown variabie, . the
“The Jocg eliminatiop Methog €xplained ghgye can also be applied to
€quatiopg Tesulting from the Abbott--lon

escl scheme f‘qr a reach,
Afzf“'l +szl t C}Zfﬂ =D,

(3.144)
where again

i d
1oUs either 7org; depending oy the point. In a forwar
V=Dtoy G=z

tween two nodes the coefficients in the
ary relation alogous ¢, (3.136) are defineq 4.
. “¢.z &z ror. (3.145)
Eliminating Z ., from Equation, (3.144) T
_ Z~gs, tEZ, g __ (3.;45b)
where. | o | e
= _ TG ; Bl _A4EL .
“ 4q *g A m;' ' 3143)
- D;'-:*!;Gf._l RS 3.
4G.. +3,

L Dz e
e P G
and one can computé, all c_oefﬁcie'nts C;,‘IE:;, G}' up tl;if
Telations of Quationg (3.14¢), In the re
another ayy; iary relationship ar

G{=0; El=j. (3.147)

‘“-‘Jf Wlth the récufrence
coefficients defined by

EL

(.14

elements; {Ay } = vector of unknows,

for
are used tg compute Ay;, AQ; values
onal poin ¢ ;
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Substitution of Equation (3.148) into (3.145b) gives
By =B, + Gk o
Fy =G, F

(3.149)

Gf—l =G};—'l +C;_l Gf

Since at the gridpoint j =, Z; = Z;; in Equation (3.148), we see immediately
that £j; = 0, Fj; = 1 and Gy; = 0. These values initiate the recurrence
computations of £;, F; and G; according to Equations (3.149) for all points
i=ij-1,...,3,2. : '
Introducing again the generalized boundary conditions, we have

o Z, ¥ Z2=7
&yZy—y *ByZis = vy
Z; and Z;_, are eliminated from Equation (3.150) by use of Equation (3.148);
| Zy=EaZy +Fy 2+ G Zy_, =By 2o+ FipiZy G

(3.150)

giving, for a reach between two nodes adjacent to the points 1 and jf,

I:ﬂfl +P1Ey  rFa | Zy | _ {‘71 ~61Gy ] | (3.151)
e ByroyFya) \Z)  LwmewCm
Referring again to Fig. 3.20, for the reach AB, the points 1 and j/ in Equations

(3.151) correspond to the points 1 and p. It is seen that as for the previous

scheme, the systems of two Equations (3.1 51) form an overall system of linear

algebraic equations for unknowns Z at the points adjacent 10 nodes. Using a
15 in branches arriving

compatibility condition at nodes such as equality of leve
at 3 junction, a system of equations in water stages »"*1 analogous to Equation
(3.142) is obtained. :

Still another local elimination algorithm is
algorithm is based upon the six-point Gunaratnam—Perkins
finite differences.

used by Wood ez al. (1975). The
implicit scheme of

3.5 COMPUTATIONAL PRINCIPLES OF STEEP FRONT SIMULATION
When the flow conditions are such that a steep front (ora bore) occurs, the.
basic equations founded upon the de St Venant hypotheses are not valid in

the neighbourhood of the discontinuity. As we described in Chapter 2, this is
mainly because of the existence of vertical accelerations as reflected in strong
streamline curvature. When the steep front forms asa roller, or mobile hydraulic
jump, the zone it affects and in which the de 5t Venant hypotheses are invalid
is very narrow, most often narrower than the distance Ax between two com-
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Equations (2.20), 2.22) can be fmfnf .
ghbourhgog of the discontinuity, they will implicitly sataty
compatibility relationships 2cross the discontinuity-

€ Will now descripe three practica) Methods for the computation of steep
fronts: he shock fitting Pseudoviscosity, ang through methods,

Shock fitting meghoq

In this approach, the Propagation of the discontinuity is computed for one time
step independently of the tomputation in the two adjacent de St Venant
Teglons. Congidey Fig.3.21, which depics , computational grid fAx, nAt. At
time leve] nAt, the Position of the discontinuity *A corresponds to four finw
Variables e shown i Fig, 3.21b: As Qp); at the upstream side of the discon-
tinuity, ang A Qa); at the downstream side. (The abscissa ¥4 does not
Correspong tg 5 Computationg) point 10cation). If we can find the new position
and the floy variables on both sides of it, -
'onal paints can be gbtained by any method
OW equations, using the new, (n + 1)At,

Iscontinuity as internal boundary
Conditiog . e
The two shoek Compatibility conditions are (gee Equations (2.68) and (2.71))
1=, S _ o )
--."‘""--—....-_-, . . . - F . . . .152)
v _Aj""Ag Y . - S S (3 ” ;
Ql Qz Al .__Az i <o e |
:4-1- - 2: s 4,4, (Alm "'Az??z) =0 o (3.153)

i ) shock celerity anq » 2 repfesent the .u.pstrcam and
downst_ream sides of the shock. The shock path i the (x, £) plane js defined by
1 Orlinary vty g p o TR R deinedt

BRR-E " - _j_'__j__-__(3.154)
_ Consequendy we have 3 equations and 6 unknowng: the new:s'ﬁt;t.‘»k] position xp
at the time levej ;, +1)At, th ' '

the shock celerity v, and two, vér_iébips . Q) on'each
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{a)

D

[n#1) AL

wit

{b)

Fig. 3.21. Steep front calculation using the shock fitting method; () com-
putational grid; (b) physical situation ' '- a

side of it. The solution is possible because the shock celerity v satisfies the
following inequality: : i

Cy +u1 >V>CZ +uz . . ] o
eated upstream of the shock catch up with it,
which means that one can trace 2 characteristic such as B,L.The abscissa. x is
unknown, so one new unknown is introduced, along with two new equations
analogous to Equations (3.6a), (3 6b) for the characteristic B1 L. In the same way
two characteristics B2 R, By S may be drawn on the downstream side of the

shock introducing two new unknowns Xg, Xs and 4 new equations. In alla

system of 9 non-linear algebraic equations for 9 unknown variables yﬂl ,

QR ¥Ei1, 087 ' ¥+ XBs XL ¥R and xg is obtained and may be solved by, for
example, the Newton—Raphson method. Once (¥, @ ”,“ and (7, Q)g,,+ are
known, the reaches to the left (beginning with the point C)and to the right

(point D) of the shock may be solved by any method of numerical integration;

Consequently the perturbations cr




(3.155)

(3.155b)

} N (3.156)
0 |

"“Mx, =

const,
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3.157)
B g §_; Oy ufty ~h1 u.) (

+1 _ =1
uft Sy

At —t
* g“; () ~ @l 7] 44 &x U =) (3.157)
At 2
+ ix W (q,-'.',.; '“Qj’-z-l)

AT @l ___ur:l)z
@Ax? T Jr U

0
forujy, ~uf , <
2 4Ax?

} (3.15%)

ortant advantage of the so-calleg ‘through’ methods of shockt o
i Y compute the shocy without any special Freafmef:mm
in itself js extremely simple: since any dissipative s -
ividual Foyrje, omponents of the solution, as we :ter
formation of , steep front - the latter
ront, by 3 Smooth variation of levels and discharges.
Onents, they are then smoo.thed y
the wavy wate, Surface behind the front which wou

to represent the front Curvature, If 5 scheme jg no¢ dissipative, byt only disper-
sive, the differences in com

Ponent celerities may wel] destroy the value of the
solution, Consider for €Xample i

Fig. 3.23, given by Cunge (1975) which shlo'{"sire
‘a surge COmputation iy 4 POWer cang). The Surge was due to rapid turbine clo

at the do\vnstream end of the €anal. Fiye simulations Were run using the
Preissmann scheme;the

Courant nNumber yyg kept constant, Cr = 1, but the
coefficient @ yyq Varied, The regyjys clearly show the oscillations at g = 0.5
(when the Scheme jg Non-dissipative) dye to numericq) dispersion, These
Ugh numerieq| dissipation when ¢ > 0.5,
Non-dissipative Schemes (such as the leap-frog or Abbott-Tonescy methods)
ty term or some other artificia) damping to simulate

Computation Ths is one reasoq why the theory of-
issipative interfaceg (see Abbott, 1979) wag developed; indeed, not any

Carefully chosen,
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Fig, _3'23- Surge computﬁtjdn in a power canal using a through method -
(Pmsfimmn’s scheme). Source: Cunge, 1975b. (a) Favre solution. (b) Numerical
experiment, turbine closure from 2500 m*s ™" t0 250 mist in 155

es? The answer to these questions is not

tical aspect of the questions should
Cunge (1975b).

th’? supposed discontinuity) the right on
evident, The reader interested in the theore
consuit Abbott (1979) and, for a less ti eoretical interpretation,
We can nonetheless point out a few requirements here.

To begin with, the basic flow relationships must have the correct discontin-
uous solution. As was shown in Chapter 2, the discontinuous solutions to the
integral relationships (2.3) and (2.14) are precisely the right ones. Moreover, it
has been proven (see Lax, 1954; Abbott 1979) that the weak solutions of homo-
geneous differential equations written under the divergent form tend to the :
discontinuous solutions of the integral relationships. However we cannot expect
that equations written under non-divergent form will have a solution which, for
Ax, At - Q, converges to the proper discontinuous solution. And we know
nothing about equations whose left-hand sides are written under the divergent
form but which have non-homogeneous terms o the right-hand side, even
though we hope that non-differential terms do not change the equation’s basic
properties. Thus our first conclusion is that only the integral relationships (2.3)
and (2.14) and the system of Equations (2.20), (2 22) should be used if one .
expects shocks to appear. Recalling Equations {2.20) and (2 22)

24 . 20 | o
—_—t == . _
o & - - (3.158)

Q. 9 2 .
o = (% +811)_=8A {(Se —'lsl‘f)i'gf'z. -

we observe on their left hand sides 4 divergent form similar to the formal
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Tepresentation (see Abbott, 1979);

o , 36g) _ 0 @1%)
T o

dy 13 _

" 53 =0 (3160
£ L (0) a3

ot 5 4 )*e4 x *Stf=0

I of error for Senera] tonditjons, _ energy

Quite Obviously the differentia) quations which are derived from hould ot

Conservation Tather thay, from the Momentym conservation principle stto 1979;
¢ used undey any pretext when discontinuities TMay appear (see Abbott,

. ; ation,
Abbott, 1975 Cunge, 1975b), For example, the following dynamic equ :
based op ene conservation,' must not he '

used: .

1)

10w oy ay _ (.16
E§E+E7a:?+$+sf.‘° | |

‘wetted area 4
' Conveyance factor Koy -
.. cell Surface areq A4,0), ete.

Some ®Quations yge 4p, Width b(y) 5
Separately a4 such o Computeq from the fupe,:
e flow €qQuations gre Written Under the gj
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(2.22) (Bquations (3.158)), one also needs the function /, (»). Finally, either
the bed slope S; or the bottom elevation y; must be given at each point /.

One possibility is to store such data in their raw form, such as ¥ (¥, 2),
kst;(%, %, 2) (we recall that z is the transversal coordinate and kg, is the -
Strickler coefficient) and then compute each needed function at every point and
at every time step — obviously too time-consuming a procedure. Another more
common but dangerous solution consists in fitting polynomials to the above
functions for every computational point. Such a procedure saves space in
computer storage, but may yield false values near inflexion points, by extra-
polation, and near zero depth. The most common procedure, and one which
represents a tradeoff between the inaccuracy of polynomial representation and
the memory needs of raw data storage, is the use of tabulated functions. In the
model construction stage, the raw data are used to develop tabulated functions
such as A(y), K(»), 4,(»), etc. During the calculation these tabulated functions
are consulted for each point and for each time step (or each iteration) with the
water level y as argument. Linear (or possibly non-inear in the case of convey-
ances, see Vreugdenhil, 1973) interpolation between tabulated values yields the
needed values with a minimum of computational effort and good accuracy.

It should be noted that a fully divergent scheme requires that at least four
tables be stored for each point: AY), b(): [1(V) and K(»). If divergent schemes
are rfot always used, it is partially because of the effort and storage required to
Manipulate this considerable mass of data. o

In staggered-grid schemes or in models in which the cross section isnot
knof’“‘ at all points, longitudinal interpolation of data is sometimes necessary.
Again, tables are more convenient than polynomials. S

F“ any model based on the de St Venant hypotheses, the energy slope S¢
which appears in, for example, Equation (2.14), is assumed to be representative -
of the reach between two computational points- But since Sy is usually expressed
in the form ' S s :

s =€ @)

and the conveyances K are properties of the cross sections at either end of the
reach, the problem arises as to how to interpolate between them in expressing
S{' To the authors’ knowledge no definitive procedure has been developed,
different modelling organizations using their own methods. It is nonetheless
worthwhile to see how the different formulae diffex one from another. Let us
considet the four following interpolation formulae:

2
St = g weighted average of K*) (3.163a)
Sp = 0 (-—"% + 1-13) (weighted average of S¢) (3.163b)
Ki K3 _
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=L i i fK?)  (3.6%)
Sty - Kl grm (weighted geometric mean o
I s ' (3.1634)
Sty = fak . (weighted average of K) _ _ _
" [k, + (1-qK, _ .

1 . s = = ,I 2=
in which we haye assumed g steady flow situation in writing 0:1=0,=0,1,
Upstream ang downstream sections, q = weighting coefficient,

Ifx, =Ky, each of thes_e eXpressions can pe written as

Q2 . - . | . ' (3,164)
o Sp= X an . . S .
.::f.ﬁf(. 7?)_. :
with -
7 —'a-l-n’(l"-a) SRR o - o
fgl‘:*‘r'(ﬂ"“ﬂ S i)
C (A T 5)
f3 = 'nz(q"‘"-l) . (316 ¢
s . o o - (3.1650)
& (¢+n__-mr)’, e o
Figure 3.4 shOWstheb

ehaviour of thege functions for g = | and 7= 2. W'El; 5
factor of twq difference between twq adjacent points anda = -
i 'ach could vary by some 509, depending'ﬂﬂ.th‘_’ con-
reyance intemolation ch fference becomes even more striking as 7
increases. It is l'mpOrtant hov.*ever, to Iemember that large differences in L
adjacent Scctions are iy Mpatible with, the dps St Venant hypotheses, which
assume basically one-dimens; all streamline curvature. If two

ed, intermedigte computational points
should pe in_troduced to bri
hypothese_s. _ -

TIng the mode] into Iine_ with the de St Venant
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flan

L] 05 1(.!

Fig 3.24. Comparison among several energy slope interpolating formulae;
2
Ka=nK,, 5= % f(a, m). (1) Equation (3.1652); (2) Equation (3.165b);
. 1 ;
(3) Equation (3.165c); (4) Equation (3.165d)
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4 Flow Simulation in natural
rivers

4.1 IN'I'RODUCTORY REMARKS _

When we speak of Mathematica) modelling of flow jn ‘natural rivers’, we aff o
Teally using a misnomey. Rivers which can pe considered to be in a t“fl-"' natt
state, in the s$ense that thejr flow is unaffected by man’s intervention in one
O or another, are few in numbper and rapidly disappearing. Although some

State, most of the world’s rivers have

€n to some extent Modified by map through dam construction,

c elization, dredging, etc. .

Nevertheless, 'St rivers have beer modified only locally, such that 0""::
major part of their length, water flows through natury Cross sections and a

natural channe] slope, in valley which ig Periodically flooded in spite of the
Presence of man.mgge dykes. These rj

low-flow periods ang at times excepti i

ccur, which portions of the river
catry the flow and which merely store Wwater, how the flow js distributed in

multiple channels, etc. Not only ig such an understanding éssential to the jntel-
ligent planning ang design of engineering projects, pug it also is indispensable to
the study of Water quality control in the watercourse, The very act of mode]

132
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construction and calibration leads to the perception of topographic and I
hydraulic data inadequacies; subsequent data collection and survey campaigns Pl
o be planned in an optimal manner with the aid of 2 mathematical model. The N
iitial phase of the study of the Niger River in Niger and Mali is an example of o
the use of modelling to understand flow phenomena. The flow pattem in the

Mali Lake region (the so-called ‘interior delta’, see Fig, 4.1}, 1 of such com-
plexity that it simply could not have been understood without the aid of

detalled modelling and associated surveying. Other examples are the Nigerian
Delta region of the lower Niger River and the Brzhmapoutra—Ganges deitas. The
tconomic development of countries which are riparian to such watercourses
(I-\ﬁger, Mali, Nigeria, and Bangla Desh for the examples cited above) cannot be
disassociated from the beneficial and destructive potential of these great rivers.
Mathematical modelling is essential to the understanding of flow patterns in such
complex systems. - _

The study and design of large river engineering projects and their conse-
quences requires not only that the present hydraulic situation be understood,
but also that the effect of the project itself on flow patterns be predicted. It is
only by comparing the long-term effects of alternative engineering projects on
flow patterns that intelligent choices can be made with regard to river develop-
ment. Mathematical modelling is the tool which makes such predictions and
tomparisons possible. -

The prediction of exceptional natural events and their consequences implies
the use of mathematical modelling because past observations of such events are
fzb“ften l_mn-existent. A model which is constructed to-produce the '
the““atmn’ desired must first of all be able to reproduce known flow events,

1 extrapolate beyond them. The capability of 3 properly constructed mathe-
mﬂtl‘?al model to perform this extrapolation rests on the fact that it uses -
Physically correct, deterministic hydraulic equations whose validity is not T
lmut?d to the known flow events used to adjust their empirical (and strictly o
Physical) coefficients. .
ord?:ik:semial quality of a mathematical mod
be Loy 2t model predictions be accurate and useful, the mode

he:sed on hydraulic equations which represent the most important flow
ﬁsele:mena. But even if the flow equations used are appr(?priate, the Flod?l is .
Siﬂmlas “Iﬂ_t%s real hydraulic and topographic features are fnt.roduced into 1t'an
mﬂde]ltjid ina sound manner. This is perhaps the distinguishing fe:ature of river
of physi g; it is incumbent upon the modeller t0 provide a_numencal description g
“mp ysical reality which is consistent with the flow equations used, and with :
f“'PO?e of the model study. _ :
e“gins:“mmg that all necessary data have been collected (see Chapter 5), the
three : f 'j""h" wishes to construct a mathematical model of a river must follow
Etile Stﬁps:

el is its predictive capacity. In
] must of course

(1) Selection of the type of modei and modelling system software used to

::;I:tmt it. We discuss in Section 4.2 the relationships between flow equat?ons_ _
' Pted and physical situations to be modelled, and in Section 4.3 we consider
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Fhe problem of deciding whether one-dimensional or two-dimensional modelling
18 necessary. o
(2) Schematization of the hydraulic and topographic features of the water-
course and inundated area to be modelled. In Sections 4.4 and 4.5 we deal with

the notions of topologic and hydraulic discretization of flow situations.
(3) Calibration of the model. We leave this important subject to Chapter 5. -

Inl Section 4,6 we discuss some aspects of computational problems associated -
with river modelling, : :

4.2 CHOICE OF EQUATIONS FOR CHANNEL FLOW

In river channel modelling it is extremely important to base the model on .
appropriate flow equations, The physical nature of a river and its floods suggest
the appropriate equations to be used to model the situation. As has been
stressed in Chapter 2, the various terms in the equations of unsteady flow as
established by de St Venant may be of quite different order of magnitude, and
under certain conditions some of them may be dropped. For example, if a river
to be modelled has a steep slope and its flow is primarily influenced by the bed
roughness, one may drop the inertial teqms from the dynamic equation. The
River Rhéne, in France, is typical of those for which simplified equations are
well suited for the representation of its floods, the natural bed slope being a
relatively steep 0.70 m km~2, The rise of the flood wave is relatively slow and
the acceleration terms ' R o -

1 ( du ., o )
g\ ' %®
ate small ' ¥ "
as compared to the water surface slope Fol
The effect of neglecting the acceleration terms has been demonstrated by
constructing two mathematical models of a reach of the Rhéne; the first model
- used the full unsteady flow equations, the second one the Muskingum method.
Computed hydrographs could not be distinguished one from another
(SOGREAH, 1961). However, these models simulated a river reach before river
canalization was achieved along its lower course, and the studies undertaken at
that time (1960) were directed toward the prediction of the influence of future
Structures upon flood propagation. Figure 4.2 shows the location and nature
of completed and planned structures along the Rhéne. It is obvious from this
figure that the river can.no longer be considered as being in its natural state, The
free surface slope, except during catastrophic floods, is very small and quite
different from that of the longitudinal bed profile. Thus the inertial terms . '

1auau)
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Flg 4.2. Presént and prt;:pt.ysed ,dével_.ol:iment on the .Rh'é_'ne River in France
cannot be neglected as Mpared to a—y.,-espe'{.:ia]ly when dam and power plant
manoeuvres are considered - in fact steep front waves, which are essentially
inertial phenomena, can develop in the derivation channels’ (Fav_re,‘ 1935). More-
Over, water management problems on the Rhéne have change_d since 1960.
Respons'ib_le authorities are now intejrested in _the optimization of energy
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lfJSOEiu;tlon. by cascade releases, in detailed prediction and control of water levels
mcr:.dltl ﬁstnal and domestic (':onsumption, and in potlutant transport. Had the
tone ofﬁ built on the bam. of the Muskingum or another simplified method,
methodi o ste model appﬁ?atlops would have been possible, as such simplified
extrancls o only n-eg.lect 1.nert1al terms, but also preclude the possibility of

po tion of existing situations towards new ones, notably those incor-
porating new structures.
A g‘:‘:l:it;};e;;mple is that .of the Parana River. The upper reaches of the
interested in ana can be simulated using simplified equations, and thus if
simplified 121311'111918 flood prediction,one could well build a model based upon
Apipe-Ya I ationships. However, large dam projects are foreseen, such as
ek matil}f:efa and.Corpus. The characteristics of these proposed structures are
flowing with river will be t-ransformed into what is essentially a wide canal
orin f:c‘tn in its dykes with 2 minimum possible slope. The flow in such canals,
inegtia] & reservoirs, will no longer be governed by resistance, but rather by
would re(t)lrdws. T-o choose simplified equations fora flood prediction model
lage d er this model useless for the simulation of the future influence of

ams.
m‘;ﬁ‘;ﬁrw examples, we have been trying to point out that the purpose of
g must be kept in mind when choosing the equations. One can

identi
dentify two general classes of applications in engineering practice:

the structures or developments
roblems based on the ‘project
estimates of flood damage.

ts and structures upon the
ams, reservoirs, flood

unc&,) those in which the flood is not modified by
ﬂoodr’ study. In this class of applications we find P
d’, flood prediction in present conditions, and
ﬂm()lé)igos? in which the influence of developmen
1f is of interest as well. Examples are studies of d

control projects, ete. -

iy In gen.eral, simplified equations can be used in class () when permitted by the
fofil()f river and flow; on the other hand, the full equations would be advised
trm;_’ss (i). }t should not be forgotten ;hat problems of type (i) may well be
Choic:rmed mto-prcfblems of type (if) with time, and in that case the wrong
futuns f}t the _begmmng could lead to a considerable increase in expense in the
diffe 1f one is .led to completely rebuild the mathematical model based on

rent equations. SRR L Do :
] An excellent monograph concernin
simplified equations has been published by the Hy

:)Vl:rningforfl, England (Flood Studies Report, 1975
. our attention, as far as channel flow is concemed, to models based on the full

:frxllsatinns of Barré de St Venant, which have few built-in limitations as to river
oy flood types and as such are more universally applicable. We discuss in

. aPFeIf 10 the cost implications of opting for 2 complete equation model over a
smplified equation one. - . S ' '- :

g flood routing in natural sivers using
draulic Research Station,
). In this chapter we restrict
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cation renders complicated problems more tractable computationally. Although

it is possible to take into account the tem‘lé- g% and still have a reasonably

efficient modelling system (Abbott and Cunge, 1975), we assume in this chapter
that two-dimensional river modelling neglects inertial effects. When these effects
must be taken into account, a looped network of one-dimensional reaches can be

used for the simmlation.

flood plain

Fig. 4.3. Adour River (France) main chanel aad
In two-dimensional models, thé division of the flood plain into cells isnotat
2l arbitrary, but s based on natural boundaries such as elevated roads,' efnbank-
ments, dykes, etc. We discuss two-dimensional modelling in more detail in
Section 4.5; it is important to realize that, in river hydraulics, when an area is

modelled with such a two-dimensional tool, the main channel flow is computed
in the same way as the flood plain, i.e- without inertial forces due to temporal
t simulate a delta region influenced

and spatial accelerations. Such a model canno
by the tide during the dry period, nor can it represent water releases or levee
 failure wave propagation, saline front propagation, etc. Tnertial terms are aiso
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Fig. 4.5. Detailed view of Cambodian rice paddies (courtesy UNESCQ)

important in large reservoirs in which friction slopes are negligible as compared
to the acceleration slopes, which are then the most important driving forces.

This separation of the engineer’s tools into either one-dimensional models
(COITCCtly representing inertial forces but only very crudely simulating flood
plain flows), or two-dimensional models (unable to correctly simulate the river
flow), has historically hampered progress in the application of mathematical
Models. Indeed, in more practical situations, flow in both the river and the
adjacent flood plain must be simulated, and for all possible situations: dry period
flow, partial inundation, completely flooded valley, etc.

It was necessary to treat the two situations separately because of the
fundamental difference between ‘branched’ and ‘looped” networks, as shown in
Fig. 4.6. From z given point in a branched network (also called ‘dendritic’,
*simply connected’, or *tree-like"), there is only one possible flow path to another
point (Fig, 4.6a), while there are in general several possible paths in a looped net-
work (also called ‘multiply connected’), Fig. 4.6b. (We have repeated Fig. 3.19
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here for the sake of clarity.) As shown in Fig. 4.6c, two-dimensional flow over
flood plains is usually modelled as a looped network of cells, for which an
efficient solution algorithm using the simplified flow equations has been avail-
able for some time (Preissmann and Cunge, 1968). Efficient solution algorithms
for complete-equation one-dimensional flow have also been available, but only
for branched networks (Preissmann, 1961). As long as there was no interaction 1
between the two types of flow, they could be combined in one overall P
simulation model; this would be the case when, for example, flood waters over-

f!ow the channel banks and never return to the main channel. But if there was

nver-flood plain interaction including return flow, Fig. 4.6¢, or if the channel

flow itself was looped, in that parallel flow paths existed, Fig. 4.6d, the two

types of flow could not be treated in a single model based on a urique, implicit

algorithm, It is not difficult to program a looped solution algorithm using an

explicit finite difference scheme, and indeed, such modeling systems do exist

(for example, the one described by Balloffet et al, (1976)), but such schemes

are generally far too costly for current engineering applications.

] In the mid-1970s economic solution algorithms for the solution of the full

Inertial equations in looped networks using implicit methods began to appear.

This marked an important point in the history of river modelling, because for

tl.le first time the hydraulic engineer could construct models in which both one-

dimensional channel flow (possibly looped), and two-dimensional flood plain

flow could be simulated economically using a unique algorithm.

44 TOPOLOGICAL DISCRETIZATION

Whether the engineer uses a one-dimensional, two-dimensional, or mixed model,
he cannot expect to obtain useful results unless his representation of physical
reality by model elements is correct. The need for correct representation inter-
venes at two levels of the model construction process, which for lack of better
tl‘:rms we call topological discretization and hydraulic discretization. Topological
discretization refers to the process of selecting the kinds of model elements
which will be used to represent nature; one-dimensional channel links, two- -
dimensional flood plain cells, hydraulic structures, looped or branched networks,
etc. Hydraulic discretization refers to the detailed hydraulic and topographic
descriptions of flow cross sections, flood plain cells, weir characteristics, etc., as
well as the choice of appropriate hydraulic equations. In this section we consider
- Some of the more important aspects of topological discretization and in Section’
4.5 we consider hydraulic discretization. S

In Section 4.3 we spoke as if certain problems were evidently either one-
dimensional or two-dimensional. But this is rarely the case. Nature is in fact
.three-dimensional, and the engineer can only use his judgement and experience
in deciding which portions of his river system should be modelied as one- .
dimensional and which as two-dimensional flow,
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Teason we treat ‘topological’ and ‘hydrauijjc’ discretiz_ation as separate concept
for description Purposes.

If in mogt situations Purely one-dimensiongj models are used, it is because
two-dimensional

to construct, Jt is fortunate that most often the overaj] resul;s of these models
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Fig. 4.7, .aﬁmiﬂl and valley flow in one-dimensional models. (a) Rising flood;
(b) falling flood; (c) beginning of overbank flow; (d) high flood valley flow
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ing the
velocity is uniform Within the crogg Section. Thus one dc?es not, Whe’:;:mg

de St Venant hypotheses compute the actual Joca) velocity u and wa'rhe use of
elevation y since, in reality, they both Yary within the cross section.

N = . The
the average water velocity g also faksifies the kinetic energy term u = . Th

idth is Limited,
also the case whep, Waler stages are very high; then, if the valley width is limj

. i f
hanne] i5 nothing byt 5 deep trench in the middle o

ightly increases the flow capacity but is of
110 great importance Compared to the overall flow conveyance,

For these twg exireme caseg (less-thag ‘bankfut’ flow or fl{ll){ valiey tﬂ":?l
one-dimensjong,) schematizatiop i Teasonabie; however, the distance betwe

Place. This king of tinkering is justifieg only if the modeller has 5 good uqdef;n ‘
Standing of the limits of application of his fictitioys representation Of: reality, '
of how the moge) Tesponds tg . Such an understanding is especially importan

hich it ig incumbent upon the modeller to test
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ﬂmt)ided areas adjacent to the main channel, as described further on in this
section, _
There are many cases in which the engineer’s primary interest is focused on
thF flood phain itself, A typical example is the study of highway crossings of
wide flood plains. The highway structure blocks the valley except for bridge
openings, and the flood plain flow pattern can be profoundly transformed.
Other such examples are flood protection and flood insurance studies,
reclamation and dyking projects, backwater effects of dams and tributary
junctions, etc. In these cases, it is a question of studying the flow adjacent to
“’}d dependent on flow in the main channel; moreover it is usually a two-
dimensional problem, since one is precisely interested in transverse variations of
water surface elevation. The de St Venant equations ar inapplicable to this
problem, -

As an example, consider Fig. 4.8 showing a more complete photo of a portion
of the flooded valley of the Adous river in southwestern France, see Fig. 43.
Such a system cannot be simulated by 2 one-dimensional model alone, since
wf‘ter exchanges between flooded areas and the main stream cannot be defined
within a one-dimensional framework. It should be stressed that if one is inter-
ested not in the flooded reach shown in Fig. 4.8, but rather in the flood hydro-
graph 50 km downstream, a one-dimensional model is still possible, but
obviously its results along the reach shown would be false insofar as flow details
are concerned. Thus for this system one can imagine two possible
discretizations: a one-dimensional, branched model as sketched in Fig. 48cra

two-dimensional, looped one, Fig. 4.9a,b. -

The Cambodian rice paddies as shown in Fig. 4.5 represent a two-dimensional
looped network of links with dyked water storage reservoirs which canniot be
reproduced by any one-dimensional model. The water depths are, however,
small, and so is the flow velocity. The flood lasts a long time: it rises and falls
slowly and the influence of inertial forces is negligible as compared to that of the
Wwater surface slope. Thus the two-dimensional system of equations, as developed
in Chapter 2, may be used here. A portion of the Mekong Delta model
(UNESCO/SOGREAH, 1964) is shown in Fig. 4.10. Such a schematization
corresponded to the technical possibilities of the 1960s, and was acceptable even
though the Mekong river itself flows through the modelled region, since the
flood variations in the river are very slow. T

In Section 4.3 we drew a distinction between branched and looped models, 2

distinction which was historically necessary because of the fundamentally differ-
ent calculation problems presented by the tWo cases. But there are important
hydraulic differences as well between branched and looped models. All two-
dimensional models are looped since, by definition, the flow may circulate
through the links in any direction. One-dimensional models may be branched

or looped. Consider Fig. 4.11a; at first glance it would appear tobe a looped

model, But in reality it all depends on the conditions imposed at the power
plant. The discharge continuity condition implies that if the discharge through
the turbines is imposed as a function of time, then our model of F_ig. 4.11a can




Fig. 48. Adour River (France) main channel and
dimensional disc

flood plain with one- _' _E
fetization (courtesy SOGREAH) o




Fig. 4.9, Adour River altemative discretizations: (a) two-dimensional looped
. model; (b) altemative two-dimensional looped model (courtesy SOGREAH)
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b -

Fig, 4.12. Example of physically looped model. (a) Physical situation.
(b) Topological model representation

inundation where inertial forces are smalt. Topological discretization thus
implies also the process of determining how to link overbank, flood plain, and
channel flow, When a cross section has a composite shape as shown in Fig. 4.13,
this shape-may be associated with two different plan views of the river, as shown
in Fig. 4.14, and for both of which there can be two different free surface levels
Within the same cross section as shown in Fig. 4.15.

With respect to Fig. 4.14a it may be seen that this is essentially a
one-dimensional situation. Indeed, the areas marked by 2 are really storage
‘pockets’ linked with the main stream through some sort of 2 law (e.g. a weir
equation), but separated one from another. Such a situation may be topolo-
gicaily schematized as shown in Fig. 4.16a. The situation depicted in Fig. 4..14b

'_ | Fig. 4;13. .Com.posite. channel cross-section. 1, Main channel; 2, Flood plain
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Storage pockets, (b) Mixed one-dimensional and two-dimensional

model: (1) main changel; (2) storage areas; (3) ditches, roads, transverse dykes;

(4) main channel banks

Fig. 4.15. Possible water su
flood. (b) Falling flood. -

rface differences in composi

te section. (a) Rising
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{a) w " fc}

Fig. 4.16. Possible schematizations of Fig. 4.14. (2) One-dimensional model with
storage pockets. (b) Combined one-dimensional inertial pius two-dimensional
non-inertial model. (c) Looped one-dimensional inertial model: (1) storage
pockets; (2) two-dimensional cells

ral notion that the schematization
4.9). Most often
there are good and

Fig. 4.16¢. What must be stressed is the gene
of a given realife situation i seldom unique (¢.. as in Fig.
there are many possibilities and even if for a given situation
bad sclutions, there is probably no one best way. :
In composite models containing channel and flood plain flow, it is important
to model correctly both the overflow of flood waters from the channel to the
flood plain and the exchanges between flood plain elements along the valley. In
the case of massive inundation, where water completely fills the flood plain and
the water level is nearly horizontal across the valley, the error induced by im-
- proper exchange laws will not be significant as far as filling up of the flood plain
is concerned, But in the case of a minor event such asa 5.year flood, where
channel flow is only moderately higher than bankful and the fiood plain is only
partially inundated, sitnulation results (in terms of extent of flooded area, for
example) can be quite sensitive to the channel overflow representation used. In
the following paragraphs we give a few examples of the kinds of difficulties
which come up in such representations. o o
When overflow occurs only at well defined locations where the bank is parti-
cularly low or where controlled overflow spillways have beent built into the
levee, the physical situation clearly dictates the appropriate model - - :
representation. In most cases a weir section is called for, as shown in Fig.4.17.
In such a situation the weir section in the model would be given the crest
elevation, width, and discharge coefficient which correspond to the physical
situation as closely as possible. As long as the overflow section is relatively short
compared to the river length over which a significant water surface elevation
- change occurs, then it is appropriate to basé the weir discharge calculation on
the unique water level at A (and at B, if the weir is flooded). - '
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Fig. 4.18. Model representation of generalized levee overflow. (a) Physical

situation -- plan view. (b) Physical situation — longitudinal section. (c) First
model representation, plan view. (d) Second model representation, plan view.
(¢) Third mode} representation, plan view: 1, flood plain limits; 2, river;
. :;(}:!Wsica] bank elevation; 4, discrete weir elevations; 5, rectangular weir
jons SRR B IR _ R
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7 + 1. Such an incremen; in the surface elevation is quite normal for a typi(!ﬂl-
computationa] time step of, say, 2 h. If the weir is severa] kilometres Wl'd-e: this
seemingly innocuong depth of 10 ¢m may correspond to a tremendous .dlscharge
which, pouring into 3 nearly dry cell, may cause the cell water level to jump
much too high, falsifying continuity ang Possibly destroying the calculation if
Herations are not used (see also Section 4.6).

The best Way to avoid this problem is to try if at a) possible to have closely

- enough spaced computational points so that no individual weir discharge can be

very large, even if it means interpolating between known cross sections to create
artificial computationaj Points. If there is ng alternative to having Widel.‘/_ spaced
points, the second Medelling option shown in Fig. 4.184 will at least avoid com-
Putational instabilities ; the bank or levee i modelled as a series of small
Tectangular sectiong a¢ different crest elevations as in Fig. 4.18b. Then either

computation but alse false Physically. _ )
The cost of this multiple-weir alternative in terms of mode] accuracy is
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other hand only the volume of overflow is of interest, much more widely spaced
points with multiple-weir links to the flood plain are adequate. The channel
overflow example shows how artificial is our division of schematization

problems into “topological’ and *hydraulic’ ones. Indeed, while discretizing the
modelled domain one has to keep in mind at all times the hydraulic
consequences. To complete the description of the weir.like link given above, one
has to think of the exceptional event, when the whole valley cross section is
filled up and the water flows along a common valley axis. In that situation the
head loss between the points A and a in Fig. 4.18a is very small indeed, while it
may have been very important at low levels. The schematization must not
h.amper the representation of these differences and, moreover, the adopted weir
discharge law must have a general physical form which retains its validity during
extrapolation to high floods.

The above discussions of schematization problems are only examplos of a
multitude of such problems which come up during the planning and cor
struction of 2 mathematical model, It is by no means our intention to farnish
a catalogue of solutions to such problems. What we want to emphasize is that
topological discretization represents a trade-off between the user’s need to
tepresent nature as faithfully as possible on the one hand, and the built-in :
limitations of discrete modelling techniques on the other hand. The more cor-
tect the topological discretization, the freer will be the user to concentrate ol
physical, hydraulic aspects of his model during hydraulic discretization.

4.5 HYDRAULIC DISCRETIZATION

One-dimensional modelling requires that a series of so-called computational
points be selected along the water course, The flow equations (for example, de
St Venant or simplified equations) represent hydraulic laws according to which
the flow variables (discharge Q, velocity #, free surface elevationy, etc.)are
related from one point to another. Thus, for a natural river reach which approxi-
mately satisfies the basic de St Venant hypotheses, and for a numerical scheme
defined on only two computational points, a finite difference approximation to
the flow equations can be given between two points a and b distant Ax gy one
~ from another as in Fig. 4.19a. Each of the points may be then considered as -
tepresentative of an elementary physical reach of length, say, # (Ax,p t Axye)-
It is not always possible, however, 0 consider the de St Venant equations as
representative of the change of flow variables between two computational
points, even in a one-dimensional situation. This is obviously the case for cross-
E:harmel weirs, power plants, etc., but a more subtle example is a sudden increase
in cross-sectional area over a short length, Fig. 4.19b. The appropriate law
governing the flow between points b and ¢ is not the dynamic equation, but a
relation for singular head loss. In such a case point b must be representative of

the reach Axy, rather than Ax,, and the singular head loss law betweenband ¢

must be explicitly specified.
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Fig. 4.19, Onedimensigna) discretization: (a) reach over which the de St Venant
©quations apply; (b) treatment of singular head Ios_s'

Y that it represents a5 faithfully as possible ali the importﬂ:I“
topographical and hydraulic features of the reach. For gradually varied unsteady
one-dimensiong) flow, these features are:

width

conveyance

Cross-sectiong] area
as fanctions of water Ievel_ o

The topographical features of the reach must be defineqd in such a way that the
volume of water within the reach will'be correctly represented and the wave

Propagation speed, which depends notably on the width, will not be biased. An
essential requirement from thig po;

mpted to replace such a reach by
cial width is assigned on 'the basis of -
volume considerations alone (Fig. 4.21), This type of simplification can
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as to represent flood plain

Fig. 420, Emplacement of computatmnal points 50
nal point; 2, channel;

;'ldth correctly. (a) Incorrect. (b) Better: 1, computatlo
flood plain lm'uts _
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f‘g 4.21. Use of fictitious w;dth to represent average valley width—wrong!
Flctttlous reach hm:ts 2, channel 3, real flood plam limits' '

I'nltathl'lS mduoe the user to mimmlze

_of course COTnputer storage and cost ki
ne does not always have

the number of computational points, and moreover O
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fined section of 5 river, since these data are easiest to measure in such cases
(Fig. 4.22),

' F?Ji
Frpg _
Lt
o " Fig. 4.22, Emplacement of computational points at narrowest parts of valley —
r ; wrong! 1, Measured Cross sections; 2, Channel '
n ;
: ﬁj_g Obviously a mode] based only on these measured cross sections would only .
.o femotely resemble the reg T¥er, not only in terms of celerities but also in term
I 4 of volume, The yser Mmust always uge aeria] photographs, maps, and field -
H ; ! Visits if necessary 1q verify that his measured cross sections are truly
f Eq fepresentative of the actyy) river, ' a
H e hydraulic featgeg of the river reach Tepresented by the computation
s '::' point are generally lumped into the Teststance term of the dynamic equation a‘:e
ST We described in Chaptey o This resistancs term is of utmost importﬂnt':e becau
: : i'v' 1t is based on ap empitical law an a5 such is the only truly “adjustable’ term .
3 ,i‘ during mode] calibration, For Steady flow, the discharge Q can be expressed a )
: 1 @1
i i IE . @=K(sph . 4
f 1 ' f;’# where: X = Conveyance factor 8¢ = slope of the energy line,§p =~ — (J" + 2% )’

¥ = water surface elevation; y = velocity,

; The energy slope in the dynamic equation can then be replaced by - -
L Q19| 42)
: Sp=x !

IR T x

POl
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try to represent them by conveyances, lest the predictive capability of the
function K(y) be lost. It is always useful to be able to introduce a singular head
loss proportional to u? /2g.

The overall conveyance factor for a ctoss section is a function of the depth,
and may incorporate transverse variations of roughness in 2 single channel as well
as the dependence of the roughness coefficient on depth as observed in some
divers. As described by Chow (1959), the total section conveyance can be
considered to be the sum of the conveyances in several subsections (Fig. 4.23),

Ko)= D K; = S ke AREE - @43)
At i Stri [kt §
: - i=1

where: m = number of subsections, each of which has its own distinct rough-
niess characteristics. Thus the function K(y) can be tabulated for each com-
Putational point.

Fig. 4.23. Division of natural cross section into discrete elements

It is only by treating the conveyance factor in this mannct that we can obtain
predictive capacity in a model. Let us consider the simple cross section shown ifl
Fig. 4.24. We shall represent the conveyance in two different ways, first using
Equation (4.3) and then Equation (4.4),

K@) =k AR 44

o]

G): J R @ _
Hy e @ D
; 7

20m . A0m 8m

\

2h
: ih

»

Fig. 424. Simplified cross section composed of three rectangular elements
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164 Practiear Aspecis of Computationat River Hydraulies
in which Wwe assume that Est'r, AadR ctorrespond to the whole section.,

For the application of Equation (4.3), we assume that the Strickler
coefficients k,, k,, k3 are representative of the bed materials in each subsection;
for example £, = 35,k; =30, k, = 20. Then, using Equation {4.3) and putting

b=20m, R, = Hy, h=1m,we can construct Table 4.1 and calculate the X(¥)
funetion,

T

4.0

ot

2.0

o+

ll-|"'"'-—l-——-o_._.,____,_____. - — — —p
- 1000 e 10000 R
. '\F‘g_\,_ ! —-

a0 a O g 70 ki (V)

Fig. 4.25. Composite-séction conveyance function and éorrespt_i-nding global
roughness coefficients D
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166 Practical Aspects of Computational River Hydraulics

Let us now consider Equation {4.4). 1t is not possible to estimate the global
Strickler coefficient beyond the water elevation ¥ =1 m;indeed, if the three
slices present different characteristics, how can we estimate one common

i3
ance K() from Equation (4.4) would be equal to X(y) = 2 Ky} from
i+1
Equation (4.3) and Tapje 4.1. The computation is made in Table 4.2 and the
corresponding curve is plotted in Fig. 4.25. Let us suppose again that one -
would like to extend the curve k., (7) beyond the water surface elevation
¥ =3 m; we simply cannot make any such extrapolation in a rational manner.

levels only up to 1.99 m, The k1) and K(p) curves cannot reasonably be
extrapolated without Properly taking into account the increasing influence of

the slice no. 3 with increasing depth,

Table 4.2. Calculation of global roughness coefficients using Equation (4.4)

y  EKfom Gl pPap - _ g g2/s  Global
m Table4.1 g m? R P R Kstr
-—_— _ .
0.5 220 10 20 0.50 0.63 35
1.0 700 . 29 20 1 35
1.05 767 23 60 0.383 0.528 63
2.0 3422 80 60 1.333 1.211 3532
3.0 8178 140 . 60 2.333 "1.759 3 -
305  g847; 147 - 140 1.050 1.033° 56
35 11678 2100 140 150 1.310 42

It is possible to compute an overall X(y) function on the basis of observed
steady state discharges and slopes, and use this conveyance function directly for

and to try to extrapolate them above observed flows, -

We shall come back to this question in Chapter 5, but we fee] very strongly
that conveyance Tepresentation using a globai roughness coefficient is unaccept-

. able in mathematica] modelling, except for compact channels of nearly constant

width, . TR
- Hydraulic discretization of one-dimensional modgls also requires that |
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Eguslld;f}’ condition.s be correctly imposed. Models based on the complete

th enafn equations require two general kinds of boundary conditions (see

. ufttier Z)f: exterior (at end points of the model), and intesior. The de St Venant

eqd t_ons orm a hypt?rbo]ic system of two non-linear partial differential

ﬁ?ﬂa fons, and the existence and uniqueness of their solution along a reach for a
te interval of time are subject to certain restrictions:

the initial conditions must be specified along the reach, i.e. all water levels

and discharges must be known at time Ze1o;
theo_nea‘gfnundary condition as a function of time must be given at each end of

e 1o for subcritical flow, and two conditions at the upstream end for super-
critical flow.

'g(lese exterior boundary conditions are usually of three different kinds: ¥(t),
Y and 0 = fly), and are subject to certain restrictions as described at the end
of Section 2.2. :
. ig;:fmr boundfnry conditions generally express cqmpatibility conditions such
iutemmuity Of discharge and energy level or water surface elevation. They

ne at points where the original de St Venant equations are not applicable,
see Section 2.5. Several examples are: .
ween two reaches. We require that the -
s 2 local head loss) be compatible;
tinuity of discharge and compatibility

; sudden variation in cross section bet

.Mharge and energy levels (with perhap
junction of two rivers. We require cont

of energy levels or water levels;

;eiwelr flow. We require that the discharge be the same on both sides of the

o r, and we ?alculate this discharge using the free-flowing or flooded formula;

i imposed discharge as a function of time. This is the case of a hydroelectric

ianm"__of a particular reservoir operating rule;

rese posed water level as a function of time. This woul
ervoir or automatic imigation control system;

* imposed water level or discharge as 2 function o

at Pthef points of the model. This is the case of automatic

irfigation systems or in power plant cascades.

d be the case of 2

f one or more flow variables
regulation used in

Istois again quite impo;ssible to furnish here 2 catalogué of cases and solutions.
. me of them are explained in more detail by different authors, usuaily as
olved for a particular scheme (see, for example, Liggett and Cunge (1975),

Verwey (1971)). _ _
0 When we speak of interior boundary conditions, wé really should note that
| here are two kinds: those which replace the normat flow equations by special
relationships (singular head losses, junctions, flooded weirs), and those which
are completely analogous to exteriof boundary conditions {discharge or level

imposed as a function of time). Strictly speaking, points at which these latter

types of conditions are applied could be modelled as normal, exterior points; we

saw in Fig.4.11 that a power plant through which Q(f) is applied can be
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168 Practical Aspects of Computational River Hydraulics

modelled as one point at which O(r) is withdrawn from the model, another at
which the same Q(#) is introduced into the model. The water levels associated
with each point (one in the upstream reservoir, the other in the tailrace) need

not be (indeed cannot be) specified; they are dependent varigbles in the overall
solution of the flow equations, :

Is not at all easy to devise the aPpropriate equations for such condiﬁons; the ease
or the difficulty depends upon the modelling system, the algorithm or even the
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flooded: Q= ”l(zg)k@ds ~Yw) Gus™ yd&?:)“'2 | (4.5)
free flowing: Q = s (28)% ¥y — y)*? (4.6)

where: y_ = water surface elevation on the upstream side of the weir; ¥gs =
water surface elevation on the downstream side of the weir; b= rectangular weir
width; y,, = weir crest elevation; gty , i = discharge coefficients.

In some simulation systems it is possible to include the upstream approach
velocity in the weir calculation directly; note that a veloty of 3m ! corres-
ponds to a velocity head of nearly 46 cm, which cannot be neglected in a weir
calculation, In other systems, only the upstream water level is used in the
alculation, in which case the localized error in neglecting a velocity head such as
46 cm may be unacceptable. One way to avoid this error is to create an artificial
and extremely large section just upstream of the weir in which the velocity is
negligible, as shown in Fig. 4.26. :

LY

Fig. 4.26. Use of artificial channel section to incorporate the effect .Of approach
velocity in a weir calculation. 1, Channel; 2, artificial section; 3, weir

. The reach from A to B could be either a very short fluvial reach along which
the de St Venant equations would be assumed valid, or a special reach which
eénsures equal head at both ends, so that: :

J’A-i.--,&-%'yg; Q,=0p " - I (4‘?)

R - . . . uz . .
_ The water level at B will then be higher than at A by -—2? g0 that the weir cal-

culation using yy will implicitly take the approach velocity into account.

It is possible to incorporate into one-dimensional codes a more sophisticated
treatment of the weir flow problem, in which the upstream and downstream -
velocities; as well as possible Borda type head losses, are taken into account.’
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. elevation in the cell) and th

. exchange jaw links between the cells. Although both aspects seem straight- -
'. forward, et g consider some difficulties related 10 each of them: They will :

dykes, etc, If the absence of natura] obstacles leads to cells of unwieldy size,
their furthes subdivision ig no longer based On natural features, but simply
allows for the slope of the flood plain to be represented more precisely. The cell
centres must moreover e defined in sych 4 way that the direction of flow can ,
be correctly Tepresented during the Passage of a flood. Figure 4.27 jllustrates this
point. The area ABCD couiq p, considered as a single coll s far as natural
features are concerned, but since the water level is assumed constant in the cell

» the water surfuce slope between sections AB and
CD could not be Teproduced in the mode], Thus the area should be subdivided

into two cells, ABEF gng EFDC. The area then wilf pe represented by two water
levels, at P; and Py, and the slope will be defined by:

¢ geometry angd discharge or roughness coefficients of

show that even a Seemingly obvioyg situation should be approached wzth - -
caution, - : - _
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. Fig. 4.27. Subdivision of flood plain cells in order to better represent the water
surface slope. 1, River; 2, levee; 3, road

The simplest way to define the storage function V(») fora given cell is to
extract it from a detailed map with the help of a planimeter, measuring the cell
s.‘m:a"e area function 4 (y) and integrating it vertically to obtain volume. The
limits of the cell being defined by topological discretization, the operation is
explicit and the accuracy of the A(y) function is limited only by the accuracy
of the map, at least theoretically (see Chapter 5). B

. As is shown in more detail in Chapter 3 the storage equation on which two-
dimensional modelling is based has the following form:
iv. L. : - L . |
e Bkz ot + (1-9) o (4.9)
. =1 ' k=1

where: ¥; = volume stored in the cell i; 0y x = discharge between the cell i and
an adjacent cell k; L = total number of adjacent cells;n = the time step index;
| 6 is a weighting coefficient, 0.5 < 8 < 1.0-. Lo

I n A Wk

(i dii

B A= TS
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av, dy; ypH —yn L
dr - Au d—f and 4 At <= kzl Q(y:'"ﬂ’ygﬂ) (10

Such a formulation being fully implicit, the computation should be uncon-
ditionally stap)e from a formaj humerical point of view. Suppose further that
the water surfyee A in Equation (4.10) is evaluated at time nAr e

A=A 41, and imagine a cell of the ¢ross section shown in Fig. 4.28. The
conscientioys modeller, wishing to Tepresent correctly the true volume of his

s 7
& B

R st IR

the dasheq lines in the sketch, and consequently the calculated water level i
Wil be much toq high; the Increase in Storage volume in the cell will be com-
pletely out of line with the net inflow, all because the method as expressed in
Equation (4.10) cannot integrate the volume over the change in water level.
Even if this sudden jump ip the cell water level does not destroy the calcul- .
ation by inducing oscillations (see below), the stored volume in the simulation is
completely false, and the calculation is invalid. There are two ways in which the
Program can be progecteq against the consequences of this type of error: to

e o i

AmEw oy g,

-

iterations automatically during time steps in which the largest water Jevel change
In the system exceeds 3 SPecified value, in this case 20 cm, Figure 4.29 shows
the rising floogd in the main channel at point A35, and the gradual filling up of
cell A35M which i scparated from the main chanriel by a low dyke. We note




Flow Simulation in Natural Rivers 173 i

40+ i

water lnvel{m}

20]—ABM{cen)

R -

10 i L ! $
1 16 20 25 T

Fig. 4.29. Effect of the use of iterations of calculated water levels in the Adour
model. 1, Results without iterations; 2, results with one iteration

first of all that in the main channel, the calculation with one iteration maximum
Per time siep predicts water levels which differ by less than 5 cm from those
caleulated with no iterations (the time step, limited by the downstream tidal
boundary condition, is a relatively small 30 min). In cell A35M on the flood
Plain, the apparently anomalous water jevel jump of nearly 40 cm between times
24 and 24.5 h nearly disappears when oné steration is used. Moreover, the level
in the cell rises generally more smoothly than without iterations.

Another way to improve cell volume accuracy would be to express the water
surface Ag; differently, for example by writing 1

Ag=A ")+ Lo gt —ym)
which would lead to a new equation replacing Equation (4.10),

dAs['. 0,n.+1 _y")- : yﬂ‘“ __yn.= ntt 4.11
[A_"':f & .z ] A 'EIQ”‘ | _(' )

Such a formulation would allow a much better representation of cell volume
c_hanges over a time step but the price to pay is high in terms of computer cost
since an iterative method would be then needed to solve the non-linear system
of algebraic equations for all time steps and not just those in which water levels

.are changing rapidly. -
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definition. In this €3s¢, why not simply start the cell definition at level 3in
Fig. 4.287 This will Probably elimingte any possibility of oscillation or gros




Flow Simulation in Natural Rivers 175

46 SOME COMPUTATIONAL PROBLEMS IN RIVER AND FLOOD PLAIN
FLOW SIMULATION

It is obviously impossible to recapitulate in a single document ail the possible
computational problems associated with river flow modelling. Our intention in
this section is to alert the model user and the programmer to the kinds of
problems that can arise, and the kinds of approaches used to solve them, Our
concern here is not with the formal mathematical behaviour of various numerical
schemes, but with the numerical treatment of particular situations related to the
fact that we try to simulate continuous nature with a discontinuous, or discrete,

model, One should keep in mind the fact that the difﬁculties such as described

below may not appear at all in certain modelling systems and, on the contrary,
hich are not mentioned here.

:{Iher troubles may occur in such systems w
odellers are always faced with questions of how to deal with hydraulic

atomalies which do not follow the general flow equations.

Small depths

In certain situations, computational difficulties develop when physical flow

dﬂ:fths are small, usually when flood waters first appear in dry channels or on

py flood plain, and we refer to these difficulties when we speak of the *small

pth problem’. In fact there are several different facets to ‘the’ small depth

Prot.ﬂem, and we shall consider a few of the more important ones from the point

Oiwew of simulation system design and programming. This is a prime example

ofa problem which should be handled by the program to as great an extent as

slfsﬁlble; Nz}ture has no problem when depths are low, and the model user

¢ 0 d“ t B'lther, though he should be aware of why the programmer may have

o adjust his procedures to compensate for the computational difficulties.

thaA-smau depth situation usually precedes or follows a ‘zero depth’ sitvation,

Us ;13 to Sdy a dry bed condition, either on the flood plain or in'a channel. Let

%ol I?t conﬂdfr the zero flow case from a topological point of view. Most

olution algorithms are based on the supposition that there is a continuous

m“’f"_f of information through a model network, be it from one boundary

condition to another (branched models) or from one node to another and from

zfdes to boundary conditions (looped models). This transfer takes place through
© h?‘imlic equations linking computational points o cells, which in general

Pemit discharge to be related to water levels in a continuous fashion (see

Chapter 3), . et |

i In a branched model which includes only channel flow, a zero flow simatic?n

ceorl!y.seldOm encountered. But in looped models, fiow in the flood plain orin -

corl::m channel branches can be nil during low flow periods,and asa '

equence the computational algorithm may find itself disconnected in certamn

Places, since the discharge does not depend at ail on adjacent water levels. If no

. Specl?l precautions are taken, this disconnection may invalidate the solution
dgorithm: the symptoms may be division-by-zero messages on the computer or

 Patently false results. One solution would

be to require the model user never to -




1
Sh

b
3k
3

+

e
T ok 1 W0

X

LI

Emem.y gy

ML T R,

ST

T by e

plain, weir leakage, efc. But a better solution, and one which frees the user from
an artificial constraint op his model Tepresentation, is to design the solution

algorithm to detect Computational disconnections ang compensate for them
automatically,

inertial terms are dropped and the flow i expressed by a resistance equation
such as Manning/Strickler written for 3 rectangular flow cross section,
1/2

o= (a2 e

Suppose that the upstream level Yug is constant while the downstream water
leve] FYag may be varjable, Now, normally the discharge should increase as th.e
downstream water level decreases due to the steepened slope. We can see this by
taking the derivative of (4.12) with Tespect to yq,

aQ - kstrb [5 213 ok 1/2
Vo axlli L3H7 55, Oura)
— = pshs (vus "yds)-.lh (4.13)

5. ~0.Then the detivative 9 is always negative, and the discharge can only
Vg ay ds ’

increase as the slope steepens, But in fact the flow depth does depend on the
downstream water levei, namely the fiow area (or depth) decreases when -yas
decreases and ag aresult there is g downstream water level at which the discharge

 is a maximum (i.e. when g}Q_ = 0). If the do‘.v}nst;eam Ievél drbps still further,
ds '

the discharge actually decreases as the reduction in flow area more than com-
pensates for the increase i slope, s shown in Fig. 4.30. o '
Thus the assymeg flow equation models a perfectly realistic physical

between the two discharges, possibly with catastrophic results for the overall -
simulation. - ' . S A
The key to avoiding this small depth oscillation is in the definition of the
flow depth & which intervenes in the resistance term of the non-inertial or
inertial equations. Of course one could systematically avoid the problem by -
relating & only to Yug. but at the risk of poorly modelling the low flow situations
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Yis1
/'l
- 2
b n

Fi S
si:i.a:i.sn. Relationship between discharge and downstream level in small depth
ons. 1, Increasing slope dominates; 2, decreasing cross section dominates

i.l‘l whi . . .

wlut?;}lli:mh-upstream and downstream levels play an jmportant role. A better

erha to introduce a parameter which permits the depth, or conveyance
ps, to be calculated as the weighted average of upstream and downstream

values, The user would generally specify a

asi
imple average between upstream and downstream

weighting parameter of 0.5, adopting
conditions. The program

th . d
en tests the sign of & ,and if it is positive, shifts automatically to fully up-

W a;

st sy s
ream weighting (one example worked out i detail is giver by Cunge, 1975¢),

?2_ would be

o
r perhaps attempts to calculate the weighting necessary so that 5
ds

st
rictly zero. The exact procedure adopted depends on the weighting system

ch i
osen. The important thing is to detect t

weighti
ghting factor as necessary, print a warning message SO the user w

he anomaly automatically, modify the
ill know that

it .
was not possible to use his desired weighting factor, and continue the

%1 -
hi:llapu}atlon. The user must be wamed since such a proce
asic hypotheses, and knowledge of the fact is essential for t

of results.

MIcuThII: type .Df procedure is sure to avoid
ted without inertial terms. But for

'tntottlllt: n;l‘t gua'ranteed from a formal point of view, since
detectcthcmatlon whereas only the resistance term
flow & e problem and adjust the weighting

epths are small enough for the problem

the L
general characteristics of the modelling system and alg
ility of supercritical flow occurring

A final comment concerns the possib

b

d:ﬂ:ﬁse of small depths. If at a section which ig subject to sma

oflzh decreases only a small amount in gach time step,
¢ flow becoming supercritical, unless the na

greater than the critical slope. We do not

dure locally changes
he interpretation

an instability for flood plain flow

full equation channel flow the protec-
the inertial terms are also
would have been used to .
factor. On the other hand, when

to appear, the inertial terms are

usu. i .
ally unimportant compared to the resistance term. A resistance-based pro-

¢
edure usually provides good protectior,

the efficiency of which depends upon

grithm used.

1 depths, the

there is nommally no risk -
tural slope of the channel is

deal here with the latter case which is

B 7% CEA TLARE RAL MR
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flow depth may drop into the supercritical range, for

Numerical reasong only. This woulg provoke a computational catastrophe even

term for small depths meansg that the Suppression of the convective acceleration
term will have littje effect on the results,

Weir oscillations

Closely related to the dry bed Problem, as far a5 flood plain cells are concerned,
is the weir oscillati i

condition this cell is dry or nearly so, - IR o '
The sketches (@), (b), and (c)in Fig. 4.31 Tepresent three consecuytive time -
co)

steps, situations
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Fig. 4.31. [lustration of oscillations in weir flow between two cells. (a) Atend
of time step n, the level in cell A has for the first time risen above the weir crest
devation. (b) At end of time step 7 + 1, the discharge from A to B causes the
level in B to jump too high. (c) At end of time step 7 + 72, the high level in B has
taused a large discharge toward A, whose level rises too high

flow will again be from B to A, still opposite 10 the water surface slope- -

This type of oscillation generally calms down after a few cycles, especially if
each of the two cells communicates with others S0 that the system can absorb
the oscillations. But if the cells are isolated from others, and if one or both have
surface areas which are just too small compared to the time step, the oscillation
can become unstable and destroy the calculation.

Why does this situation occur? Because given the magnitude of the discharges,
_the time step is too large compared to the cell surface areas. In most non-
iterative simulation methods the program only ssees’ the surface area at the
Present water level, as we have described earlier. Once the water level jumps too
high as in (b) above, the simulation is aiready false and one could argue that it
should be stopped' _ ’

* Butin the early stages of a modelling effort it is sometimes useful to try to g0
3 far as possible in the simulation, detecting s many anomalous situations as
possible for correction all at once. The weir discharge water surface anomaly
should always provoke a warning message, since it is a symptom of something
being wrong. The oscillation can then be - ificially damped by appropriately
adjusting the weir formula for one time step if desired, simply so that the
calculation may be continued.

" Clearly one solution to this kind of problem s to use jterative procedures to
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scheme is used, one may never run into guch troubles since the permissible time

Flooded weir Iineaﬁmﬁon
Consider a floodeq rectangular weir (Fig, 4.32a), for which the non-inertial flow
equation ig

Q= B ‘yw).@i '_J"k)”"2 (4.13)

{a) -

Fig. 4.32, Flooded Weir relationships. (a) Definition sketch; (b) dependence of
Qonyi‘ykaU’k"'J’wﬂxed S A i

T
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in which X is a constant coefficient, and y; and yj are levels immediately up-
stream and downstream of the weir whose crest elevation is y,,. Figure 432b
shows the general form of the relationship between @ and the water level

difference across the weir, y; — ¥, when Vg —Vw is held fixed.
N~ 9
We see that as (p; — ¥y ) approaches zero, the derivative 3 i ? 50

approaches

inﬁ:nity even though Q approaches zero. Consider a finite difference scheme
which uses a truncated Taylor series to express the unknown discharge at the
future time step, for example

Q" o + 3, Ay; + aykAyk (4.16)

When y; and y,, are very nearly equal, the derivatives %J% and %Jgk will be very
large in absolute value, even infinite if y; = ¥, a5 S¢€11 in Fig. 4.32b. This is
troublesome since Equation (4.16) will yield much too jarge a value of Q at the
new time step if y; =~ y; and one of the two levels changes appreciably. It is
interesting to note that an iterative procedure is not a remedy for this problem;
it may simply not converge at all but just oscillate around the origin of the

(Q- ¥;=¥;) coordinate system in Fig. 4.32. This situation can be avoided by
l}nea.rizing the function Q(v;, ¥y) wheny; and Y 81 nearly equal. The dashed
line in Fig. 4.32b shows how such a linearization still yields @ = 0 fory; = V>
but avoids the extremely large derivatives in the original function when
Yi~¥i < e where e is of the order of a centimetre.

It should be recognized that this problem is usually one of the time step

being too large, for as long as Ay; and Ay ar small, the error introduced by the
portant. But us¢ of an

large derivatives near the origin will not be too im !
automatic linearization frees the modeller from having to adjust his time step
because of a purely computational anomaly when the water fevels on either side
of a weir are nearly equal, be it in the initial state, a no-flow equilibrium
condition between two cells, or a momentary situation during flow reversal.

Steady flow calculations

Why is it necessary to mention steady flow calculations in the context of
unsteady flow? Because unsteady flow techniques are often used to calculate
steady flow profiles, and there are a few special problems associated with this
Procedure. _ - B ' :
For many projects, only steady flow calculations are performed; for example
to establish water surface profiles for levee design, to establish flooded atea
limits for flood insurance studies, to establish the backwater Curve changes
caused by bridge construction, etc. For this purpose engineering organizations
often develop their own backwater curve programs or use industrialized systems
such as the US Army Corps of Engineers’ HEC-2 progratt, “Water Surface
Profileg’, In either case, flow simulation is based on one form of another of the

P

+ 'Z""_i“-"lk_d-"'-h) ‘k_i.‘- 34 Rk e T o B B T




the steady flow water levels, secondly because it is a
waste of time for the éngineer to try to furnish 4 precise water level at each of
the possibly hundregs or thousands of points i the model. A normal procedure
is to start with constant depths, or straight-line water surface slopes, or if

Since the initial state ig in general inconsistent_ with the flow equations, the
series of time steps which hopefully wil stabilize in a steady flow must begin
Wwith several small ime steps; this allows injtig] discharge and water level discon-
tinuities, ag e 2s other violationg of the governing equations,
out gradually withoyt destroying the calculation. The dissipative character of
the finite difference schema employed should be used to the utmost in this
Stage, so that discontinuities wij| be smoothed as rapidly as possible. In the
Preissmann scheme, for example, we would put § = 1.0. Once the initial flow

el o
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along enough prototype time so that the volume excess or deficiency in the
initial state, as cornp_ared to the final steady state, can be self-corrected through
?:mt;;ls water wave Propa.gation in the river. The number of time steps required
1 r this process can be minimized by increasing the length of the time step to
arger and larger values as the flow stabilizes into steady conditions.
ma;ll':l“ailprt:;edure.of systf,matic time step variations can always be performed
what y, the engineer using his common sense¢ and judgement to decide at
he :l‘;’mts in the stabilization process it will be ‘safe’ to increase the time step.
et dctws the time step t.o become too great too soon, the calculation may
decert own be-cause of weit or cell oscillations, for example, as we have

scribed previously. It is thus highly desirable to have an automatic
E;"?mmmed p_r0¢:edure for the management of time step variations, to free the
facg:?ef}:‘f this responsibility. The time step could be increased by a certain
mfeﬁf whenever t.he maximum change in water Jevels or discharges becomes
g :tf to a specified value, the value itself becoming smaller and smaller as the
intn sueps increase. lf there is danger of the flow passing locally anc.l temporarily
enl pi!_rcnucal regime during the stabilization phase, the convective

cel er-atlon terms 12 /2g in the de St Venant equations can be suppressed for a
:;ehmMary volume stabilization; then the process can be repeated retaining

128, to let the water surface slope adjust itself to differences in velocity from

one section to another. ,
The success of this type of automatic procedure seems to depend on the
tem. For the 200-point one- '

;_“n:’“ﬂ'f of *dead’ flood plain storage in the sys

ensional branched model of the Seine River upstream of Paris, steady flow

mﬁm& were obtained after first imposing 2 constant water depth and zero

v targe throughout the 360 km model, then executing some 30 time steps

uaf}_’mg from 6 min to 25 h. In Table 4.3, the time steP At was maintained
ntil the maximum water level change between two successive cycles was less

than ¢; then the next larger time step Was adopted, and so on.

.Table 4.3
At (min) . 15 30 60 150 300 600 900 1200 1503
€(cm) - 25 25 25 15 335 23 20 15 10 05

- R

At the end of this procedure the flow was fully stabilized. For a much smaller
Martinique (SOGREAH,

branched one-dimensional model of the Riviére Salée in
private communication), only 11 cycles were required for comp

But for the Adour and Garonne models built by SOGREAH, both of which
contain considerable flood plain storage modelled as two-dimensional cells, it
was not possible to obtain economically true steady flow using the above
Prt_:cedu;gs. The cause appeared to be that the water level in a large cell responds
quite slowly to net excesses or deficits in inflowing discharges. The time step
must be increased to a large value at an early time, so that the volume

lete stabilization.







5 Model calibration and data
needs |

Amathematical model is a simplified, discrete representation of a complex and
tontinuous physical flow situation. Three-dimensional terrain features are
epresented by one-or two-dimensional equivalent elements, and the physics of
flow are assumed to obey differential equations in which certain empirical
coefficients appear. Model calibration is the process of adjusting the dimensions
of simplified geometrical elements and the values of empirical hydraulic
cosfficients so that flow events simulated on the model will reproduce as
faithfully as possible the comparable natural events. A model’s potential for
reproducing and predicting real flow events, and the potential quality of its
calibration, depend on the amount and quality of topographical, topological

and hydraulic data available for the watercourse under study. Thus the questions
of mode] calibration and data needs cannot really be separated. In this chapter
we first consider some of the detailed procedures which must be confronted in
calibrating a model, and then we give an overview of data needs and their -
relation to model calibration. We assume throughout this chapter that the
modelling method being used is appropriate for \he problem being studied, and
that numerical parameters such as time and distance steps have been correctly.
chosen as described in Chapter 3. In other words, we are interested in calibration
as the process of obtaining a correct physical description of reality, 1
the force-fitting of a physical situation to an overly simplified modelling
technique. | S

5.1 MODEL CALIBRATION

“_’e have seen in Section 3.6 that the geometric @ d hydraulic characterist-ics ofa
tiver reach are usually represented, at least in one-dimensional mathematical
models, by three functions of water stage: width b(), wetted area A(y) and
conveyance X(y). These functions provide an appropriate representation of all
relevant physical influences at any river cross section, as long as the ﬂ(:.nw |
1esistance may be represented by the same conveyancé factor as in uniform, )
steady flow. In actual modelling practice, tWo rather extreme extensions of this
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Section 4.6 for a discussion of how this can be done economically). The

resulting series of free surface longitudinal profiles may then be compared with
those obtained from the rating curves along the river. In the early stages of
calibration, obvious model errors can be detected through close examination

of these computed profiles. Indeed, in uniform flow, profiles should be parallel
one to another and to the longitudinal river bed profile. In non-uniform steady
flow the profiles are not parallel, but still, marked irregularities represent either
real physical perturbations or errors in the data — hence the need to examine the
results very closely. It is advisable to plot the functions b(»), AQ) and K(¥) for
f‘u computational points, since the visual examination of these functions
immediately highlights obvious data errors and, moreover, may point out the
physical reasons for irregularities in longitudinal free surface profiles.

' Once the obvious errors are eliminated, the calibration is conducted by vary-
ing the conveyance in such a way as to obtain computed profiles which agree
reasonably well with the ‘observed’ steady flow ones. Let us consider situation
such as is depicted in Fig. 5.1, in which computed and observed water surface
slopes do not agree. The composite cross-section representative of the reach
Ax would have a conveyance factor K computed, for the water surface
elevation corresponding to the discharge {1, 85 follows:

0, =K7Y, \/§; .
' . / (5.1)
=Ky A1bH = kg P
where k', . = Strickler coefficient attributed to slice (1) of the cross section. It

N Stri
is seen from the longitudinal profiles that the computed free surface slope $i

does not coincide with the observed slope S, , while the discharges are of course
the same, Therefore we can write
Kll \/3'; =K, \/§1
where K, §, = ‘observed’ values; K 154
From Equations (5.1) and (5.2},
k;tn b} 3"'151""‘4 ‘\[Sﬂi = Kstr1 by hi{a ﬁl ¢

Assuming that the geometry is correct (hence b, = by), the necessary value of
the Strickler coefficient for the stice (1) of the cross section is given by

. ' T 12 . :
k =& ( __ll ) ( __l ) B (5-4)
str1 vstri h“ Sl o . . .

) are known (most often
the Strickler coet_'ﬁcient

(5.2)

= computed values, which are incorrect.

All values on the right-hand side of Equation (5.4
h,ll # hy; ) and the correction of our first guess of
kstu is easily computed. :

- Let us consider now the free surface pro

file cbrresponding to the discharge
Q2. The conveyance is defined by ' ' '

I T RIRRAT g T
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R N T AW (5.5)

where X}, = Computed conveyance for slice (1) and depth &, , Kz, = computed

NRIAAYVRE L L
in BN

T et e s o
g - -

~

-
=
*

TWT
e PG

S Y

i omytmy g
= -‘w >

%%

.
LR
- k.

- [
" mAE g
- .

e g gy
vam

X -

+

; cqnveyaqce for slice (2) of the cross section and depth k,,, Thus we may write
| '\ 5 a Ky = k;trl b, h'lgh . o SR -
i : Kn = kstr:! bz h;szls . . L R ( ’

For equality of computed and'obser\red discharges, we have
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V8 Gy b1 RE? + Ky b2 r5?)
= V8 Fsny by hlsih"' stz b;k‘}!s)
Assuming that k' = k and b’ = b and using Equation (5.4), we can write

. t P i S'
VB2 {Ktr bs hﬂa T Ktz b2 hﬁ3)=\/§= {Kstrr (Ei)bl hﬂa

+Kgyps b2 e _ (5.7

r L2 .\ 112
_ 2 248 ,
k?‘“ - \[(Sg) _ _( Si) :l Kgir1 b1 hﬂs

+1 = ' 5/3
Sz) Kgtra b2 ka2 } m

or

The above procedures may be repeated for 4ll the steady flow profiles and for
each computational point. In practice one usually begins with the smallest
discharge; corrections are introduced until the main channel portion of 2ll
model cross sections is furnished with correct TOUgRNess values. Then the
profile for the next value of Q is adjusted, and 50 on.
If the comparison of observed and computed profiles shows that they are
parallel but shifted vertically with respect to oné another, the equal discharge

condition is again the basis for the necessary roughness corrections:

K A B3 JF = kg AR VE 5 858 (58)
: ' Ar h,'zfa ' |
of Ky = kg 4 (E) ' : (59

m_applying the quantitative roughnéss correction procedures we have been des-
cribing, the modeller must be careful not to violate his subjective, hydraulic sense
of what are appropriate values for the reach under consideration. puﬁng the
original model construction, the engineer has to estimate roughnesses throughout
the modelled zone, and he uses all his experience and sntuition in the choic® of
values which hopefully will not have to be changed to0 much during the cali-
bration. Implicit in this original estimation s the observance of certain common-
sense rules; two reaches of essentially the same bed material and cross-secticfnal
shape should not have significantly different roughnesses, for example. Durng
calibration, the modeller must not violate these same cules when he adjusts
roughnesses, quantitatively or otherwise, unless 2 clear physical justification for
doing so exists. If good agreement between observed and measured levels cannot
be obtained with physically realistic roughness values, then a closer look should
be given to model discretization, acCuTacy of topographic and hydraulic data,
etc. In the calibration of the one-dimensional portion of the Garonne model
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(France), the modeilers were unabie to TeMmove a glaring discrepancy between
observed and computeg levels in one portion of the otherwise well calibrated
model, unless a roughness valye inconsistent with adjacent reaches was adopted.
A verification of Cross-sectional daty in this particular reach revealed that the
bed elevation for One section fumished tg the modellers was in error by nearly
I 'm. When the Ccorrected section wag introduced into the model, the water level
discrepancy disappeared,

We have beeg assuming that the conveyance factors of composite cross
sections are always computed according to the classical rules of hydraulics .
(Chow, 1959). As has been shown in Section 4.5 » Such a computation is a basic
Tequirement for extrapolation beyong oObserved stages. Indeed
€ross section shown i Fig. 5.1 was flanked by vertical walls (dyked river). The
Strickler coefficients Koery and Xstr2 having been calibrated

i e
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properties (hydraulic radius and cross-sectional area) to the discharge and the
energy slope. In a compact section, such asa closed conduit or a lined trape-
zoidal or rectangular channel, these ‘roughness’ values can be considered to
represent physical roughness. But in a typical composite natural channel section,
containing zones of different bed roughnesses andjor overbank flow areas, they
reflect bed roughness and hydraulic radius effects. Any procedure which
attempts to use these values as true roughnesses, for example in the construction
of a conveyance function treating the channel now as a composite section, is '
absolutely wrong.'In a case known to the authors, this procedure yielded
conveyance functions which actually decreased with increasing stage, which is
of course physically ridiculous. Since the modelling system being used did not
provide for automatic plotiing of K(¥) functions, the error went undetected
well into the calibration stage; it was the difficulty in obtaining 3 reasonable
calibration which led the modellers to verify the K(y) functions and thus un-
cover the anomaly. The calibration phase had to be repeated from the beginning.
One of the main difficulties in obtaining 2 good steady state calibration
comes from lack of data at computational points between surveyed stations -
where the rating curves ar¢ known. There is 2 danger that during the calibration,
the roughness adjustments will be made only in the vicinity of such surveyed
stations, and that the model accuracy betweer! them will not be improved. Let
us consider a river reach between two surveyed stations where rating curves are
known. There may be several computational points petween the stations and,
even if the cross-sectional shape is known at these points (as obtained, for
example, using ultrasonic depth sounding equipment), their absolute bottom
elevations and their roughnesses may be unknown. One way 10 compensate fo‘r
the lacking information was suggested by Jobson and Keefer (1976); we describe
here a modified version of their technique.
Suppose there are N computational points (i
surveyed stations. We shall consider two typical situations:

=1,2,...)between two

(i) the absolute bed elevations at each computational point are known 25 a
fesu}t of a survey, but the conveyances are not; o
(ii) neither elevations nor conveyances aré known.

Consider first the situation in which the bed elevation is known at each point..
The dynamic de St Venant equation reduced to steady flow con_dmons_may _
then be written, for the interval between tW0 computational points @i+1)

0 Mxpes (5.12)

Therefore

' ' . . -1/2
Ki.H—l =_Q VOXj 41 t_l_ié-ﬂ-l + (_hi.+yb;-hf_+l '.'Ybf-l-l)] : (5.13)
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» 1+ 1 then we may agsume one of the averaging formulae cited
in Section 3.6, for example '

1/2 .
2K7 K}, )
Kipey = ( SLiina i dient
Li+1 ( o X%, (average energy hne gradient)

or ' . ' (5.14)

Kiiir = -21- &; +K,0) (average conveyances)

The tota} conveyances at gqch Computational point are then estimated as )
follows. For each discharge Q for which the steady-state water surface prﬂﬁl_e B
known, je. for which the water level is known at each computational point i, we
€Xecute a recursive Computation from point N to point 1. For the interval
between / + and {, the conveyance X, i+1 1s calculated from Equation (5.13)
(note that knowing Ay and the shape of the crogs section, we also know A; and

Equation (5.14), K can be calculateq i terms of K; ;. and the known Kin

(we assume g N 8 known), This Process is carried oyt for each Q; the result I5a
tabulated function Ky(v) for each pointifrom N to 1. If there are no errors in
the bed elevationg Yp;, the Cross-section shapes, and the measured water surface
profile, and if the formula relating Kiis, to K;and K41 is appropriate, the' )
computed and Measured functiong x 1) should be in good agreement, If t.]us 15
Dot the case, the problem is ejther i faulty measurements or, more likely, mo.
inappropriate conveyance averaging. If the conveyances at two adjacent sections
are ot very nearly ¢he Same, the valye of Ky 14y can be very sensitive to the type.
of averaging assumed, see Fig, 3.24. Therefore if there is significant disagreement
between computed ang observed X, () values, and if measured data are not

Small error ingofy, as the quality of later flow simulation is concerned. Suppose
that the Conveyances x° ') for all Pointsi=2 3 . & =1 have been estimated
as described in Section 4.5. Although these conveyances are based on estimated
roughness valyes, it is likely that, for 4 reasonable length x,, —x, . the estimated
- Toughness coefficients ajp have the same relative error compared to true values,
high or low {(fobson ang Keefer, 1976). Then we may write for two neighbour-
ing points £, j + and for 3 givep discharge Q, : o
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Q°A%; 44y ulyy ~4}
Yoi~Yoi+1 = L + = -
i Ca(Kr',iﬂ)z %

ad K;p =CK} iy (5.16)

where C = error factor defined by Equation (5.16); K; j41 = real conveyance
factor; K; ;,., = initially assumed value. ’

.Equation (5.16) simply states the hypothesis that estimated conveyances are
uniformly shifted with respect to the real ones for a given value of Q. The sum
of partal elevation drops Yp; ~¥b+y s defined by Equation (5.15), for the -
entire reach must be equal to the total drop Yy ~Yb1» which is of course
known; we express this condition as ' :

N-1
Vo1 “Vow = 2 Wi —Ypis1)
i=1
uj —u} o Q> Al Ax '. | .
=L Ny p -yt & R . (17)
% N E &)

From Equation (5:17) the value of the error coefficient C may be computed and
then, using Equation (5.15), the values of yy; (=2, 3,...,N—1)may be cal
culated, As Jobson and Keefer observed, the errors in relative values of the
assumed conveyancest are compensated for by artificially changing the bed
elevation values, that is to say the local bed slope. The bed slope and the friction
slope (a function of the conveyance K for constant discharge) are always
additive (see Equation 2.21) so-the errors in bed slope should not seriously
affect the accuracy of the model. _

The above procedure should be applied for several different discharges, in

:efdgr to obtain estimates of K(y) for a wide range of levels in the composite
ctions, . _ :

Unsteady flow

Amodel calibrated for the full range of steady flows satisfies the simplified
steady flow relationship

o o
w7 o) rsim0 - 619

(Iifiscretized on z certain computational grid as in Equation (5.12), for example.
the modelled river satisfied all the one-dimensional flow hypotheses, the

tht i!-to be noted that Jobson and Keefer (1376) worked not with conveyances but
father with global Manning-like coefficients 7(7)i therefore we do not recommend their

?;ﬁnﬁal formlae for the reasons we described earlier regarding overall n(p) or kgy ()
Ons. . ) .

t by H (5.15)
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good one and is correctly

applied, the inertia term 1 g—fadded to Equation

. g
(5.18) should take care of the unste

' Fig.52, Different

section; (b) compound (or compaosj

(n)

tyPes of river cross section: (2) compact one-dimensional
te) one-dimensional section
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constant over the entire cross section. When the flow is truly two-dimensional
and a schematization such as shown in Fig. 5.2b is therefore unacceptable, a
two-dimensional model must be used. :

Before entering the subject in detail we would like to stress two important
points which should be remembered when calibrating a model in unsteady flow:

(i) The calibration is obtained by varying a limited number of parameters,
e.mnti‘ﬂl)h the roughness coefficients. If the equations integrated by the model-
ling system used are not the full equations but simplified ones, the changes in
roughness leading to better reproduction of observed stages may really be
limp'llcit corrections of some other terms, such as neglected inertia effects. Such a
calibration® might be excellent for a given flood, but could not reproduce 2
flood of different characteristics (e.g. a flood having steeper or milder
hydrographs).

, (_ii) Observed hydrographs to be reproduced by the model are recorded ata
limited number of stations along the river, and it is often impossible to inter-
polate for the computational sections located between them. Uniess these
interior points are also taken into account in the calibration process, there isa
danger that an acceptable fit of computed and observed curves be obtained at
the price of adopting unrealistic hydraulic features in {he immediate vicinity of
the calibrated stations.

Compuct sections _ - S _
We begin by reviewing some of the characteristic differences between steady and
unsteady flow in rivers. The unsteady character of flood flow isin principle in-
compatible with the hypothesis of 2 single-valued rating curve. When the 0)
relationship is plotted at a given station during the passage of a flood wave, 2
multi-valued curve is observed; for a single-peak flood wave the curve takes the
shape of a loop as shown schematically in Fig. 5.3. Its form indicates that there

a}

Fig. 5.3. Unsteady flow ((y) relationship: (a) <chematic representation of flood

hydrograph; (b) associated rating curve 0(?)
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s W
Tvertsa (USSR), (p) Two-pezak flood i the river Svir (USSR): (1) l_mmady flo
curve; (2) steady flow rating cupve :

Curves measured in two ﬁxéd-bed natura] rivers for rapid variatil-ms of “éat‘:ia te
Stages during single and double-peak floods with the corresponding stea fJ" .
rating cuyve shown for Comparison. Ag ip Fig. 53, in unsteady flow the fre

The form of multi-valued rating curves for compact channels depends upon
the energy line slope evolution during the unsteady event, (As we shall see

. ' bed medale < an L LT - \.e .
tIn this chapter we consider only fixed-bed models, so that Tating curve 10_0135_”" du .
only to unsteady water flow effects, rivey ed form development bemg neglected.
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modification of roughness coefficients. To illustrate the different types of -
sesponses we shall primarily use the results of numerical experiments conducted
by the researchers from the State Hydrologic Institute of Leningrad (USSR).
The experiments consisted of a large number of computational runs with
models of artificial channels having compact and composite cross sections. In
S“Fh experiments it is possible to vary one factor at a time (6.8 roughness, slope,
width of the flood plain, etc.) and then observe its effect on the results.

In the Russian experiments there are three factors which influence the shape
of Q(v) curves: intensity of the discharge variation AQ/At, Tongitudinal bed
slope S5, and the roughness coefficient. '

(i} Intensity of discharge variation. Numerical experiments using artificial
Ups.tream releases (Ivanova, 1967) have shown that the increase in the discharge
variation intensity, as measured by the ratio AQ/At, tends to damp the flood
peak and also to increase the ‘unsteadiness’’ of the flow. In Fig. 5.5 are shown

95

¥ .

W =<l
Wil i

35

FIT I isn Z00 250 . 150 200 250 omd/s
{a} - ) SR

Fig. 5.5. Influence of flood rise intensity on the shape of the Q(y)curve.
() AQ/Af = 0,015 m?s~: (b) AQ/AF =0.030 m’s™”: (©) AQ/At=0.600 m"s =
2, steady flow rating curve; 1, unsteady flow Q(y) relationship .

different forms of loops due to triangular hydrographs released in a reach of a
Pmm:?tic canal with different values of AQ/AZ. The influence of the AQfAt
intensity is taken into account, in the de St Venant equations, by the -

acceleration termé. g—l:_and should not be subject to calibration when_the

modelling system used takes this term into account and properly incorporates
the A(») relationship. However, if the model cross sections are not represen-
tative of reality, the inertia term 1 %:—‘ may be poorly approximated pecause of
; g
fﬂaCt:l‘lrate estimates of the increment Au during the t
in calibrating can sometimes be explained by this influence. :
Consider, for example, the composite cross section of Fig. 5.2b, As long as .
flow is confined to the main channel, i.e. the water level is velow the flood plain
elew.uion, the mean velocity u = @fA is reasonably representative of flow in the .
section. But suppose that the water stage passes from below the flood plain

ime sfep At. Difficulties

By ‘unisteadiness’ we mean the persistence and enlargement of the Q(¥) loop compared

to the steady flow rating curve.

O A A ek e T
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. in chanel
elevation at time ¢ to just above it at time ¢ + At. Physically, the main channe

. 1 . 1 au . . : ase of the eﬂefgy
velocity wil] Increase, so thatE 5 will contribute to an incre

line slope, Numerically, however, since A(r + AN > A(t) while ical method
Qit+an~ Q2), there is 5 g0od chance, depending upon the numeric

and cross-sectionaj Tepresentation used, that (2 + Af) <u(z), so that the tem
1 o

ist until
Z 37 2 well as the energy slope will pe falsified. The problem can persist un

the flood riseg sufficiently for the velocity to be once more approximately
Uniform in the entire section.

should keep this i, mind when trying to calibrate amodel for a real liff’ hydro- -
graph: the incregge of roughness leads not only 10 5 decrease in peak ‘_i‘scharg:
but also to 5 modification of the rising and falling branches of the rating .

Downstregn, bounday, conditions E
- In unsteady flow calibration the downstream
i cond
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Fig. 5.6. Influence of roughness coefficient on the shape of the hydrograph and
Hydrographs. (b) @0")

Q(P)'curve at a station (same upstream hydrograph). (3)
relationships: 1, roughness 715 ; 2, roughness A >n, ; 3, steady flow rating
curve e :

This is analogous to having a free overflow weir at the downstream Cross section
t be felt upstream. The unsteady

since flow conditions downstream of it canno
Cha‘.faCter of the flow is perturbed along 2 certain distance upstream of this
artificial condition, as schematically shown in Fig. 5 7. The perturbation is due

e

o) v T w
Fig. 5.7. Influence of single valued downstream Q(y) curve. (a) Water level.
hydrographs at a calibrated station upstream of model limit. (b) Q(y) relation-
s!ﬁPS at model limit: 1, physical, unsteady flow situation; 2, imposed o
single valued curve and corresponding computed upstream hydrograph
ownstream of the model limit in’

from the unrealistic boundary
over a short distance, the -

to the waves which would propagate on d
nature, but which are reflected backward
condition in the model. If these waves are damped
false backwater influence is limited to a small distance 4

pstream from the down-
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is physically Single-valued at the last calibrated section, its influence on upstrem
compuied hydrographs will be of no consequence. This is so only if the imposed
downstream rating curye Q) is defineq accurately enough in the model. Other
wise it will ]| introduce perturbations which Propagate upstream, and there is
no point in calibrating the Model reach which lies within this influence.

Fig. 58, Composite cross section .o_f a ﬂoodez:l valley. n, R, = fegpectively main
channel and yalley Manning coefficents ' '

Yep (the elevation g4 which overbank flooding begins), the width ratio b,/3,,
and the ﬂoqded area roughnegs coefficient n,,,

Fig. 5.9 are shown the results of series of real Jife experiments conducted

-on the river Tvettsa in the Sgyies Union (Rusinov, 1967) whose cross-sectional

consisted of a numpe, of artificial flgpds (réleases from an upstream reservoir)
with flood peaks Wwhich were wej) defined and at different stages from one flood
to another. Flooq hydrographs were recorded along the tiver, and cross-sectional
average peak flow velocitjes Up were measured at the time of occurrence of each
flood peak, Steady state Cross-sectional average flow velocities # were computed
from steady state rating curves using the corresponding flood Ppezk stages. The
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Fig. 59. Velocity and celerity relationships at two stations in the rver Tvertsa
(USSR), after Rusinov (1967). (a) Upstream cross section. (b) Downstream cross
section: 1, peak celerity ¢ 2, celerity ratio @ =¢ p/“p': 3, steady flow velocity #;
. 4, peak velocity U, ' S : :

results of these experiments are eﬁpressed_as plots of the following variables
against water stage ¥ for two stations along the tiver:

® flood peak celerity, cp(?)

® peak flow velocity #,(0) (measured) ' '

® steady state flow velocity at the same depth, u(?) (from rating curve)
® the ratio of flood wave celerity to water flow velocity at the peak -

(I(y)#cp/up._. L . .
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begins. In order to investigate the influence of the by /b ratio

Prismatic chanpej of constant g]

8, @ number of releages Propagating along a

Ope and cross section shown in Fig. 5.10a were

yhe 54

b, = 160 m; 3, ¢p for by =260 m;
'6,up=uforb,,=660m o

Simulated nrumerically (Rusingy

L7}
-

, constant): I,cp for b, = 160 m;2, u, = u for

4, Up =u for b, =260 m; 5, ¢ for.b‘, =.66Qm,

» 1967). In Fig. 5.10b are shown the correspond-
© ing curves ¢p(¥) and u(y) for differe
Computations 5 constant Manning coeffj

nt values of ,, thus by/b: For all o
Icient 72 = 0.07 wag adopted for the .
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® The celerity ¢, of the flood peak varies with the depth of water in the
flooded valley.

® The greatest values of ¢, correspond to bankfull flow. :

.' ¢p decreases as the water depth in the flooded valley increases; as bv
increases, the minimum value of ¢, decreases and occurs at lower stages.

O'cp decreases more rapidly from its bankful maximum to its flooded valley
minimum when b, is large. .

# The minimum value of ¢, occurs at nearly the same depth as the minimum
value of the steady flow velocity in the flooded range.

® For greater depths in the flooded valley, the values of ¢, and up increase at
about the same rate, so that &= cp/tp remains nearly constant.

The above observations are of considerable importance as to the non-coincidence

of observed and computed parameters (#max- €p» and hydrograph shape) during
the calibration procedure. Our conclusions Based on the simplified section
shown in Fig. 5.8 are somewhat synthetic, but they chow that in addition to the
head loss problem, discrepancies between observed and computed hydrographs

may well be due to overbank flow geometry, namely:

(i) a wrong estimate of the flooded valley width by assigned to computational

pnin}s and assumed to be representative of intermediate reaches;
(ii) a wrong estimate of the true main channel bank elevation at which valley
al slope of the main

inundation begins, due to differences petween the longitudin
channel and the flooded valley or to2 simple lack of topographic data.

The modeller obviously is not at liberty to distort known geometrical data 0

% 10 obtain a better calibration. On the other hand, he must attribute to each
computational point both channel and valley data which,ina one-dimensional

model, are representative of the reaches between computational points, reaches
over which parameters such as channel bank elevation Ych and valley width by

¢an vary considerably. Thus thoughtful {and physically justified) corrections to

etimes needed to bring

the y oy and b, values at particular cross sections are SO :
ment with observed ones. Using the

computed hydrographs into better agrec
tesuits of several hypothetical floods run on the model, ¢,(y) cUIVes can be
con.stmcted for various computational points. Stage hydrographs recorded

_ d“fmg past floods can be used to determine physical cp(y) curves at the same
points. The differences between the observed and computed ¢ () functions can
be used as a guide to the correction of by as in Fig. 5.10b. Since the general
shape of the ¢_(y) function is not t00 sensitive to by/Be, by €0 be slightly

- modified without risk of fundamentally altering the characterd
Propagation through the reach. In the same manuiet, comparison of £p(p) curves
can suggest whether or not and in what direction Yo should be modified, since
the level at which ¢, decreases rapidly corresponds to the average bank
tlevation, L - : ' o

It is by no means our intentidn to probose cookbook rules for the variation

of valley width to obtain a better calibration — the procedures to be followed
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depend on the Particular calibragion Problems faced. But it is important that the
modeller appreciate

hydrograph shape, 1, this respect the modelfer must be careful not to limit i

attention to a single characteristic of the figoq hydrograph — the changes which
S€em niecessary 1q correct the arrival time of peak stage may very well worsen

the Calibration insofyy 2s the rest of the hydrograph is concemned.

hydrograph ﬂattening downstream_
€ oW pass from channe! widgy considerations to bed roughness. The
relationship between the Toughness gng the width in uniform flow suggests that
rt_aughness Vatiation acts in a manpey analogous to width variation. For two. ;
flerent wide Cross sectiong conveying the same discharge with the same friction

.I s/ _ 1 o : : o g
i, by b.l*’:" < b, hgla. | B : - 61 )
5fa
or 22 _5 (f’;’;) (5.20)
nl b! kl

MOre damping of 4 flood peak though the peak celerity ¢,, is approximately
correct, one shoulq also decreage the valley width to compensate for the

modification i o caused by hi i t
oo Y higher rou ness. Such an action js obviously no
Justified if ¢he in I e g

un
use of the model requireg jyq .

if there is no other Possible cause of non-




-

.Fig, 5.11. Effect 6f roughness variation in unsteady flow (after Rusinov, 1967)
in prismatic channel shown in Fig. 5.10a. @) by ™ 260 m, 1y, = 0.04. (0) by =
. 260 m,ﬂv——.{].l{): l,cp(y);2,u(y);3,up(y);4, a(?) )

coincidence, a two-dimensional representation may be mandatory. -

In models for some parts of which the tongitudinal bed slope is subject to
Some uncertainty, it is important to recognize that the flood peak celerity ¢p
increases with the longitudinal siope; but, 8 is shown in Fig. 5.12, the increase
i not the same for different values of the valley width by, It is worthwhile to
note that since the friction slope S is proportiona! t0 n® and since in the
dynamic equation the longitudinal bed slope and friction slope are additive, the




by 2by 3bv
.00
0.00m ty

; for
Fig- 5.12. Influence o the longituding) s1ope 5, o peak celerity c; fo
increasing values of valley wids}, b,

o ; ween flow
acts carefully ang With ap aPPreciation of the varipug Interactions bet
Parameteys, 1, particular po shonld Temember that:

. . . ibration
(i) Given the widely varying shape of the (V) relationship, the fiam:lru if the
Process shoylg be based o floods Which cover 5 sufficient range of dep
made] is to pe considereq calibrateq_ '

o importan; than the friction slope, and it is often impossible to obtain good
Calibration of hydrograpp, Shape through simple variations of roughness ] .cit)’
coefficients, Oniy detajleg analysis of the cross-se_ctio_nal geometry and "30 .

_ vaﬁatiqns Canlead tp 5 Stecessfiy calibrgﬂon, ST
N M-chmenﬁona!.model caltbrating

Two-dim_ensimial models dg ot reQﬁire spgéial' éalibi-a'tion techniques as coﬂ}'
Pared to One-dimensiony models, but more caution Is needeq in the choice of
" physica] Parameters, $ shown in se;ﬁ_on'z_.-s",:s'ugh. Models consist of a .

e
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:u“;;bf” of fluvial and weir-like links connecting storage cells. Supposing that a
ca]ih::ztrilt number _°f ‘-'_BCOIfied hydrographs of past floods are available, the
Py on of-ﬂu\nal links is subject to the same considerations we have
cussen.i carlier for one-dimensional models. Weir-type links, on the other hand,
pose a different problem: that of calibrating the discharge coefficient. The weirs
may well be composed of multiple rectangular sections if the cell dimensions are
i’;‘;’cTtWhﬁl case the elevations of the ‘steps’ in such a weir may also be
hould r° ¢ bfﬂt.lon. As in one-dimensional models, two-dimensional models
(o irst be calibrated for steady state flows, and then for unsteady flows
erved floods). There are a number of difficulties specifically related to two- .

dimensional model calibration which we describe briefly below.

mu(cll)1A physical change introduced into a river reach or a weir-like link can have

o tﬁ:irsef!ter rfapercussion in 2 two-dimensional zone than a one-di.mensional

. ,ul is melmly due to the relatively smali slopes in two-dimensional Zones, a3

result of which a minor modification can cause changes in flow patterns 3 large

distance away. . S

pal(tu) Even small modifications may have far reaching e

stmem- In a one-dimensional model, water only flows upstream in cases of very

" tng dc-IWnstl:eam influence (tide, gate or turbine closure, tributary flood, t?tc.).

bm“'ﬂ-dunenmonal models, on the other hand, reverse flow is not only possible
€vén common as flood waters leave the main channel, then return to it.

(iii) One never has at one’s disposal enough gavges and recorders to be
3}.3solute1y sure as to what goes on in each cell and at every computational point.
f:lllce it is impossible to install a gauge in every cell, sobserved’ watet jevels in
ele: a.re often somehow interpolated between points at which wate.r surfacf.

i ations are recorded. Such interpolations may be completely pointless gven

e influence of roads, dykes, canals, €tC., which may be located between tWO
;efcgi‘ders. Therefore the calibration requires of the modeller a good knowledge
0 ¢ topography of the modelled Jdomain, of the general flow pattern during

oods, and also the courage to refuse to go 100 far in calibration when such
physical knowledge is lacking. - s '
sch(W) T:he modeller must resist the temptation to go back 10 one-dimensional

: ematization because of lack of data otherwise necessa
dimensional model calibration. If the flow pattern is truly two-dimensional, a
one-dimensional schematization will e useless as a predictive tool, as we have
dlready mentioned. It is better to have a tw0—dimensional model partially cali-
brated in such situations than a one-dimensional one which is unable to predict
unobserved events. Indeed, the latter is of very little use while the former is an
approximation which may always be impr

ffects on the flow

oved by comp_lementary surveys.

ch;liques applied to the Mekong two-
ous publication (Cunge, 1975c¢). In the
although moré general, of calibration

A detailed example of calibration te
dimensional model is presented in 8 previ
next paragraph we give another example,
of a two-dimensional model.

ry for an accurate two--

| % :.'
E_ .
i -
L
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Example: calibration of the Senega] Valley modelt

The Senegal Valley model, constructed by SOGREAH in 1969-] 970 for the
United Nations Food ang Agriculture Organization (FAO), was subject to many

The Purpose of the Senegal mode] Was to be able to simulate the river and
valley between Gouina and Saint-Louis with sufficient precision to be able to
Provide good ang rapid prediction of the effect of proposed hydropower and
agricuitura] development (in_cluding at least one major dam) on flood -
Propagation in the system. It was necessary to uge two-dimensional modelling
techniques becayse water levels on the flood plain are often quite different from
those in the channel;moreover it was important to be able to simulate the -

exchange between storage cells. Such ap aSSumption was justified since tidal
influences were negligible during flood periods, Of course, had a modelling
System such as CARIM 5 been available (Chapter 1), it would have been used to

‘construct a mode] which simulated main channel flow using the full de St . .

Venant equations and flogq Plain flow using storage ceils, thus permittinga -
better Tepresentation of figgq Propagation in the river itself.

- The model was constructeq using only the data which were available at the
time: recent 1:5¢ 000 maps of £00d reliability, older 1:20 0gg maps of -
questionable elevatiop aceuracy, river cross sections which were in general not

tCourtesy FAQ ang SOGREAH, Grenoble, France,
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perpendicular to the flow direction and of questionablt? vertical control, a;im
engineering reports on the right-bank delta flow conditions. Over the 100
length of the model there were some 21 stations at which water l-evels.were
observed with differing degrees of regularity, and 14 stations having discharge ,
observations. Fluvial computational points were placed at each of the water leve
observation stations as well as at other stations where measured cross sections
were available. Flood plain cell limits were plotted on maps based on n:.itural .
boundaries, then elevation-volume functions were constructed by'planﬂnetem_lﬂ-
As finally constructed, the model contained 87 fluvial cells (of which 1_5 were [n
the Doué) and 157 flood plain cells, The topological plan of the mode! is shov.vn
in Fig. 5.14. Boundary conditions comprised known water levels. at Samt-Ing
(tidal condition), known discharges at Gouina, known tributary ln'ﬂO‘:VS an
lake or structure outflows at 12 locations, and evaporation/precipnanr?n data,

Main channel conveyance factors were taken directly from a prelimlr_laf)' oné-

dimensional model of the channel which had been constructed to identify
problem areas and data needs. Floogd plain cell volumes were of course fixed B
topographically and thus not subject to change during the calibration Ph_m- "
exchange laws between celis, and between the channel and the ﬂooq plain, we

i ubject to definition during the calibration Pfocelsl:
As we will see further on, it was this feature which limited the generality of t
model calibration, :

The terms of the model construction contract called for calibration based_fm
two floods, with a third flood to be simulated as a calibration check. The calllli;h
bration floods chosen were those of 1964 and 1968, representing relatively y
and low flood years, respectively. The mode] was run for the complete 1964 mas
1968 floods at each Stage of the calibration process. The analysis of each run w
performed by choosing severa] different days during the flood, and closely .
examining the calculated water levels and discharges in four general reaches:

(1) Gouina to Bakel, where the one

: e
~dimensional :._:alibration resulis were mo
or less applicable,

. {3)Kaédi to Dagana, where the Doué parallels the Senegal.
- - (4) Dagana to Saint-Louis, the tidal delta,

elevations, etc., necessary to meet
introduced into the mode|,

The model adjustment process for each run was a tedious process, since any -

the target discharges were estimated and”




NNOYND

[} [

3 ey iy 0, £,
o

() FALEME

KRQIENY

SIAVA

B E
g
=]
E-hg

e
=

[eraf{o]
IR

BHEHE

i :
INCTNEINDN *'g
ﬂ+ﬂ+ﬂ
E+EI A
ks
EI_I[-] H
Wlvw +!3]+g
[aHA

1

Sy

[eaH{= =

kel
@ GHORFA

[
e
@ NIORDE

@

(o) KOLIMBNE .

@{oWaH=H=l.

MoE

3q3no KnGa1

HOaDd

I

TIOL-QUYHNE

TNOH

© GNVINYD

(3)

e
e
=i

.
2
P T
S
g
ot}

=l
il
o
2
>
! 5

.

et
e

o]
b

LY
]

Ik *IE;:

W

e

3] 8] [3 {2 SHIIND
3]
E‘ B @uown
O o
1 '

El'iil [AHE) wynowa
“11 .
|jb,[] (5) SNV

K '

0 s snfoly

£l :
B_'B 1]

Fig. 5.14. Topological plan of the Senegal valley two-dimensional model {courtesy SOGREAH, Grenoble, France)

Model Calibration and Data Needs 211 B

T ST

—

TR g o




212 Practical Aspects of Computational River Hydralics

changes had an effect on other parts of the system. Moreover, it was often not
obvious in what direction to modify a parameter; one flood’s results might
suggest a particular sill be raised, the other flood’s resuits suggesting the same
sill should be lowered, ete, It was often necessary simply to wait for the next
simulation to see how the System reacted to various changes. Each adjustment of
the model took from two to three days; the model was modified some 40 times
in all for the 1964—1968 calibration,

Three of the major problems encountered in calibration were as follows.

Storage between Feélou and Bakel

Although it had been hoped that the one-dimensional model calibration results
could be used directly for this reach, such was not to be the case. Figure 5.15a
shows the calibrated one-dimensional model results for main channel water

__ RE levels during the 1964 flood at Bakel and Ambidedi. We see that the calculated
: L'f;, flood peaks arrive several days befare the observed ones at Bakel and that the
JE '

rrreear ]

2

Felou aval

Kayes

Ambidedi

e
~

o QOuaounde

'»‘"l‘_ e Matam
i, Kaadi

w3 Salde
e |
\QBoghe
' Pador
= Debi
0—— L ! ! T Saint Louis
July ' August I Sepiember T October ~ T November _
s Time {months} -
Fig. 5.15. Calibration of the mathematical model of the Senegal Valley _
{courtesy SOGREAH). 1964 Flood, (@) One-dimensional model: 1, recorded
levels; 2, computed levels, 0 L :
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Fig. 5.15. Calibration of the mathematical model of the Senegal valley
(Courtesy SOGREAH). 1964 Flood. (b) Two-dimensiona] model: -
1, recorded levels, 2, computed levels  ~ * '

computed water level hydrograph is generally less rounded than the o_bservecl_ '
one, The engineers responsible for the calibration concluded'th'at there must be
some overbank flooding upstream of Bakel which delays and diffuses somewhat
the flood peak, even though it was not obvious from the maps whether or not
there could be overbank flooding in this region. But the good prediction of levels
at Ambidedi using the same one-dimensional model suggested the model was
basically sound, and thus that there must indeed be some overbank flooding
between the two stations, Therefore an attempt was made to construct a storage
cell, or lateral ‘pocket’ in the model whose law of volume as & functio-n of _
elevation would schematically represent flood piain storage and permit a better
reproduction of levels at Bakel. Figure 5.15b shows the two-dimensional model
results with the storage element included; we see that both the arrival time and

i
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Date -

. Action”
Feb.1969 g ional

Aug. 1969 o 1964- 1968 calibration completed o
Dec.1969 1966 check run, additional calibration requested -
May 1970 . . 1966 calibration completed T
June 1970 1969 check run -~ SR
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At this point it is worth noting the calibration criteria chosen for the Senegal
model. The contract specified that the arithmetic average of differences in daily
?nmputed and observed water levels during 6 months of flood and at 16 measur-
ing s_tations should be % 10 cm or less. In addition, it was required that '
maximum water levels be reproduced within + 10 cm. These rather severe
requirements were tempered by a clause in the contract which foresaw the
mbﬂity of the client obtaining additional data if the ¥ 10 cm standard
simply could not be met with existing data. In fact, the existing data were
insufficient, and the client accepted an average precision of 14 cm for the four
floods tested, of which three (1964, 1966, 1968) were used for the calibration.
Table 5.2 (Courtesy SOGREAH) shows the precision obtained for the 1969
check flood; the values in parentheses are corrected values which take into
account suspected but unconfirmed data errors. The precisions shown are not as
good as those for the three floods used for the calibration itself.

Tab1°_5-2- Senegal model verification — 1969 flood

Station Average absolute level Maximum level precision

' precision 0 (em)
e

Fdou 15.1 (12.0) ~10 |

Kayes . 10.6 + 7

Bakel ' 17.1 +25

Ozoundé 15.8 -2

Matam 17.2 . -2

Kaédi . 265(232) -9

Saldé ' 28.3 (24.5) -28(-12)

N'Goui 25.5 (18.7) -1

Boghé o 325(299). -13

Podor o 20.0 . -9

Dagana 13.6 . -12

Richard-Toll 100 -7

Rong S 119 0

) The general lack of topographic and hydraulic data in the Senegal valley
limited the generality of the calibration; that is to say, the calibration could not
be considered to be valid for flows which greatly exceed the range used for the
calibration. The model represents an average state of the river and its calibration
was considered to be quite good in 2 relative sense (i.e- for comparing alternative
tiver development schemes), but less satisfactory in an absolute sense (i-e. for
reproducing absolute water stages during ficods). The only way to improve the
calibration in the absolute sense would be to obtain much more complete and
precise data. In fact, the recommendations at the end of the study insofar as

N
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data needs were concerned were the foliowing:

® Verification of several staff gauges whose vertical elevation control appeared
suspect based on calibration difficulties,

® Establishment of regular staff Bauge reading times, or installation of
automatic leve] recorders. :

¢ Exploitation of existing Bauging stations on severaj tributaries,

® Completion of topographic surveys in the upper portions of the valley.

® Installation of staff gauges at important slope changes,

® Measurement of discharges in the Doué and Senegal to better understand the
flow division around the island of Morphil.

® Survey of the right bank delta.

¢ Installation of stafy gauges at some critical flogg plain locations.

dccurate mode] calibration, _ A el
In this example we consider only a smal] portion of the upper Rhéne mo‘?;h ]
areach of about 25 length above Lac gy Bourget as shown on Fig. 5.16.
sical locations

phy of various channe] computational points and flood plain cells
ig. 5

are also shown in Fig. 5. 6, and their topological representation can be seen in
Fig. 5.17. '

in this portjon of the mode] Proceeds by an inundation of the marsh
e

series of two-dimensiona} cells; AG 26, AG 29, AG 30, AG 31, AG 34, AG 35, .

et
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The modelling system used was CARIMA, enabling one-dimensional flow
f’l"“g_ the main river channel to be represented using the full equations (with all
fnertia terms) and flood plain flow to be represented using two-dimensional,
non-inertial equations. The Lac du Bourget was modelled using the one-
dimensional inertial equations because of its oblong river-like shape.

!Sased on steady-state calibration of this portion of the model, a uniform
Steickler coefficient of kg, = 25 Was adopted for the entire main channel reach
shown; slightly higher values of 30 and 32 were needed in reaches further down-
stream. Discharge coefficients and roughnesses for the inundated areas were
estimated based on site visits and experience. Unsteady calibration was then
undertaken; in what follows we shall describe the sequence of events during the
first three calibration runs at points AD19, A022, A039, and the Lac du Bourget;
the C-alibration was still in progress as of this writing. )

Figure 5.18 shows the observed stage hydrographs at the four stations and
the results of calculations C1, C2 and C3, all for the flood of 1976.

Caleulation C1
Analysis of this calculation led to the foliowing actions.

Main channel dyke elevations were verified and modified in some cases. The
ssary o choose dyke

rel'ati\rely large distance step of 1—2 km made it nece
%le‘ghts which are representative of the eqtire reach taking the longitudinal slope
into account.

254 m _______—.-—-———___"——_
I jevel recorder AO 191

250 .
\ SOGREAH .
~ Upper Rhone
Lo S : mathernatical model
249 ' . X - , h
o . a8 - o6 144 192 . 240

Fig. 5.18. (a)see page 221
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251

249

level Recorder AQ 22

NATURE \\\

ul

SOGREAH
Upper Rhéne

mathematica! mode! . h

Fig. 518 (b)
234

§ !

192 240

level recorder AD 39

SOGREAH
Upper Rhéne

mathsrnatical rnodel h
13

. Fig.5.18. (:_:) see page 221

192 240
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235
Im ___——1___#_—#—_,__._,—-————
l Lake level recorder l
m _______———____'_,___———_________-—-—_____,__.—-———'
c2 C1

Lt
232—-_. ____________-___________-—__'___'_——-—___._.._————
- \NATURE
B — N R I
. . B ~ SOGREAH
. o ' ~ Upper Rhone.
(@) S hematical mode}
230 Imat ama llca o | h
e e 26 W 288

Fig.5.18. Upper Rhone river mathematical model; 1976 flood calibration se-
quence of first three unsteady runs for four stations in Chautagne region

(courtesy SOGREAH, Grenoble, France). Modelling system CARIMA. (a) Com-

putational point A019; (b) computational point A022; (c) computational point
= subsequent computations

A039; (d) Lac du Bourget point. C1, C2,C3

Minor trbutary inflows into the Lake were added to the model, even though

at first they had been thought to be negligible.

The effect of inflow into the Rhéne from the Fier (between points A021 and
A022) was analysed in detail. The available rating curve for the Fier was based
on daily mean discharges, and thus considered to be of poor accuracy.
Unfortunately it was jmpossible 10 obtain better information. _

Several fluvial and weir-type links between cells on the Chautagne inundated

plain were modified. While there is no stage recorder on the plain, maximum
water levels during the flood were known for a number of points. Energy losses -
in some reaches, such as AG26 to AG29, were too high, requiring correction of
the equivalent weir section between the two cells, : -

One of the sections in the canal of Saviére was MO
spills from cells AG37 and AG35 into the Rhone, but th
too narfow and too high, preventing proper flow patterns
Lake and the Rhéne. - - S

dified. The canal evacuates
¢ section was apparently
between the cells, the

PP S
. —_ -
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The main-chanpe] roughness was increased from 25 to 30. The energy losses
with kg, =25 appeared to be tog high, causing overestimation of upstream

Caleulation ¢3

After the above modifications were introduced into the model, calculation C3
Was run. It can be seen from Fig, 5.18 that the intermediate computed levels
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the finite difference method used is
ate because the time step At andfor
d of error should not normally get

(i) The basic equations are correct and
ﬂppro'priate. but the integration is inaccur
the dlstance_ step Ax are too large. This kin:
bast t'he model construction stage, during which the modeller must define com-
putational points spaced closely enough to be consistent with both the precision
expected of the model and the distance over which significant changes in water
surface elevation and discharge occur. The time step must be chosen sm
:lﬂough to adequately describe the input conditions — tidal variations, flood

ydrographs, etc, The only definitive way to see whether the time step is too

large or not is to simulate the same event on the model using successively smaller

values of At. If the size of the time step significantly affects computed results, it

is too large.
~Another calibration problem rel
inflow. If the time step is not small enou
of hydrographs in the main river, but also those of important tributaries, then a
proper calibration cannot be obtained. A good example of this problent is the
lu.wer Rhéne River downstream of its confluence with the Ardeche, 2 mountain
tributary. The average discharge in the lower Rhne is 1500 m®s™, with 2

last 1020

tlig-year peak flow of 8000 m® s™*. Floods Hise rather slowly, and
ys. The Ardeche is, on the other hand, a capricious mountain river subject 10
few cubic metres per second

nearly flash flooding. The discharge can rise from a

t0 3000 m® 57! in just a few hours, and drop back down again just as fast. The
m‘}lhemaﬁcal model of the lower Rhéne is usually run with a time step of 2h;
th!S‘Value is completely appropriate as far as the time scale of flooding in the
Rh?!le itself is concemed, but it is much too large for a good resolution of the
rapid rise in the Ardeche flood, which is modelled as a tributary inflow. Figure
5.19 demoristrates how the Rhéne model would see’ a very distorted picture

-gf ﬁ_le Ardeche flood if the time step was kept at 2 h. At a downstream cali-
ation station, the calculated hydrograph would be too low compared to the

real one, since the full Ardeche flood volume would not have been input into
ent between observed and calcu-

the model. The danger is that a good agreem

lated level hydrographs for a particular flood event might still be obtained by
modifying roughness values to compensate for the missing volume. The obvious
solution is to reduce the time step t0 something like 30 min for the duration

of the Ardeche flood. . o

(i) The basic equations are overly simplified; for example important inertial -
“’j"‘“s are neglected, or one-dimensional schematization is used to represent two-
dimensional situations. It is better in such a case to accept the discrepancy than
to try to satisfy statistical accuracy criteria in the calibration-

(iii) The data measuremnent techniques of frequency of observations aré
inadequate. Errors may be due to inaccurate levelling or t0 incorrect implantation
“-‘f gauges (near bridges, etc.). During the passage of a flood all measurements are
difficult and thus more subject tg error that during low flow.

. (iv) Information concerning tributaries and exchange of volume between the
river and ground water is unavai ble or was not taken into account in the model,

ated to the time step concems tributary
gh to provide good resolution not only
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5.2 DATA NEEDS
General remarks

'In conclusion, if statistical measure
ﬁjected entirely, they should not
prl:ltl::' examination of computed an
Pt :anl:ased on phy:tsical analysis of hydraulic features is

as model calibration quality is c;mcemed.

3 hours

F. . . N
d;stIZO Example of hydrograph time shift
+ 1, observed flood; 2, computed flood

. .

: tlteral c'lead storage of flood waters;

. ed variation due to erosion;
seasonal rougtmess yariation due to

s of _calibrat'on accuracy are not to be

3“1:12 :Zader’s first reaction to the term ‘d
Obtain’ :;?: could easily say that data needs are infin
On the, 0 better, a.nd_ all of it can be used
the other ?umd, it is very difficult to s
. gomt.l‘uctlon of a model. If the old (by 1
egI:;' age in — garbage out’ is still valid, the que
o what is the garbage you are willing to c¢¢

o She )

be consl
d observed hydrographs and their inter-

timeth)

due to uncertain tributary inflow

vegetation cover.

idered as the most important criteria.

the decisive factor

ata needs’ may e one of scepticism;
ite. The more data one can
d to improve the quality of a model.’
tablish the minimum data needs for
ow!) data processing proverb

stion ‘in the absence of anything
pt?” must be answered in every




T, to introduce cross-sectional profiles every
M in a mathematicy] model which represens 100 km of natural river. In _

such a case the modeller js Probably interested jn the description of natural

lfheﬂﬂmeﬂ_a Whose length scate corresponds to something like 1000 m. Most

: the river are correctly chosen, ' l:uch
Thus there is ng such thing ag 5 criterion for ‘ideal data’, since the data wl

accuracy and density of the data must he very high, If the model is to be “s‘fd ?s
one component of 5 general basip development study in which the characteristic
land areas stygieq by the planners is of the order of 1000 km? » the accuracy and
density fequirements wil] pe different, ' : : |
- Itisinstryctive to note the basic difference between general data needs for
~ flood wave and dap break waye Propagation models. The flood model L
_Tequires considerabie hydraulic daty (measured levels and discharges) in order
1o be calibrateq 55 well as possible, while it can get along with topographic data
which are relatively sparge and coarse, Indeed, floods are slow phenomena and
they usually Propagate along rather Smoothly varying valleys, hence the topo-
graphic featyres Which influepce them may pe simulated by a small amount of
discrete information_ The dam break model requires, on the other hand, very
accurate and denge topographic data while measurements of hydraulic data most
often are 1ot even needed, Dapy break waves often Propagate in mountain :
valleys of very complex topography, ang simulated water stages are much higher
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than anything observed in the past; therefore it is more important to introduce
precise valley geometry and soil cover conditions beyond the main channel than
to obtain records of past floods.

Since in this book we are not dealing with intuitive studies by consultants
who lack the necessary tools for mathematical modelling, but rather with the
art of building and running models of predictive capacity, We would like to
‘m?m the reader against the following fallacious but quite frequent argument:
Since accurate and dense data are not available, the use of “sophisticated”
(read: based on physically sound equations) rmodels would be inconsistent with
our knowledge of the physical situation’. According to this line of reasoning,
some sort of ‘global’, or ‘empirical’, formula or oversimplified equation would be
more ‘consistent” with the sparse data (read: cheaper ot within the grasp of the
interested contractor) than would a model based on the simulation of physically
meaningful laws of water flow. While it is @ ite legitimate to opt for simplified
mGt_hods when the model purpose and known physical situations justify such a
decision, to forsake the physically sound flow equations under the pretext that
the data are insufficient means most often the compounding of two poor
representations of reality. _

The data required for flood propagation mo
classes: topographic and hydraulic.

dels can be grouped into two

try of the simulated river system. By
necessary to define width, cross-
etc. Moreover, they should permit

‘Topographic data describe the geome
this we mean that they supply the elements
sectional areas, volumes of inundated plains,
the establishment of the topology of the model: the definition of cells in inun-
dated areas, channel loops, the characteristic cross sections along channels where
the computational points are to be established, the limits between main channels
and flooded plains, the network of discharge exchange betweenl the cells, etc.
{see Chapters 3 and 4). The topography of river valleys may be measured with an
accuracy and completeness which is Timited only by its cost and can be directly
carried over into the model in the precise definition of cross sections, cells,
weirs, etc. '

_ Hydraulic data consist of measurements of stage and discharge hydrographs,
tidal records, spot measurements of stage, discharge and velocity, high water
marks for flood events, rating curves, flooded area imits and depths, etc. These
data serve two purposes: the establishment of model boundary conditions, and
the indirect determination of channel conveyances (:oughnesses), weir -
coefficients, and other hydraulic parameters which cannot be determined on the

basis of topographic data alone. : : :
Supplementary data are needed for ceriain kinds of models. For example,

tidal river models may require salinity distributions along the river, forusein *

calibrating, validating and exploiting the model. For calibrating movable bed

models, data concerning sediment discharge and river bed deformation

(deposition or erosion) are essential, along with the usual topographic and

hydraulic characteristics required for fiood propagation meodels.

U R T B L S




In the following Paragraphs we will go into Some detail regarding topograp
need

and hydraulic dagg pee S and their relation o model calibration and
exploitatiop,

Topographic data

() Qualitative, feconnaissance type descriptions of the river, i{s tnbUigiﬂt‘i’;; :
and inundated plaing This involves the identification of the physical o the
which determine flood developmen; Patterns; the existence of berms wi ithin
flood plain, dykes, breach fomlation, elevated roads, localized ObStade;t:;]ed
inundate Zones, preferentia] flow axes, atc. Qualitative data may be o ;
by field investigation, inquirjes, satellite and aerja) photographs, “f“’:spap;e
Teports, etc, It i BEXt to impossiple 10 enumerate ‘what is needed’, since bout
mnore that i5 known, the better. The essential objective is to learn enough :e
general flood patery 4 the modelled area 10 be able to intelligently loc";;le to
CeHS,-cOmputational points, weirs, ang other mode! elements, and to be a

TOdeller’s “feel” for the torgagy and its floods, the more faithful will be his
model’s Tepresentation of physical reality.

-cannot he detennine_d in advance, We shall try, with reference to these three

Zones, to describe the data which the modeler needs to obtain either fr;)mand
existing maps or from, 4 Special survey __ 4he goal be_:ing to build a rel;ab.e. :

Longitudinal progpes T e
Longituding) Profiles are Needed along the flpog channel bantks which are
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nearest the inundated plain. Profiles should also be established along the flood
channel banks of tributaries and their inundated plains, keeping in mind that the
latter may well be flooded through backwater effects in the main river.

Longitudinal profiles should be defined along the main channel banks
(separation between main and flood channels). :

Longitudinal profiles of transverse roads and dykes within the flood channel
and the inundated plain should be established and tied into the longitudinal b
profiles of flood channel banks. All important breaches and structures, as well as TR '
depressions in dykes, banks and roads must be described in enough detail so :
tl}at they may be assigned appropriate overflow widths, elevations, and
discharge coefficients in the model.

Transverse profiles : -
T'ransverse profiles across flood channels are established at more oI less equal
distances one from another except where the particular features of the valley
require irregular spacing. The average interval between transverse profiles (or
sections) depends on the required model accuracy and on the steepness of the -
valley; the order of magnitude is from 1 to 10 km. Transverse profiles should
also be obtained for the tributaries which are inciuded in the model, -

Main channel transverse profiles are needed at an average distance which
depends upon the model purpose, the range being from 200 m to 5000 m. These
transverse profiles should be located so as to reflect all special features of the

river such as narrows, poois, etc., as well as average section properties.
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Inundated area maps - .
Longitudinal and transverse profiles are not sufficient for the determination of

stored water volumes on flooded plains modelled as two-dimensional zones.

When flooded zones are modelled as a network of interrelated cells, the modetler

must establish for each cell not only the elevation of dykes roads, and other

natural limits around the cell (furnished by profile surveys), but also the storage

versus water elevation curve. Unless the cell bottom is horizontal and the cell :
itself completely dyked, the construction of this curve requires contour maps, P
the scale and vertical contour interval of which should be consistent with the i
desired model accuracy. The distance between cell centres being of the order of

1 km to 10 km, a horizontal scale of 1:20 000 or 1:50 000 (1 cm =200 m or L D
1 cm = 500 m) would be generally sufficient. A vertical contour interval of lm .
t with the usual modelled water

or less would be necessary to be consisten
surface elevation accuracy of between 15 and 50 cm. ]
- In estimating that we need maps of 1:20 000 or 1:50 000 scale with a maxi-
mum contour interval of 1 m, we have been considering model needs
independently of mapping possibilities. In 2 Jetailed analysis of mapping
techniques, Carrdre (1977) arrives at a rather anfortunate conclusion as far as
modelling needs are concerned: it is impossible to have a contour interval as
small as § m for maps of smaller than 1:10 000 scale (unless a detailed ground

survey is performed). Even in industrialized countries, it is generally impossible
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to obtain maps of 1:10 000 scale over any significant area. In France, for
example, only 1:20 000 maps with a contour interval of 5 or 10 m are available
except for Pasis and certain regions of the Maritime Alps. By comparison, the
largest map scale available in the countries riparian to the Niger River is

1:200 000 with a contour interval of 50 m or more,

In a river valley such as that of the Rhone River, the flooded valley is de-
limited by relatively steep banks. In this case the horizontal distance between
contour lines on a 1:20 0go map is relatively small, and the valley storage
volume can be estimated with small error by interpolation between contours.
The existing cartography, supplementing existing longitudinal and transverse
profiles which are tied into the vertica control datum of the maps, provides a
perfectly adequate basis for the construction of a reliable mathematical model.
On the other hand in large, flat inundated plains such as for the Niger and
Mekong rivers, where detailed cartography is unavailable, the horizontal distance
between 5-m contour lines may be as great as 50 km, and a reliable model

vertical control Survey. And experience has shown that even with 1: 20 000 or
1:50 000 maps, augmented occasionally by detajled local surveys, models can be

successfully constructed, calibrated, and exploited as far as stored volume on the
flood plain is concerned. :

Hydraulic data

Hydraulic data needs fa11 into two general categories; bound.ary conditions, and
discharge and water leve] observations which are needed for indirect bed
roughness estimation and model calibration. : ' '

Boundary conditions L ) S '
All models require boundary conditions. Upstream stage or discharge hydf‘_"
graphs are always required for natural rivers and can usually be obtained without

too much difficulty. As for the downstream boundary condition, one should -
keep in mind the remarks we made in Section 5.1 concerning the influence of 2

steady flow rating curve. Since the real stage/discharge relationship is multi- -

valued in unsteady flow, the resuits along downstream reaches of the model will
be distorted if a steady flow (single-valued) rating curve is applied at the dOW“‘, '
stream limit. Therefore jt may be more advantageous to search for data such as

P i
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water stage hydrographs at the downstream boundary. However one should not
forggt that while water stage hydrographs may be available for some past fioods,
and can be used for model calibration, they will not be known  priori for the -
exploitation runs unless the model ends at a lake, reservoir, of tidal condition.

Additional boundary condition data may be required for special kinds of
models: a tidal river model requires tide recordings and perhaps salinity measure-
ments at the river mouth as well as the inland fresh water inflow hydrographs;
movable bed modeis require the sediment transport rate at the upstrearm
boundary. _

Tributary inflows, which can also be considered as boundary conditions, are
seld?m gauged, and it is not uncommon to read that their ‘average discharge is
negligible as compared to the main river’. This may be 5o, put if during the
passage of a calibration flood a flash flood occurs on a tributary, and this event
was not taken into account during the calibration process, the modeller may
Cl.lmse wrong roughness coefficients for the main watercourse only because of -
!ns ignorance of the additional flow as we described earlier. Thus it ismost -
ltTl[_)m:tant to collect flow data on any tributaries whose contribution to the
mainstream flow could have a significant influence 00 calibration accuracy and

model exploitation.

Discharge and level observations
This second category of hydraulic data is of a fun
from topographic or boundary condition information. Discharge and level
observations are not substantive data which are necessary for the construction
and operation of a model; they are associated information which is needed for
the calibration of bed roughnesses, discharge coefficients, and other hydraulic
parameters which cannot be directly measured. These parameters can be
toughly estimated on the basis of the modeller’s experience combined with
ﬁelfl teconnaissance, but their true values can be determined only throughout
indirect calculation using discharge and level observations. '

As far as steady flow calibration i8 concemned, the essen
are rating curves (i.e. 3() relationships) at as many points a5 possible along the
main channel. As we described in Section 5.1, these rating curves ¢an be used to
construct approximate longitudinal water surface profiles on the basis of which
overall section conveyances, and thus bed roughness values (Manning, Chezy,
or Strickler coefficients), can be calibrated. Available rating curves are not
generally defined for flood discharges (which are usually quite unsteady in any
case), but overall section conveyance functions can be extrapolated upwards for
flood flows if bed roughness values are correctly assigned, as We described in
Sections 4.5 and 5.1.In undeveloped river basins, it may be necessary to con-
duct special surveys to tie in uncontrolled staff gauges and their rating curves to
a common elevation datum, In all rivers, it is important to verify whether or not
significant channel erosion or deposition has takent place since rating curves were
established. - .. - Cen S :

‘Unsteady flow observations, on the other hand, are all too often funda-

damentally different pature

tlal hydraulic data
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® continuoyg recordings of stage in the majn channel during the entire flood
event and at statiops Spaced closely enough to permit g good resolution of the
flood wave celerity and shape; a few Measurements of discharge distribution in
different channe]; ' '

¢ frequent observations of flgoq Plain water Jeve] (and/or limits of inundation)
and flow direction t locations which are Spaced closely enough to define flow
Patterns during the ep g flood event, '

These two kings of data, with g3 levels related to a common datum, are wortit _
their weight in 8old (perhaps literally) to the modeller. Observation netwﬂfk*':
temporarily ingtajjeq for just one flpoq Season but synchronized over the basin
can provide moye useful information than years of Spotity, maximum-event
type data, Once 5 model is wej} calibrated, it can then be used in conjunction

With statistica} hydrologic datq 1o generate flood statistics throughout the
modelled region, e : L :



6 Modelling of flow regulation in
irrigation canals and power
cascades - |

::;l};_lmseﬁlt Chapt-er-is mainly descriptive, its purpose being to show some
contm‘l‘l:daractensncs of mo:%els used to simulate flow in canalized and entirely
iffers £ systems, mf‘ to point out the ways in which this type of modelling
previou ro? the essentially natural river simulation we have treated in the twWo -
Possib1es chapters. We sl}all make use of examples 10 as great an extent as

latter o , and avoid d::lvmg into mathematical developments, at least when the
o may be found in Chapters 2, 3 or elsewhere. We consider three kinds of

w control systems corresponding to different kinds of physical situations:

(1) irrigation canals with automatic control devices;
(it) power and navigstion canals;
(iii) power plant cascades on canalized rivers-

ATION AND WATER SUPPLY CANALS

supply through an opett channel system
le of a single canal reach with upstream
into the canal is controlled by a gate
gle diversion of water at

6.1 FLOW CONTROL IN IRRIG

The most important aspects of water
may be illustrated by a simple examp
water storage from which the discharge
c;lled the regulator, Fig. 6.1. Suppose that there is 2 sit
the downstream end of the channel, Q4(0)- :

The discharge 04 may vary, depending on irrigation needs, from Qy=0to
some value Qg = Q- Henee the channel reach has to be designed for that
maximum discharge Qpax- The diverted discharge Q4 varies with time, and the
purpose of the regulator is to assure that the discharge Q in the channel will
satisfy the demand. : . '

Suppose that @ decreases from its maximum value Crax to some smaller

value, ;. A positive wave will then be created at the downstream end and

_Pmpagate upstream as shown in Fig. 6.1. Suppose that the regulator is
COI}nected_to a sensor A in such a way that when the free surface water level
vaties at that point, the regulating mechanism will close or open the regulator so
as to mal_ntain some constant reference level at section A, YA = Vref: InOUr
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Fig. 6.1, Downstream regulation system. 1, Upstream storage; 2, regulator;

3, sensor; 4, water leve] atQ= @max; 5, positive wave

example, when the positive wave arrives at point A, the water level there_ .W}'H
increase and it will cauge a partial closure of the regulator. This action will in

tumn decrease the discharge at the head of the canal,

Such a system should, after a certain time, adapt the upstream discharge to

Fig. 6.2. (a) Downstream regulating system. 1, Upstream storage;

2, regula

._ ./, R

tor;

{(b) Upstream regulating system. 3, sensor, 4, water levelat 0= Qy,; 5, water

level at 0 = 0,
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21;130 ihr"-; channel. Moreover, the time of response is long; the upstream regulator
o divertae(: until th.e wave gf;nerated at the diversion arrives at point A. When
e thos water dlschargfa increases from O to some Q; value, the negative
—— acma-tt.td must arrive at point A before the regulator can open and
o domtposmve wave to.feed the.increased demand. Until this wave arrives at
stored in thl‘eam enfl, the diverted discharge must be supplied by the volume
demand du;:artl;l lt_self. That volume must be large enough to satisfy the
water from g the time 2L/c (c being the wave celerity) necessary to bring the

upstream storage.
poig:;‘;':‘:}?us so_luti(.m 1o this difficulty is to install a sensor at the downstream
by two. S c}f‘m in Fig. 6.2. The time c:f response of the system js then divided
be Spec.if “d. an upstream regulation principle requires that a new parameter
e fied: the reference level to be maintained at point B. Moreover, this

¢ is not as easy to implement as may be thought. In downstream

:E“lation, the opening of the regulator has an immediate influence upon the
easured water level at A; hence the system is inherently stable. This inherent
on systems. Suppose that there is an

isntzhihty does not exist in upstream regulati
rease in the demand Qy; the level at section B decreases and the regulator
:p;'l':nfmmedlately, sendir_l_g a positive wave from point A towards point B with
0 mm‘g of, say, -3 m 1. If the channel length is 3000 m, it will take about
continy ot that wave to arrive downstrear. During that time the level at B will
When t 1:- to decrease, .thus provoking further opening of the upstream gate.
e g te level at section B stops decreasing, there is 2 pretty good chance that
Chamle “éam regulator will be completely open and @ = Opax injected into the
el . Conversely, if the downstream sensor requests that the upstream _
coguli ator be closed, it may cut the discharge off completely before its influence
d be felt downstream. Thus the upstream regulating system, as we have

described it, is inherently unstable. When water supply systems become highly

complicated, including a great number of reaches, tumouts, and regulators, the

stability question is of prime importance. o .
. Sophisticated control systems have been developed in recent years, and
interested readers may find the description of such systemns in the literature
(Cunge, 1975b; Clément, 1966; Combes, 1968; ASCE, 1968; Harder ef al.,
1972). The stability question was thought for years to be the only aspect of
contro} system design which was really important. Hence classical mathematical
methods were used to study stability conditions; the de St Venant equations

were linearized, as were the regulator Jaws, and then the behaviour of the
solution to the resulting system of equations was investigated: if the system
sidered stable. The details of such

damped induced oscillations, it was con
found elsewhere (IAHR, 1976).

method's'and_of their applications may be
Stability analyses, in neglecting non-linear phenomena altogether, ate incom-

plete in several respects. For example, they cannot predict system behaviour due
to finite discharge variations (breakdown of 2 gate, general voltage cut, pump
group cut off, etc.) which create rapidly varying flow conditions, and they are

| unable to S_Ir_ﬂ_i_llaté the cumulative effect of several regulators. In engineering
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cal analyses of contro] Systems with mathematical models which are
based on the de St Venant ©quations, since such models are able to properly

simulate regulators and structures along the canals while taking important non-
linear phenomena into account, '

Let uslook at two Particular exampies of such use of mathematical mU_de]"
Consider an irrigation channe] of five reaches, each containing three diversion
Points as descriheq by Bagnérés (1972} and shown in Fig. 6.3. The 50 km

falls to 34 25t in the downstream reach
First of all, ae

lassical downstream constant level regulation system was con-

- elevation Yref On the downstream side of each gate. In order to study the callﬁ'lf
! simple statement of jts stability, a mathematical modtfl 0
andard modelling system for translatory wave propﬂgam{‘
in channels, It was I;ased on the fuil de St Venant equations, using Preissmann’s
implicit finjte difference scheme; the time step was carefully chosen so as to
avoid as much numerical damping as possibie (see Section 3.2). The gates were
simulated by Special subroytines into which were introduced data such as gate
width, sill elevation, speed of gate opening, insensitivity range, etc. The model
' ischarge variation at the downstream limit of the canal

from 0 to 20 m? ¢ while all other diversions discharged at their maximum
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Modelling of Flow Regulation in Irrigation Canals and

apacity. In Fig. 6.4a are shown computed water stages at three points in the
ldUWHStream reach (No. 1) and in Fig. 6.4b the stages computed at three points
in the upstream reach (No. 5). It is evident from the curves that the upstream -
regulators do not begin supplying water until the negative wave propagating up-
stream arrives; the initial downstream demand change occurred between time 0
and 6 min, but the reach 5 regulator does not sense the demand until 2.3 h later.
The curves show also that free surface oscillations ar of greater amplitude in
reach § than in the downstream reach 1, though according to the conclusion of
a theoretical study of a reach, these oscillations are eventually damped. Never-
the_l“-SS, the maximum elevation in reach No. 5 due to these oscillations is 8.3 m
while the y,.¢ at the upstream end of that reach (pumping station) is
1.97 m, obtained only 12 h or more after the initial perturbation.

The behaviour of the same canal was also studied using a different type of
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Fig. 6.4, Modelled water level variations in regulated irrigation canal
ch 5. 1, water level at downstream

{downstream regulation). (2) Reach 1. (b) Re2
end of reach: 2, water level at (middle of reach; 3, water tevel at upstream end of
' £ Reach 5; 5, negative wave

reach; 4, negative wave arrives at downstream ©
artives at middle of Reach 5; 6, negative wave arrives at upstream of Reach 3
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Fig. 6.5. BIVAL Controp System. (a) Schematic representation. (b) Required
_ bank le.vel for different values of , |, gate epens; 2; no action; 3, gate closes;
e | 4, maximum bank level for different values of a; 5, frecboard i
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situsted between the reach limits. When o= 1, BIVAL reduces to simple up- -
stream 'regulation_ Use of the BIVAL system requires that the engineer
f‘“eff{ll_ﬂe parameters such as the weighting coefficient o, reference level Vet
insensitivity range, speed of gate closure, positioning of the sensor B, etc, Since
qur purpose is only to show how 2 mathematical model can intervene, the reader
is invited to refer to the cited references for more details of the system.

In Fig. 6.6a and Fig. 6.6b are shown the computed stage hydrographs for the
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Fig. 6.6. Modelled water level varjations in regulated irrigation canal (BIVAL
system). (a) Reach 1. (b) Reach 5. 1, water lovel at downstream end of reach;
2, water level at middle of reach; 3, water level at upstream end of reach

same canal as in Figi 6.4, but with the BIVAL system peing simulated. The
haviour of the two systems.

picture is strikingly different as to the dynamic be

The reader should closely examine the highest levels attained by the free surface
in both cases. In Fig. 6.7 are shown the envelopes of maximum water levels along
the channel for the two cases. It is not our purpose to discuss the respective
merits of the described systems; that is done, for example, by Bagnérés. But we .
would like to stress, before going on to review another example, that it would
not have been possible to compare the two systems, and even less to examine the
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(1) Considerable loss of water during the periods of irrigation water refusal.
(2) Lack of water if the demand was higher than the programmed discharge.

As originally planned, the system could therefore have been inefficient andfor a
source of water waste.

Mathematical modelling techniques made it possible to develop a design
which reduced the system’s problemis to an acceptable level (Chevereau and
Gauthier, 1976). The new control system consists of two regulators R1 and R2
whose role is to maintain a constant difference in free surface elevation between
two points located at the downstream limits of consecutive reaches (yp ~Vc =
constant, y =y, = constant in Fig. 6.8). The action of the two regulators
cre;ftes a buffer volume in the canal itself; this volume is used to supply water
during the initial period of increasing demand. The upstream gate at Dibbis dam
must maintain that reserve and it is open or closed depending on the free surface
elevation at section B. The gate position is checked at time intervals At and its
opening supplies, at time ¢, a discharge variation defined by the formula

AQ, = a[yg(t— A8 —yp(®) + B (7B ror ~ V(D)
—yAQ,(t~AD

where Yp = free surface elevation at point B; AQ, discharge increase {or
decrease) at the upstream section A; &, 8,7 = coefficients to be adjusted;
Y3 rer = free surface elevation to be maintained.

In Equation (6.1) the coefficient f damps the influence of the difference
between the sought and actual free surface levels; the coefficient & depends on
the surface area of the main canal; the coefficient ¥ depends upon the flow in
the feeder canal. All conceivable operating procedures were simulated with the
aid of the mathematical model which was built using the full de St Venant

equations and solved by the Preissmann implicit finite difference scheme; special

care was taken to properly simulate the regulator movements. The mode! made

it possible to study the Kirkuk system behaviour under exceptional circum-
stances, such as sudden demand cutoff. It was possible to define the various
regulating coefficients so as to ensure that the demand would be satisfied with-
out loss of water as long as the difference between that demand and the
programmed demand is less (in absolute value) than 15% of the maximum canal
discharge (i.e. less than £ 42 ms™").

Other examples of similar applications of mathematical models are available
in the literature. The technique is especially well suited for the simulation of
such complicated upstream control systems as Hyflo used for the regulation of
the California Water Project irrigation system (Harder et al., 1972), or to check
the efficiency of dynamic regulation systems such as that implemented by the
Société du Canal de Provence in Southemn France. The latter is based on the use
of an industrial computer which periodically adjusts ail regulators with the goal
of maintaining volumes of water in different reaches which are as closeas
possible to cestain reference volumes. The reference volumes themselves are
established by statistical studies of consumptive water demand by the users,

(6.1)
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taking into account Seasonal variationg,

The modeliing techniques used for such studies must be selected with the
greatest possible care jf the simulation is to provide a faithful reproducti?ﬂ 01?
reality. The friction slope is usually very small jn irrigation systems, and inertia
forces thug play an important role. As was shown earlier, stability is an
important factor i the functioning of such systems; it may thus be dangerous

blem i, mathematically Speaking, an ‘inverga’ problem and as such s ill-posed, at
least for non.-lineay ©quations of the hyperboic type (see Chapter 2). Never the-
less some researchers have attempted to solve this inverse problem for practical
applications (Bodley ang Wylie, 1978). It is bossible to obtain regsonable
upstream flow varigbleg (stage and discharge hydrographs) using downstream
ones if the following conditions are satisfied: friction must be very small
(negligible); non-linearity of the convective velocity term must not be strong; the
distance between the regulators must be small. Even then the only method
which can be ugegd is the method of characteristics with all its complexity and
unwieldiness, In order 10 define upstream releases it is better to run several test
cases using a model buji with the aid of » Standard, efficient modelling system
instead of a Specially written inverse problem brogram, The celerities thus
obtained for different volymeg Stored within the system of canals and for
different discharges wil] pe a sufficient guide for the planning of the release,
whose Propagation along the channe] can thep be checked using the same model.
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Let us consider an upstream propagating positive wave in a trapezoidal
channel, Such a wave, caused by the sudden closure of gates or turbines, may -
have a mild initial curvature, but it will become steeper and steeper as it pro-
pagates, The mechanism by which an initial wave steepens is described in
Chapter 2, and recapitulated in Fig. 6.9. Suppose that the initial wave was of the
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After some time (let us say gt ¢ = #1) the point (b) will catch up with point-(c)
as shown in Fig_ 6.9 In the (x, #) plane this Phenomenon is shown by the inter-
section of the Propagation paths of points (b) and (c). In hydraulics such ¢
situation is calleq 5 SUTge’ or a ‘steep front wave’. In gas dynamics it would be
called a shock wave, while in computational hydraulics we often call it  discon-
tinuity, although the other names are used as well.

Physically, Something speciaf should happen in such situations and indeed
hydraulic engineers are quite familiar with the two forms of such a surge. The

the average initia| depth, .

en the incident waye height is smaller, quite 5 different situation prevalls.
The front of the Positive surge remajns 4 smooth, continuous surface and as it
Propagates, it creates 4 train of short wayes behind it. These waves all have
neatly the same crest elevation along the canal — they are extremely slowly

l.“igure 6.11 defines the nomenclature we uge to quantitatively present the _
O:mson power canaj (France) undular jump observations in Figs. 6.12 and 6.13;
4% and Ay are, ‘espectively, the free surface superelevations of wave crests and

following an abrupt intake discharge change of 210m’s™", The non-symmetric,
ost cnoidal character of the waves ig evident, as is their persistence; the 19th
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PR TR

Fig.6.10, Advancing undular surge in a Durance River (France) power canal

(courtesy Electricité de France)

ter level; 2, undulating

Fig. 6.11. Definition sketch for surges. 1, initial wa
surge; 3, equivalent steep front surge

crest is only 40 cm lower than thé first one. Figuré 6.13 shows the envelopes of

crest and trough superelevations divided by the initial flow depth. Also shown is
the volumetric equivalent average superelevation as compared to the equivalent
steep front wave (i.¢. a discontinuous surge of the same celerity and volume as.
the undulat mobile jump). We see that at the centre of the canal, there is very
little damping of the waves, the 15th crest being virtually as high as the first one.
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Fig. 6.13. Observed undular surge maximum, mminimum, and equivalent stcep

front surge elevations in the Oraison canal (courtesy'Elect:icité de France).

1, Relative maximum superelevation at banks, #*/h; 2, relative maximum super-

elevation at centre, " fh; 3, telative minimum superelevation at centre, Hafh;

4, relative minimum superelevation at banks, k3 5, volumetric relative wave

elevation, ki, /h (1, = wave volume/initial free surface area); 6, equivalent steep

front wave relative elevation, &'/t

i e s g e FA

(1959). Details on the mobile undular jump aré to be found in previously cited
publications and in Benet and Cunge (1971) and Ponsy and Carbonnell (1972).
Observations of real-life wave trains tehind undular jumps, scale hydraulic
model testing, and partially successful numerical studies such as those
referenced above have led to the development of 2 methodology applicable to the
solution of engineering probierms. The wave train characteristics must depend
upon the amount of available energy, which otherwise would have been dissi-
pated in the equivalent roller. Techniques which permit us to compute the pro-
pagation of such a roller (shock, bore, discontinuity) along the channel are
available (see Chapters 2 and 3). Hence once the path of propagation and the

Ty
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¢ been Computed, the undulations then can be
estimated. The

timated undulation may pe superimposed on the ‘main’ wave
as shown i Fig. 6.11. Th,

tommissions apq analyse.
maximum water surface

height of the equivalent bore hav,
es

€ consultant’s experience, lzboratory tests which he
5 and observed water Jevels will help to define the

those obtained on reduced scaje
Phenomen, ¢onfirm the results
consideratipng have made ¢ pos

€ computed ang observed res
1960; Abbott, Marshal}

models and, moreover, that rea] life Obse{ved
of computations (Cunge, 1966b). Theoretical
sible to guarantee that the coincidence between
ults is not merely fortuitous (Lax and Wendroff,
and Qhno, 1969; Cunge 1975b; Abbott, 1979).
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e o8 it possible to obain 116 40 ™ head above the underground plant whee
the turbines of 228 MW power are installed, The discharge of 245 m?s™ is then
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ot : e closing or Opening of turpines causes waves to propagate along the canal,
T “tion j 1

Iy o € concrete lining ensures a very small friction coefficient and
P } induced wayes may persist for days, Propagating back and forth along the
' channel with only very weak dissipation. Consider the ¢ase when the power
plant at Sisteron sheds load after 5 period of established flow regime at
Maximum dj arge of 245 m3s~1_ Positive wave is then created, and it -
- Propagates upgtream Wwhile the Curbans power station (located upstream of the
S Itake of Sisteron canal) discharge js stiff 245m3s™! The celerity of small waves
o S s of the order of ¢ m s~ thus the time of Propagation along the
channe] Is about 1.5 b, Tpe e surface level upstream of the Sisteron power
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Positive and negatiye waves interact and may causean
unfavourahle situation with hi

gh water surface elevations and resultant overbank
spilling,

The fol.lowing aspects of the Sisteron
the aid of mathemgatj :

@) Downstream Sisteron power Plant sheds jaq 2t the maximum discharge
(245 m3s") at time r =
(i) Curbar; (upstream Power pl
Progressively in, say, 10 min,

(iii) Upstream Safety pateg close in 15 min,
(iv) Both Power p] i

ant} is ordereq to close its turbines

=65 min, At the same time the safety gates open
' Prosressively from ¢ = 55m

in 10 2= 70 mip, T in) take of
. (V) Both plangs (Sisteron at time ¢ < 125 min, Curbans at £ = 135 min)
full 1oaq, increasing the disch - '

arge 10 245 Mgt . )
- (vi) Sisteron sheds Ioag agdin at ¢ = 14 min, Curbans closes its tufbmes
between 7 = 140 apd ¢ = 150 min, the safety gates close at the same time.

The sequence of hydrographs'along the canal

Mmathematica| Mmodel (bujl¢ and run by SOGREAH) is shown in Fig__s.ls In n
Fig. 6.16 are shoyy several Computed free surface profiles, which are helpful
interpretation of the resylys. Such Computations made it Possible to clet.f:rl'l'ﬂl'le
the envelopes of extreme elevationg along the canal for differen; operating rules
re and OPening of turbines apd gates) for exceptional sjtuations.

as compﬁted with the

3 E
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Fig. 6.15. Sisteron

France and SOGREAH). 1 = Sisteron power
9.48 km; 3 = station 19.0 km; 4 = station 26.95 km,

e w150 W0 10,
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Canal computed stage hydrographs (Courtesy Elect.dcité de
\ plant, station 0.0; 2 = station

downstream of siphon
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- Fig. 6.16. _Sisterb':l..ca-lti'al compute
ce and SOGREAH); 1—time = 0;

Electricité de Fran
4=30 min;5:=.4_5

d“free. sﬁrfaée pioﬁles (Courtesy
2=10min;3 = 15 min;

min; 6 = 60 min.
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Figure 6,17 shows the envelop

°s of computed levels and estimated elevations
due to the ypg

ular Jjumps along the canal,

E
=
2 o
H
[}
576 Undylar jump eievationg
---—--‘.-_‘___.__-.—.-.._——.--..__ ,f'-..\\\
r g
\‘ y
' ]
575k : Maximum ’

-
ok _
w

a8
Y

15 20 25 _
' Distance {Km)

L du -' 2

g O T Vu Ve —AH | | | :_(6 )
where £ = siphon length, 4 = siphon velocity, Yus y&s = respectively upstream and
downstream sip

hon free surface elevations, AH(;? /28) = head loss along the .
siphon. Strickler Coefficients weye assumed as follows: 65 along the canal, 75 in-
the tailrace tunnel of Curh

ans power station, 30 in the La Saulce reservoir. The
time step was chosen in such

4 Way.as to keep the Courant numper ((eh)t At/Ax)
close to unity; the value of Ar =304 adopted kept the Courant number
between 0.9 and 1.1, B S :
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3-3 FLOW AND ENERGY PRODUCTION CONTROL IN POWER CASCADES
N CANALIZED RIVERS - .

E:‘t‘ua::itiivzwers lt}ave several part.icular features which set them apart from
thannel us1::11as ar as n:nathematxcal modelling is concerned. Although the main
urface slo _Y retains its natural cross section (at least between dykes), the free
many natu‘::lls- usu@y srpau C?mpared to the bed slope. This is in contrast to
mately the s situations, in which the beq fmd water snfrface slopes are approxi-
compared t m;le' Due to low water vel?clues, the friction slope is also small
important ‘?); y bed. 510?6: and hen'ce inertia forces in varied flow become
ot e manifestation of this is that in steady (or nearly steady) flow,
ater surface elevation is quite sensitive to the water stage at the down-

stream section of the reach.

cangli: :;p_loitgtion of a system of dams,

cona river is always an attempt t0 satisfy .contrad.ictqry requirem'ents:.
gy production, flood control and protection, navigation, domestic and

agricultural water supply. This is why operations research techniques have been
1ems; we have in fact seen

zier?nmt‘:def to ‘optimize’ the exploitation of such sys
all Ofgth e last few years 2 veritable explosion of studies on the subject. Neatly
in th em, however, have been made from an economic standpoint, sometimes
whe e total ab.sefnce of hydraulic considerations. It is amazing to see that even
h'nkn hydraulicians have evidently taken part in such studies, there usually is no
between the econometric model and hydraulic considerations. And, most
often, the modern tools of computational hydraulics (mathematical models of
propagation) have not been used to provide the econometric model with data
which would have made its prediction more realistic. In this section, we shall try
to show, using the Rhone River (France) as an example, how mathematical

modelling of unsteady flow may be applied to such systems. Readers who are

familiar with operations research modelling will, most likely, se¢ the way in
be established. Given the

which the link between two kinds of modelling may
tations in the world

increasing number of canalized Rvers and cascade power s
lications aré bound

(Rhine, Columbia, Danube, Ohio, etc.), such engineering 2pP

to become more and more numerous. o - _

. The lower Rhone River cascade schemesf , located as shown in Fig. 4.2, con-
sist generally of a dam and a diversion canal terminating at the powet plant-lock
structure at the downstream poundary, fed at the upstream limit by a reservoir
whose volume is relatively small. Although the reservoir cannot play a flood
control role, its volume is sufficient to enable the power station to turbine,
during a limited time, 2 discharge which is mmuch higher than the natural Rhone
flow. When such a mode of releases is used, every power plant can turbine more

y upstream by using the volume

discharge than the one situated immediatel
stored in its own reservoir. Hence the double possibility. of producing more peak
energy than the river discharge would normally permit, and of providing peaking

power to supply network shortages.

locks and power stations along a

REAH, Grenoble, France. - .

$Courtesy Compagnie Nationale du ki'nt‘me afld 850G
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and gate discharges in such 4 way as to attain the objective. Some of the possible
modes are:

during a certajn time and then, brings the reservoir level back to the initial (or
otherwise Specified) elevation, '

(iii) Exceptiona emergency-like mode, designed to furnish maximum power
Yery quickly and for a short time (of the order of | h).

at given cross sections, etc, : SR o

- The difficulties in designing sych automatic systems are increased by t?le fact
that one of the 8oals is to be able to let the power stations work automﬂﬂ-cany '
thus reducing persone] cost. There are only g few supervisors along the river,
and they intervene only if incidents are detected by the computer. Hence the
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') i ;
‘au:or:;:i;rf; s“'nﬂl-:l:;lmg the action of the on-site computer (cailed also
wl - - * - - -
antre ordecs: its strategies, operating rules and possible dispatching
. ; . :
m:::;“% mmulaung the power house, spillway gates and data acquisition
unknm:m program simulates possible equipment incidents or failures,
ife mons u?r random perturbations, delays in manoeuvring, discretization of real
ements, etc. A very thorough simulation is needed because of the

multiplicity of possible incident sources.

On
(mmczithe overall model of the system, comprising all three components
1, automaton, power house—gates data acquisition ensernble) is built,

then 1 .
it may be run in order to test the behaviour of the system 18 different
ile once more referring

Igia:dﬁlls‘iharge ifonditions (flood, dry seasofl, etc.). Wh

how suchr o :;;e literature (see Chevereau and Gauthief, 1976), we shall show

P modelling is applied to 2 real life case using the example of the
gnon (France) hydroelectric power plant on the lower Rhone.

A map of the Avignon power complex is shown in Fig. 6.18a,and &
There are two inflows to the

schematized layout is shown in Fig. 6.18b.
through the dam

I .
eservoir, both from the upsiream Caderousse complex; one
ic_6.18b. The gutfiow from

an

m:;nf’thﬁ through the tailrace canal as seen il Fig.

pow “gﬂ‘{ﬂ complex is through three sections: the villeneuve dam, the Avignon
er station, and the Sauveterrs dam-—power station structure. These outflows

are H . . .
subject to regulation by the automatic systerm which obtains data from
om {WO continuously

ﬁ:l::::;se, from the three outflow locations, and fr

Savets water stages at Roquemaure and Defluent (where the derivation 10

rre dam begins). '

sit::':: general reservoir regulationt P

refere:?ns, the regulation system tries
ce water stage

rinciple is depioted in Fig- 6-15- In all
a fictitious

to maintain, O return 10,

Yieg=ayp +{1 -a) ¥R

ages at Defluent and Roquemaure, respectively- Aslong
aller than 3300 mds™!, the weighfing coefficient

';“ = 0; in this case the regulation gystem manoeuvres gates and turbines at
1au\~'eterre, Avignon, and Villeneuve in such a way a8 to try to maintain the
evel at Roquemaure at seference level of 26.00 m, with the Jevel at Defluent
free to vary depending on power demand. Fot discharges which exceed

3300 m® s~1, the system progressively shifts the point at which it tries to
regulate the water level from Roquemaure (o Defluent. The coeflicient & and the
fictitious reference level vary with the discharge from 3300 to 4200 mdstin
such a way as to respect various safety, power production, and equipment

' 1ators compare the weighted level

.constrgints. At any given instant, the regu
op +(1- @)YR WithV et and modify the ocutflow so 28 10 respect ¥ reg- ONCE

:_he discharge exceeds 4200 m? s, a=1andthe regulators operate so as to
,.ollpw the _natural state stage-discharge relationship at Defluent (Prefas @

where yp and yg ate st
as inflow from Caderousse is sm
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2 SAUVETERRE

AYVIGNON
ADRUEMAURE

2 (b} VILLENEUVE

t.. (a) Physical layout. (b) Model

Fi ;
ig. 6.18. Avignon hydroelectric power plan
er stage recorder

schematization. 1, power plant; 2, dam; 3, wat

1R _______,,:// v

26.00
— I 1
—~— |
1
| 1
®- ® 1”9
| \ ) -0
3300 4200 m/s

E’g' 619, A\"igl'lon regulation principle_ 1,Vcef = YR @ =052, Vel =ayp
(1-a)yg,0<a<1;3,Vret =yp. &= YR = water level at Roquemaure;
Yp = water level at Defluent '

function of Q). During the falling flood, the inverse procedure is followed. The
del so as to determine parameters

entire system is studied on a mathematical mo
such as y .5, @, and outflow distribution among

In the so.called release-like mode, the regulator
propagation times in the reservoir, head losses, turb
In trying to maximize energy production while replacing the water volume used
Ina power peaking operation. Figure 6.20a shows the mathematical model
simulation of such a case. The inflow from Caderousse is 2 constant

1200 m?3 57!, so that the Avignon peaking production petween time 1 hand
lume as reflected in the rapid drop in

1 h 45 min must be fed by reservoir vo
level at Defluent. At time 6 h, the level pemaure is on its way back to
26.00 m, the regulator having been programmed o replace the used volume
before the next peaking operation.
An example of 2 constant-volume cascade release operation is shown in
possible of the inflowing

F_ig. 6.20b. The objective is to turbine as much of as
discharge from Caderousse without exceeding jevel of 26.00 m at Roquemaure.

the various worKS. -
s take into account wave
ine operating limits, etc.,
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We see that the reference leve] ig maintained within a few centimetres for dis-
variations of the order of 100 m® ™2 jn 20 min. Flood operation is
shown in Fig, 6.20c, where the system passes from trying to maintain a level

of 26.00 m at Roquemaure to following the stage—discharae curve at Defluent
and retumns to a stabilized situation after 24 b,

26.4 ~
B
26242
26.0 : 3 3 3
25.3'] % - 2
& - .
16001
5 .
%, P ’
1400 / \ .
0-___'—'_'*‘[— ¥

1
hours

[\ %]
Fu
5
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' . . ~ompagnic Nationale du
. : :on simulation (courtesy Compagnie :
F:gl6.20. Aﬂ%lgnﬁf}gl)uﬁ:)ohak energy production during a short period.
Rhm{e and SO% eleﬁse.s. (c) Flood operation. 1, water {evel at Roquemaure,
() Simultanton t- 3, target level at Roquemaure and total system

ot level at Defluen
iﬁg}ﬁnﬂw from Caderousse; 5, total system outflow
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6.4 COMPUTATIONAL AND MODELLING CONSIDERATIONS
Modelling of discontinuous fronts

O represent the propagation of discontinuous fronts. Ind‘t’-ed: o
was shown theoretically in Chapter 2 and has been confirmed in practice, when
the bed resistance is smalj and the canal sufficiently long, manoeuvres of flow

for time ¢ + Ay, Then the flow between the shocks is computed by any
appropriate method (finite differences, characteristics). This method is Cﬂﬂe‘?
the ‘shock fitting’ method — the shock Computation during time interval At is
independent of the future (¢ + At) situation between the shocks; the exact shock
Position as wel] ag jts configuration Q1. »1. Q,, Y2)are calculated
independently of the computational grid (see Section 3.5).

canal. It represents a sudden load shedding at time to, load resumption at time
f2,and a new shedding at time ta. Figure 6.21b shows the interaction of
different discontinuities hys created in the (x, ¢) plane, while the sketches in
Fig. 6.21¢ show the increasin y complicated pattern of shocks. In Fig. 6.21b
the computationg grid is also symbolically shown — the regions of continuous
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flow between the shocks must be computed on such a grid, since the shocks pro-
pagate across it as they please. Moreover, a shock may appear at any point in the
plane, just as it may disappear (due to the interaction with a negative wave, for
example). Each such transition creates new shock reflections of course, just as
does a shock “collision” (points C in Fig. 6.21b).
The development of a program code capable of simulating all such
phenomena would be possible using the principles described in Chapter 3.
Indeed, for some particular cases (such as dam breaking) partial codes of that
type have been used (Dracos, 1970, Chervet and Dalléves, 1970)- Nevertheless
the necessary complexity of the program, a3 well as computer speed and
capacity requirements, act as a deterrent, 6ven mmore so since such a prograim

ay

{al

w4
13+
t24

Y
10+

p:eunsu:nollhishn:t _ ’

I S
Fig. 6.21. Se¢ page 262 -
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Fig. 6.21
() Discharge hydrograph at downstream canal limit (turbine flow).

Propagation paths of discontinuities in the (%, £) plane. (c) Successive free
surface profiles, 1, incident shocks cr,

cannot be economically justified when applied to ordinary river ﬂc_!W_Pl'ObIe“:;
While a certain number of codes based on the method of characteristics may

. jre-
canal simulation, There are, however, some special mqalilit)’
ments concerning the codes ysed ang great care must be taken to ensure qu st be
results. The numerical integration method producing the ‘smeared” front mu

oned by considerations such as the amoun.t of ‘sr_nea_ﬂf'g
ock zone), which depends upon the nume-ncal damping
Omputation. Such numerical damping acts in the same way

{or the width of the sh
introduced into the ¢
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:;lmsf’t‘i’:ﬁ? ;t méi'oduces diffusion which allows a continuous and smooth
be expliciﬂ; ir::t ?1 state behind the ?hock to that in front of it. Damping may
sendo-viscos o “Ce? when r_lon:dlssipative schemes are used, in the form of
iy bo incla ;ltg' ora fhssl.;:auve interface’ (see Chapter 3). Or again damping
. ed implicitly in dissipative schemes.
or most schemes, numerical damping is 2 func

G = (@)t +lu i) AAx

tion of the Courant number

and of the number of computational points per wavelength. The wavelengths
flow are usually short, hence

ﬁ:‘:}l; :er;:i»:“uld like to simulate in rapidly varying
physica re y of chocfsmg small values of the space interval Ax. For the same
10 obtain 823011 the time step A must be small as well. It is, however, important
hould be ml'm? afnount of dissipation at the discontinuity, while the damping
be 28 close tmlm_m:d elsewpere. To achieve this, the Courant number Cr should
A%, the C 0 unity as p_osmble — for a given depth, yelocity and space interval

? ourant condition gives guidance as to the choice of AL

M : ves
odelling of transitions and control structures

T e
ransitions and control structures represent interior boundary conditions which

;ﬂnt:;be treated with the usual equations based on the de St Venant
e pl: 1eses. Their numerical representation must furnish two relationships
placing the two normal flow equations and linking the flow variables (stages

Ed giSCh"fgeS) on both sides of the structure 0 transition. For example, when
abrupt change of cross section is simulated, the relationships come from the
y given time £ + At are

:"Enuity equation (stating that the discharges at an
qual upstrearn and downstream of the singularity) and by the dynamic equation
he discharge through-the

which relates energy line elevations on both sidesto t

section change. It is interesting to note that the discontinuous front (bore,
.. as just another transition,

",mbﬂe jump) could be treated in the same way, i
sbmce there are two relationships (Equations (2.68) and (2.69)) which link its
ack and front sides, But a particular feature of such an interior boundary is that
f it is to be treated likea -

‘;_Pf‘fp.agates and changes its location. Hence, i
ansition, a mobile computational grid rmust be used allowing for dynamic

change in the number of computational points (or for 2 change of the space

interval) behind and in front of the bore (Alalykin et al., 1970).
ed is important and cannot be

The way a transition calculation is approach
separated from the type of computational grid; often the choice of grid imposes
the way in which the transition must be simulated, and vice versa. Consider two
canal reaches separated by a gate which regulates the discharge between them
(Fig. 6.22). As long as the gate is open, the two equations which represent it may
be symbolically written as - : '

Q“-.-_Qd_-; :.T - . x . \ o
‘P(u'u,'ud.#,y.;;'jvd)'é.o' e (6.3)

e e




.other information. For ex
-~ Stage immediately downstream from the regulator.

N

le)

Y - 1Q 'y y Q v .
i-3/2 j it I*vz o j*32
l_ . Ax/z J Axe_ |

Fig. 6.22. Smjce Bate schematization, (a) Physical situation. (b) Computational

grid having y, Q at same points. (¢) Computational grid having y, O at different
points - - _ o

ample, the opening may be a function of the water

Let us consider first 5 computational grid in which free surface elevations and
discharges are computed at the same points and time levels. A regulator such as
shown in Fig. 6,22, may be represented by two computational points (7, / + 1)
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seographically situated at the same location (i.e. immediately upstream and
downstream of the gate) but having different cross sections. As far as the
computation is concerned, no particular difficulty arises since J; =Ju and
Y41 =¥ 4 are water stages immediately upstream and downstream of the
:;Ig“lat"f in Pig. 6.22b and the discharge formula (Equation (6.3)) may be used
be;:czlley- ‘Yh‘ffn ﬂ_OW thr-ﬂugh a gate has to be described on a staggered grid the
i scription is obtained with y-points immediately at the upstream and
Dwr}stream side, as depicted in Fig. 6.22¢. The discharges at the gate are
obtained by applying off-centered finite difference schemes of the continuity

equation for the steps Ax/2 at both sides of the weir. Although such an off-

centering may introduce some errof, a Taylor series expansion of the terms in

$° dlffe_leﬂce scheme shows that the egrors at both sides have opposite signs in
¢ dominant terms and the overall approximation may be quite reasonable. At
the gate, the discharges at both sides have to be set equal and together with the
gate discharge formula the problem is well defined. In the solution algorithm for
the system of equations the treatment of the gate then becomes very similar to

the treatment of a nodal point, connecting in this case only two channels.

As.for computational grids where both variables are calculated at the same
points, an example is given at the end of this chapter showing how a
finite difference

regulator may be simulated both by implicit and explicit

methods,

When implementing the software which simulates regulators, on¢ should not
forget that it is not at all necessary to reproduce exactly the characteristics of a
particular gate. Indeed, if a regulator of a given head loss coefficient and a given
speed of opening ensures the required discharges, another regulator with 2
different head loss coefficient will do the same job provided that the discharge
an is analogous for both regulators (although the velocity of opening and open-
ing itself would be different). This feature is important since the characteristics
of future regulators are usually not known when the studies are carried out. An
example illustrating this point is given by Cunge (1975b); a regulator
maintaining a prescribed upstream level furnished the same transitory discharge
for head loss coefficients ¢ and 10y, but its velocities were quite different in

both cases.

Example of gate simulation _
27 is a gate whose purposé is to

Suppose that the transition depicted in Fig. 6.
tream. It does not matter how

maintain a constant reference level yror dOWNS
Y:es Was defined; it may well be the water stag® immediately below the gate, or
again the weighted elevation as in the BIVAL system of water siages
measured at the limits of the downstream reach (Fig. 6.5), We shail assume that
the possible hydraulic situations are as represented in Fig. 6.23.

Let us first consider Fig. 6.23a. The flow under the gate is supercritical, and

it may be approximately computed with the formula¥

+Al classical formula¢ may be found in handbooks of hydraulics, ¢.g. Kiselev, 1957.
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Q=vead (2 i, ~y, - eaph 69

Where Q = discharge under the gate; o = discharge coefficient (0.85 - 0.95);
€ = contraction coefficient, which depends on the ratio afh, so that e = flafk);
@ = gate opening; b = width under the gate; Y Yo = upstream free surface and
weir elevations Tespectively (to simplify the formulation we shall neglect the

influence of the velocity head 2 /2¢ upstream of the gate). Equation (6.4)is
valid as long as the following inequality is satisfied:
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Fig. 6.23. Siujce gate flow conditions, (a) Free ﬂoﬁv, Ih:e;t >hg: (b) Drowned
flow, h_mt K h4.(c) Gate in fully raised position. (d) Computational grid e
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When Aoy < By a different relation must be used:

Q=pba (% ¢y ~ya))
where = discharge coefficient (0.65 ~ 0.70),y 4 = downstream free surface

ele : * . = .
ﬁmv:mn. Equation (6.6) is simplified as compared to analogous equations some-
‘;h used in actual engineering practice. : '
i 1:1‘; the gate is completely open, the structure may be represented by 2
oonl:l-ﬁ road crested weir for which the discharge formula for drowned

itions is analogous to Equation (6.6),

0= b 3g-7y) 2 Oy~
Le , : - -
t us consider Equations (6.4) and (6.6) only;in order to avoid numerical
jons should give the

(6.6)

6.7

oscillati . I
sa:um ations during transitory flow simulation, both equat
e discharge when Byeq = B4

P R

Setting, from Equation (6.5)

hﬁ%[(ug_b%__(z;)a)l._l] | | 69

and using Equation (6.4) for Q, elimination of g leads to

©8)

P e (g~ Py — €4)
=u{yu—yw—%’-[—1+(16¢’(.’ﬁ‘¥3—1))*]} | (6.10)

in which ¢ "'f(-——‘LQ ) and ~ const. Hence,
( Yu—Ya . _
Yo —2 ) . .
vy =74 he coefficient ¢ may be computed.
bove formulae are applied in

for each pair of vﬂues

In transitory flow, the a the following secjuence
of programmed operations: I C
® supposing that the computational points G,/ * 1) correspond t0 sections
immediately upstream and downstreafm of the gate, the Ryeet value is computed -
according to Equation (6.5) using e = f _7;-{'-- )and Q" (we recall that
L . T \f oy |

fhe_ index n signifies time level £ = nifat which ail flow variables are known).

e if Hiest ';y;"ﬂ -y, then formula (6.8) may be used (with an adopted value
p=comst). . o .

® if Mg >J’}§.'| =Yy the discharge coefficient v is numerically computed (for
example by the _Ngwtqr_l __n_wthod) from F._quation (6.10), and formula (6.4) may

beused. = -
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Within the Program the transition must pe represented by a system of two
relations linkip

gpointsjandj + 1, Ope of two equations is the continuity
€quation,

6.11)
gt = HAY (

Another equation depends upon the type of flow under the gate. For drowned
flow Equation (6.12) must pe satisfied:

Q}pﬂ = pba™t (3¢ O’;H-I "-V!ril))} 612
! -
where g™+ = gn 4 5, Is given according to the operation rule which clﬂﬂe; {f;f _
opens) the gate by an amount Aq during one time step Az. For free under
Equation (6.13) is to be used,

OF = g en gniy (22 0’]§+1 g LA (6.3

a’” o .
where 7 s computed from Equation (6.1 0),and e” = ¢ (y” ey is mter
j w

n in
polated from the aPpropriate tables. One may even replace ¢” and ™ values
Equation (6.13) by

€M o on gg @ —gny (%% Sk ~yP) (6.14)
and
P §§ @1 a4 %% o _'y;,) o (6.15)
' b;lt that would appear 1o pe extravagant for most cases given the small variations
Ol wand e, :

We shall now describe how t‘.hé abové formulation may be incorporat;fldlil
two algorithms: ORé using an explicit method, and another using an implicit.
method. _

> ¥7+1 and water stages v Yi+3" using solely the information

‘known at time level o at PoInts i~ 1.7, 7+ 1,7+2. Thus there are four

unknowns and SUpposing that the pew gate opening & *! is given, _t.here are only
tWo equations (6.1 13, (6.12) (or (6.13)). If the forward characteristic BA is ”

followed from he point By + 1,/) until it intersects the time leve] nAt at point

A, two more €quations are obtained, and ope new unknown, the a_bscls_sa Xas

Is added (see Chapters 2 and 3), - I

The backwarg characteristic traced from point B’ at tilzji'e'lei'el (n+ DAt to
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oi i ;
point C at time level nAt furnishes two more equations and one more unknown,

Ic.
Since there are 6 unknowns (Qnﬂ e ., L3
lin . . 43 J’j ’Qj+1 ’yf-l-l ,xA,xC),andﬁnon—
eq:::iilgebrmc equations (namely, (6.1 1), (6.12), or (6.13) and 4 characteristic
cach 1 ns), the problem may be solved by any appropriate iterative method for
time level (n + 1)At, (n + 2)At, etc.

Implicit finite difference algorithm

C i 1 L . x
onsider Preissmann’s implicit scheme (see Chapter 3) which provides, as an
uations, a system of two algebraic

aPpﬂiloximat'tion to the de St Venant eq
;}u‘:ltwni for every pair of computational points G i+t i=12 -7 1,
re N'= number of computational points,
Aij+1 + BAQH’ 1 + CAyi + DﬁQI =G
A Ayf-l-], +B'AQ}T+1 + C'ij +DrAQj - G: (616)
At time level

ts which may be computed using 7

where A, B . . _ are the coefficien
crements such that

information while Ay, AQ are flow variable in

ay=ymi-yn; Ag=0" -0

g"ﬁ:ly, if our system of Equations (6.11) and (6.12) (or (6.13)) may be reduced
e form (6.16), it can be then solved with all the other equations of that
computational points. Equation (6.1 1)

form established for the set of ordinary
gives immediately

Q; +AQ; _Qf+1 - A0 = 0

FQUation (6.6) may be rewritten by assuming that all functio
iable so that :

617

ns f are different-

Fefrti gt s g Ay + _:_fQ. A0 (6.18)

Hence Equation (6.6) becomes
n+l £

of .+ AQy= m (AJ’;"A}';H) )
S ew" @eOf R o
In the same wa).!. Equation (6.4) may be written in t
of + AQ} = a.p“a%"b (23 Of ~Yw~ e"a"))}

o"b Mtz

he form
(6.20)

[

|
i
|
[
1
|
|
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We note that the derivation is not accurate as far as ¢, y and g are concerned. If
these functions vary Tapidly with water elevation, they should be differentiated
too. Equation (6.17) has the same form as the first of Equations (6.16) as long
as

A=C= 0.8=-1,D=1,6=01, ~on (621)

Equations (6.19) or {6.20) may be written in the form of the second of
Equations (6.16) by putting either _

' ba"“g .
A'= __Hoa” g B'=0,C'=—4" p'= 1,
(230’;1 _y;-,l-i));‘

G e o7 -y -gp (622

or

A'=B<=q0,¢c'= _~¥'be"™y
QO -y -

D= I’G’=’P"ﬂ"6"b'(28 0";' -7y _enan))i- —an (623)

Thus we see that once the flow equations for the transition are written in dis-
crete form, they can be directly incorporated in the overall implicit solution.
The system of having levels angd discharges calculated at the same points lets us
define the flow equations for any ‘link’ G.1+1) independently of the others.




7 Movable bed models

7.1 THE ROLE OF MOVABLE BED MATHEMATICAL MODELS IN
ENGINEERING PRACTICE

Sediment transport in rivers is a very special problem in fluvial hydraulics; Trans-
gorted sediments may render nearly any man-made structure useless. By 1973,
3% of the U.S, reservoirs built before 1935 had lost from 25% to 50% of their

original capacity while another 14% of these reservoirs had had their capacity

reduced between 25% and 50%. One out of ten reservoirs lost all usable storage
port are structural or mor-

(ASCE, 1975). Other problems due to sediment trans
Phologica] deterioration due to degradation below dams, deterioration of water
intake entrance conditions, filling up of irrigation channels, and shifting of
stream alignment, not to mention pollution and ecological consequences. The
essential difficulty of dealing with the situation is the present human incapacity
to obtain a satisfactory quantitative description of sediment transport
phenomena, S i

One can find voluminous literature on particular aspects of transport, such as P
particle suspension, fall velocity and initiation of motion, but there are only two o
ways to predict the consequences of human intervention of sediment transport:
a laboratory scale model or an expert appraisal, possibly using a mathematical

model. . _
When properly built and run, scale models p
engineer’s eternal question «what will happen if : . * Unfortunately, they can

only model the immediats neighbouthood of the structures being studied and
when large scale and Jong term consequences of man’s intervention are
concerned (hundreds of kilometres of river course; tens of years of morpho- n
logical variations), a study made by an expert consultant is the only solution. - g
The expert has at his disposal a large number of sediment transport formulae, B
detailed descriptions of microprocesses (at theevel of one sand grain), s
numerous descriptions (in geographic terms) of observed global phenomena and,
last but surely not least, his own experience. It is worth mentioning that there
ate a score or so of sediment transport formulae in use, all of them founded
upon the same basic hypotheses: uniform flow (energy line parallel to the bed

and steady water flow), river bed in equilibrium, and negligible washload

rovide the answer to the

271
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transport. The results furnished by these formulae may vary by an order of
magnitude or more from one to another for the same input data. In most
engineering problems, it is difficult to determine which formula best applies to
a given river, since flow is never uniform and seldom steady, and washload can
often be an important factor. Hence it is recommended (ASCE, 1975) that the
engineer try to make use of all of the potentially viable tools at his disposal, that
he should be guided by available experience with similar streams, and should
base his conclusions on the results obtained from several methods. The '
computations using some of the formulae are lengthy, especially when the river
reach under consideration is several hundred kilometres long. If the specialist
wishes to predict changes over a period of 20-30 years, he must obviously limit
himself to one or two of the formulae which he knows well, study one or two
‘typical’ situations, and then resort to global estimates. If he is an experiencE('i
engineer, he will be able to use his intuition and knowledge of physical situations
to ensure that his results allow an adequate safety margin. o
Movable bed river hydraulics is in 2 situation analogous to that of fixed bed
hydraulics in the 19th century before Boussinesq and de St Venant formulated
the flow equations taking into account the most important features of long
waves in open channels. Until a similar breakthrough takes place in the movable
bed domain, subjective procedures and judgements will have to be accepted. But
even if the basic subjective methodology remains essential, new computatior}al
techniques are changing the way it is applied, Moreover, these techniques bring
with them the need for new concepts and developments in the methodology-
Thus, the application of computational hydraulics to this field is an incentive to
progress. : . _ , :
Existing mathematical models are nearly all based upon the idea that it -
should be possible to simuiate hydrolegical flow conditions and the concomitant
change in longitudinal profile of a river over a period of 20-50 years, using a
chosen sediment transport formula. A single simulation should require only 2 -
reascnable amount of computer time and the results, taking into account
different alternative operating policies for man-made structures, should be .
available in a neat, plotted form a matter of hours after the initial data were sub-
mitted to the computer, Of course, there will be as many different conclusions
as formulae used. However, instead of a few computations with a limited
number of formulae made for ‘typical situations’, an engineer can try a n“m_be‘
of formulae, take into account the hydrology of the river and actually defining
operating policies. He can better choose the proper formulation and even, by .
- simulating the river evolution recorded in the past, adjust the particular co- _
efficients in a given formula. Consequently the “coefficient of ignorance’ which
separates the engineers’ conclusion from reality may be considerably reduced.

. The mathematical models described in this chapter are one dimensional,
representing only longitudinal bed profiles, longitudinal free surface profiles and
sediment transport as a function of time and hydraulic flow conditions. Never-.
theless they can be used to solve numerous problems associated with river bed
evolution in response either to natural conditions eor to man.made developments.
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The following natural phenomena are examples of what has been or can be
successfully simulated with such models:

® Bed variations during floods in the lower reaches of rivers flowing into the sea
{Perdreau and Cunge, 1971; Bouvard, Chollet and Cunge, 1977; Chollet, 1977).
® Delta formation at river mouths, alluvial fan formation below foothills

(Chang and Hill, 1977).

* Bed variations during floods in the vicini
river crossings (de Vries, 1973a).

® Bed variations downstream of tributaries o
¢ Long term natural evolution of a river bed (Chen and Simo

Some of the river improvement problems which may be studied with the help
of such mathematical models are:

ty of gorges (Blanchet, 1971) or at

at bifurcations (de Vries, 1973b).
ns, 1975).

to dam con_struction

(Chollet and Cunge, 1979).
® Establishment of long term operating rules for dams in order to preserve
useful reservoir volume by flushing operations; determination of necessary
reservoir volume (Lugiez, 1976; Chollet and Cunge, 1979).

® Modifications of river morphology in response 1o river training works, cutoffs
or alignment changes (Verdet, 1975). :

® Deposition of materials, and dredging operations (Verdet, 1975).

.' Modifications to river morphology due to the withdrawal of water for
irrigation, industrial use, etc. (de Vries, 19732).

7.2 BASIC HYPOTHESES AND FORMULATION OF EQUATIONS

In this chapter our attention will be focused on modelling non-uniform and
unsteady sediment transport phenomena. Programmes developed to solve the
sediment transport formulae in uniform flow, or those developed for steady
state situations only, are considered as common engineering aids, which do not
enter into the subject of unsteady fiow modelling. The purpose of this chapter is

not to develop the theory of sediment transport modelling. Nenetheless, we will
find it necessary to review the mathematical behaviour of some of the equations
be taken into account in developing

whose particular characteristics must
modelling techniques.

Sediment transport and water flow are interrelated in t
never be completely disassociated. There are many formulations expressing the

interrelation of the two phenomena in unsteady situations; the simplest accept-
able mathematical description is summarized by the following system of
equations (see Fig. 7.1). '

such a way that they can
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Continuity equation for liquid flow:

oh L, 0 _ (.

{a)

Ty

Fig. 7.1. Definition sketch for one-dnnensional ﬂow ina movable bed river.
(a) longitudinal proﬁle (b) cross section -
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Dynamic equation for liquid flow:

du ou oh . 02
— —_— —— _— = 2
Ut e T T 2
Continuity equation for solid discharge:
~ a9z oG |
L - (13
(-n)b TR 0 _ (7:3)
together with the sediment transport formula:
 G=Gu,h) | - 74)
where x is the abscissa measured along the river axis, ¢ is time, h the depth of .
water, 4 the average velocity withina section, z the level of the river bed, § the
steady state energy line slope, G the solid load transported, in units of volume
the section affected by

per time, b the width of the free surface, b the width of
the bed load transport, and 72 the porosity of the bed material. In the formulae
of this chapter we shall change the general meaning of the symbol z: instead of
being a transverse horizontal coordinate, it will represent the bed elevation above
the datum. o : - . . .
 The set of differential equations (7.1)-(7:3) links the three unknown
functions ACx, 7), u(x, ), 2(x, 1) with the independent yariables x and £. Since
these equations are representative of all basic physical phenomena and have all
the mathematical properties of more complex equations, we shall use them
throughout this chapter. They incorporate a series of hypotheses conceming
both water flow and solid transport. The de St Venant hypotheses, ie. the
hydrostatic distribution of pressure and the uniformity of velocity within 3
section, are accepted for the liquid phase- The phenomena of erosion and -
material deposition are of course ofa three-dimensional naturé due to szcondary
currents, but the simulation of this complex phenomenon is at present not
feasible, at least not over long reaches of river. Thus the sediment transpott, like
water flow, is schematized as 2 one-dimensional phenomenon for the purpose of
modelling, _ . R . . :
Any conceptual model based on Equations (7 1)-(7.4) should be completed
by laws relating the variation of cross sections to deposits of erosion (ie.as2
function of variation of the bed elevation z). All known operational models
assume that cross sections are eroded or filled within their own alluvia, which is
supposed homogeneous. Any other hypotheses would require the introduction
of 2 law to cover the separation of eroded or deposited materials and 2 further
law to cover their lateral distribution OveT the bed. Even within these limits there
are several ways of describing the variation in the cross-sectional area, A, with
the bottom elevation, z. One way is to assurne that the cross section rises oI falls
without _chémging its shape, as shown in Fig. 7.2a. Another is to suppose that
only those parts of the cross section which are below the water level y mave up
and down (Fig. 7.2b). In some models, an attempt is made to introduce a lateral
distribution of deposits or erosion (Fig. 7-2¢) related to the tractive force (Chang

and Hill, 1977) or according to an arbitrary assumption, based on empirical
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Fig, 72 Hypotheses relating Cross-sectional changes to bed elevation changes.
(a) Entire cross section tises; (b) cross section is affected only below the water
surface; (c) latera] distribution of deposition assumed

=¥ L . _ 7.5)
I\S‘ k‘:tr R4F3 . . . . . . (
where kg, = Strickler coefficient and R = hydraulic radius, When this concept is
used, the river bed resistance to the flow depends only upon the diameter of the
bed material, Tiquid discharge and flow depth. '
We know, however, that for alluvigl streams the hydraulic relations in steady
flow shouid allow for the existence of bed formg (ASCE, 1975) and that the
‘overall resistance coefficient depends upon the type of these bed forms (dunes,

flat bed, etc.). In that case the simple Equation (7.5) should be replaced by an
implicit relationship of the type: S '

sa(nS',u,'h,&,.'..) =0 . - | B

i

_where ¢ represents river bed characteristics, possible experimehtal

coefﬁc_ients and other specia) criteria that may enter into the relationship. In

fact, such an irnplicit'relationslﬁp may be expressed by a system of one or more
non-linear algebraje equations (e.g, Einstein, 1950; Engelund and Hansen, 1967)
from which it ig Impossible to extract the slope § as a function of other ~ '

. Parameters, In that case the system of equations (7.6) must be added to ! -



Movable Bed Models 271

Bquations (7.1)-(7.4) and the simulation program must be designed to solve the

whole set.
Equation (7.4) is nothing more than symbolically stated sediment discharge

formula. It may be a simple one, expressing & explicitly as 2 function of the

flow and material characteristics, or, again, it may be a system of equations such

ss those proposed by the full Einstein theory (1950).

Equations (7.1)-(7.4) form a non-linear partial differential system. It cannot
be solved analytically, but numerical methods of integration using computers
can be used to obtain solutions. Because of the complexity of the differential
system, a complete numerical solution is both tedious and expensive. Experience
has shown, however, that the typical time scale of liquid wave propagation
phe@me“a is much shorter than the time scale of longitudiral profile
modification. The propagation time of a flood peak along 100 km reach may
be of the order of one or two days, W ile it would take many years for a bed
perturbation to cover such a distance. Although there are situations when the
bed level variations are nearly as rapid as free surface changes (Perdreau and
Cunge, 1971), this is not a common ¢asé. Consequently the system of equations
(7.1)-(74) is often simplified, as shown further on in this chapter, by assuming
quasi-steady state of the liquid phase (V reugdenhil and de Vries, 1967,
Perdrean and Cunge, 1971). This makes the solution easier while preserving the
e_m“ﬁal coupling between the liquid and solid phase equations, even if such a
simplification introduces someé minor violation of the liquid phase continuity

equation.

Thus we see that there are two possible ways to classify one-dimensional

mathematical formulations of movable bed phenomena. The first one is based on
two classes of models:

‘h_l"_ type of equations used and includes
) (i) Those based on the full equations of unsteady flow and suitable for
simulating rapidly varying phenomena (Equations (?.1)—(7.4)).

(if) Those based on simplified equa
variations in longitudinal profiles _(Equations (’_!.15).

paragraphs). .

(7.16) in the following

'I_he second classification is based upo? the representation of the term S {energy
line slope) in Equation (7.2)- Here again there aré tWo classes of models:

(iii) Those based on the Manning-Strickler or Chezy resistance formulae, the
roughness coefficient being assumed constant and the energy slope taken as an

explicit function of the roughness and of 0

(iv) Those using a more complicated resist ;
the influencs of bed forms (dunes) and theis variation with discharge.
Clearly, at least in principle, a class (i) or (i) model can be used with class (iil)
or class (iv) expression for 5. -

o i i 8 L VR B 1
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7.3 BOUNDARY CONDITIONS IN MOVAELE BED MODELLING

All mathematical models of sediment transport need upstream and downst{e_ml
boundary conditions, Not all methods need the same number of such cox.ldmons,
as we shall see, but all should be able to accept internal boundary conditions,
which are needed at all sections where the basic flow equations {such as
Equations (7.1)~(7.4)) are not valid, e.g. rapid variations in cross-sectional area,
weirs, dams, gates, confluences, tributaries. Typically an industrialized prfigfﬂm.
would be able to treat the following external and internal boundary conditions:

(i) sediment discharge and water discharge as a function of time imposed ?t
the upstream end of the model:

GCa=0=fi(); Q(x= 0)=rf(1)

(ii) water stage as 3 function of time imposed at the downstream end of the
model: ’ '

Yx=L)=f()

(where x = Z represents the downstream limit)

(iii) relationsh_ip between the depth and discharge at the downstream end of
the model: ' ' '

hx=L)=fQ)

(iv) bottom elevation as a function of time imposed at one end of the model,
Zx=L)=flt) or 2(x = 0} = f{t) (condition which represents an unerodable bed,
or dredging, etc.) S o -

(v) abruptly varying river cross section as shown in Fig, 7.3a, represented by
three compatibility conditions: - \ S , o
Ors1 =0 Gis1 =Gy; .J’;'+1 + ""2?1 tAH=y, + -2%

where AH is the expansion or contraction energy loss 3
(i) tributary sediment inflow; in this case, as shown in Fig, 7.3b, the time-

Q1 =0y + Q(f)Q Gl';l-l =G+ G(‘)i

L Ry _ u?
Tty raHsyr o

(vid) tributary confluence shown in Fig. 7.3c and represented by the following
conditions: - ' AR :
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RN
Q.= 0+ 0y N
G,=G, +Gy
2 2 3
uz u u
Yot 5+ AH = ya+3;l=yb+-2—§
{a)
i ir1
—_
0.G
W
i1 0 i i+2 i+3

0.6

afe}, &l

{d} _
_ dam
__i. a f .i+1 )
ﬁns

Fig. 7.3. Intemal boundary conditions for movable bed models. {a) Abrupt
change in cross section (case v); (b) tributary water and sediment inflow (case
 vi); (c) confluence (case vii); (d) control structure or dam {case viif) '




requiring two discharge compatibility laws Qi1 = Q;, Gy, =1G)

and one conceming the water leves Wwhich is either given as the water stagt:l .
imposed a5 5 function of time Yi=f{t)oraga discharge formula through
dam gates (see Fig. 7.34)

7.4 DATA REQUIREMENTS

. o .
The basic daty fteeds of a sedimen; transport model are the same as those of
river flood pr

Opagation moda] (Chapter 5) to which must be added the following
additional dats: _ _. : : :

. o L e
-® particle size distribution of sediment tranqur_ted mcluc_lmg bot.h. the bed 9
and the suspendeg load; SR -

® sediment discharge
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of the model;
¢ variation in bottom elevations observed in the past at different stations and
overall changes in the longitudinal profile over 2 long period of time.

Basically, mathematical modelling of movable bed rivers requires the same
kind of topographic and hydraulic data as flood propagation models do, and the
representation of cross sections and conveyances may be the same as that
described in Chapter 4. However, 2 movable bed model may require less
precision than a flood propagation model: since one does not usually know how
to distribute laterally the deposited or eroded material, it may be superfluous to

 tepresent cross-sectional features in a sophisticated way, especially when only

slow changes in the longitudinal profile are to be studied. For example, engineers
tive of the real one in

often prefer to use a rectangular cross section as representd

movable bed models since they are unable to formulate physically sound lateral
transport laws. A very sophisticated representation of the deposits within 2
section and of the section itself may be inconsistent with other qualities ofa

simplified model.

7.5 MATHEMATICAL ANALYSIS OF THE EQUATIONS

Full unsteady flow equations

Using Equation (7.4) it is possible to express the derivative of the solid discharge

3G /ax as a function of velocity ¥ and depth A:

3G _Gdw  WH a.mn

ax ©oh ox Ou ox
ns (7.1}—(7.3). By substituting Equat?on an
into Equation (7.3), and by adding the expressions for the total derivatives of
the three dependent yariables #(x, ), h(x, £) and z(x, ) to the system of

equations (7.1)-(7.3), a set of six equations i obtained:

Leth =2 =1 and n = 0 in Equatio

b, , ok _ (7.84)
.at+hax+uax"0
au, w0k, B gswm)=0 (7.8b)
mtugmtEm P g5 1=
oz , 3G o L3609 g - (1.8¢)
ot ou ox ._Bhax .
ou W o gy = (79)
o ar 4 gy & du =0 o |
ah . Ok gy - gn = - | (1.10)
a—rdt.'"ax_dx _dh. 0 o o

& .11)

- + T - =
2t T EO

A S e em T A




Let dx/de = ¢, the characteristic velocity:

) n y
~¢® +2y¢? +(gh--u’+g g-g)ci-g (Iz Qg-u a—u)—O (7.14)

directions correspond to the three Toots of the system. As shown in F.ig'?'s’ n
Subcritical flow conditions (42 < &h)a characteristic C; originating “’1“.““ ‘?"’-
domain and twg characteristicg C, and ¢, originating outside the d?mafl_l will

pass through each upstream boundary point, Characteristic C;, originating

 ® three injtia] condition funciions'u(x, 0), h(x, 0) and z(x, 0) over the interval
0<xL at the initja] time ¢ =0, R : )

® two time-dependen conditions at the upstream boundary of the model,
x=0; ' :

® 3 time dependent condition at fhe' downstrem b.ql.ln-da..ry of the model,
x=L . o
-Shnpliﬁed Sysiem of unsteady flow equations S _
It is physically obvious that the two first roots of Bquation (7.14) (fr¢:=~‘=-su_ff“"e
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Fi!: 7.5. Interior and boundary characteristics in subcritical unsteady water and
sediment flow. 1, upstream boundary; 9, downstream poundary

wave celerities) shoﬁld be far greater than the third root (éelerity of bottom

perturbations). This intuitive conclusion has been confirmed by an analysis of
ozo Suga, 1969), which

Equation (7.14) (Vreugdenhil and de Vries, 1967; Ky

shows, at least for flows with Froude number Fr #1, that the first two roots
are very close to the free surface wave celerities &% (gh)} , and that they are
indeed far greater than the third root- Thus it is often possible to study bed
perturbations while neglecting the terms g—}': and g—": in Equations (7.8a) and
(7.8b). A simplified system of equations is obtained with Q(r) = const

resulting from the continuity equation (7.82)- By putting 2=y —2 in Equations
(7.8b) and (7.8¢c) and using (7.8a), a set of tWo partial differential equations is

obtained:

i
i
§ G
.

-  2  2 o s
Q Fr’)ax+FP ax+S(u,h)_ 0_ o (7.15)
3G _u 6\ 'a_z-(gg_aag-)a.z=0 @
(w h&)m*m,m R & (7.16)

where Fr = u/(gh)!!? is the Froude number and y is the water surface elevation.
In this system the unknown functions are ¥(%, £) and z(x, #)- -
The system of equations (7.15), (7.16)isa hyperbolic system of equations i
except when Fr=1,in which case it becomes parabolic; for Fr# 1 it possesses i
two characteristic directions which define the small wave propagation paths. b
By adding to Equations (7.15),(7.16) the expressions for the total

derivatives of dependent variables y(x, £) and 2(x, t):

e A LT LA T
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gy o (717)
5? dr + a—; dx dy =0
9z (7.18)
3 dr + x & ~dz =0

and by setting equal to zero the determinant of the set of equations (7.15)
(7.18): :

0 1-Fp? 0 R

0 (99_5.3.9)1 _.(Q_G._E EE) =0 (7.19)
ok hu oh & ou

gy 0 o0 '

0 0 ' df dx

We obtain the equation for the two characterisgic directions of the set of
equations (7.15), (7.16), ' '

g G _u g_q) 2 (7.20)
a Fr)dxdt+(ah 75 ) =0
The first solution may be obtained by letting d tend toward zero,
A dx ) - : : (2
€1 = lim ( ——) = oa o : :
' de-g \df/; ' - :

Equation (7.21) expresses the fact that the characteristin_: C is parallel. to tge;{;)
axis, i.e. that the velocity of the liquid surface waves is infinite, Equatwﬂ.( .
also provides the second characte_ristic direction:

=(&) . Zou " T (122)
c-g. - (df)z - A1 ',-.F?'z) S . ' -

The value €2 expressed in metreg bper second represents the velfncity of the small
bed waves. The simplified set of #quations (7.15) and (7.16) differs from the

_ complete spt (7.83)—(7.8::). Each point of the domain considered in the plane

Cx, t)isa point of intersection of two curves: a straight line C; parallel to the

abscissax and 5 characteristic €, defineq by Equation (7.22) (Fig. 7.6). To
ensure that the problem is well posed, we must furnish:

® two functions y(x, 0) and z(x, 0) over the interval 0 <x = L at the initial
fner=g; T ever the inter e

® a time dependent condition at the upstream limit of the modelx=0; .

® a time dependent condition at the downstream limit of the model, x=L. -
The fact that one of the characteristics is paraliel to the x-axis hasa direct and
Practical consequence, because the system of equations (7.15) and (7.16) is not
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R

By . _
ig. 7.6. Interior and boundary characteristics in subcritical steady water flow

and unsteady sediment flow

speaking, as that discussed in Section 2.2. 1t is

initial data are given ont the characteristic.
the initial conditions y(x, 0), 2(x, 0)and
), and computational difficulties

the same problem, mathematically
the so-called Goursat problem: the
The problem is not well posed unless
u(x, 0) satisfy Equations (7.15) and (7.16
de"e-lﬂp +f this is not the case.
@ Since the replacement of Equations (7.1)-
°1§)s (7.16) is a considerable simplification,
physical ramifications. '
Let us consider the following system of equations:

(7.3) by the system of equations
it is important to understand its

z ., 2 (7.23)

T
uh = q = const
G=flu, h)

obtained from Equations .07 .4.) forn=0
kot as we did in obtaining Equations

and a éhannel of unit width by
(7.15)and

neglecting terms 1/, 9
(7.16), and assuming that the steady state energy line slope can be computed
with the Chezy formula: o .
5 =ulul 7.24
TR S | (.24
We shall linearize Equations (7.23) in the neighbourhood' of steady uniform

gow, i.e. by assuming that the dependent variables 4, f and z can be replaced
-
u= Ui, BEHER g=Z+F (7.25)
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The resulting equation,
& _ (1-Fr*yge? a2z
a 3gFr? axor (7.26)
% _ 4 a6
is 2 hyperbolic partiaj differential equation of second order with a damping
term. Thus the effect of neglecting g—? and %’- is to simulate an initial pertur-

bation damping Process, and this conclusion {5 of utmost importance with
fespect to the application of dissipative finite difference schemes, Indeed, if
there were no natural damping due to the physica) phenomena, the choice of
Rumerical methods applied to solve Equations (7.15) and (7.16) would be much
more difficult as is the case for any purely convective process, see Chapter 8.
Since Equation (7.26) is an equation with damping term depending upon
coefficient ' ' '

b- (-2 1) cu  am
oh o Hz :3gﬂz . ' .

ény dissipative finite difference scheme for the soluﬁon of Equations (7.15) and

 {7.16) s acceptable as long as the artificial damping introduced byitis

negligible as compared 1o the damping resulting from Equation (7.27).
Nonetheless, we must stress that this simplification ( dropping 3 ndss )

. oh
Tepresents an important physical approximation, Dropping the 3¢ term from

Equation (7.8b) leads to g:g =0, hence gf—- =0 and 4(¢) = const. This is o

the bottom, ang qQuite clearly at 5 given section x,, the water depth h(x,, ) will
vary with time as shown in Fig, 7.7. Thus, ?% # 0 and, since the hypothesis _

usually very small however, its magnitude being given by the ratio of the volume

 filled up by the sediment to the total volume of the flow which passes through

Teservoir during the same period.
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b Q= gonst.
—_—

e 10 1]

14‘ 1 Y

tb}

Fig. 7.7. Continuity equation violation using simplified equations (7.15) and
(7.16).(2) Longitudinal profile in reservoir before (1) and after 2} deposition.
(b) Variation of y and 2 with time at point Xo s h < ho shows that ohjot=0is
physically wrong . . _ _

7.6 NUMERICAL SOLUTIONS

Full system of three equations - o .
e bed modelling a1€ pased on the

All existing practical applications of movabl

finite difference approach which leads 10 the replacement of Equations (7 A
(7.3) by a system of algebraic equations. In practice, this may be done in two
different ways: either by solving all three equations simultaneousty, of by
separating the solution of the system of Equations a.1),(2) (related to the
liquid flow phase) from that of Equation (7.3) (representing the sediment flow

Separation of liquid and solid phase equations (uncoupled solution)
In the uncoupled formulation, for a computational tirme step &7 =1 — to. first
the finite difference equivalents of Equations (7.1, (72} 3¢ solved along the




in_“l

elevations z(x) do not change during Ay,
The water depths A(x, t1) and velo
first used in the sediment transport fo

ily of characteristics in the (x, ) plane (see
Fig. 7.8) ang consequently requires one upstrearn boundary condition, while
initial values 2(x, ty) must be imposed along 0 s x < 7.,

/s -

i

X

Fig. 7.8, Characteris

tics of Equation (7.3). 1, upstream boundary; 2, down-
Stream boundary _

schemes: it is assumed that one dependent variflble
(here the bottom elevation z and consequently the depth /) can be, during oné
time step, computed independently from the other dependent va:iable.s- If this
is not the case, computational instabilities will appear whatever numerical .
method is chosen for the solution of Equation (7.3), even when the m.ethod o
solution of Equations (7.1),(7.2), is unconditionally stable from a strictly - i
Tumerical viewpoint. This was shown by Perdreau and Cunge (1971) who use

two different schemes to solve Equation (7.3). The first was explicit, the _
derivatives being approximatedas ' '

R ! /T " S 7.28)
5{&1 +_1.At.+l; ém Ax . 1 o - ( .

(see Fig, 7.9). This

explicit scheme is subject to the usual numerical stability
condition .
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where ¢ is the celesity of bottom perturbations, s Equation (7.22)-
t] Ax |
n+l . . B o
A
n Ll
j+t x

i

Fig. 7.9. Computational grid
The sgcond scheme was an implicit one,
of I H

or At : Ax

ensuring unconditional stab
Nevertheless, for both methods,
puted with the full system of equations

compared with A(x, ) itself, numerical jnstability appeare |

model. _
An analogous uncoupled

to a reach of the Mississippi
- case.

Three coupled equations

;relss!_nann’s four-point implicit scheme of Cha

I“Qlllatlons (7.1)-(7.3), replacing the derivatives

‘{ -f}” = Afj, substituting this defini
ropping second-order values (based

the following system of three linear

written in matrix form

(A} { Awpe, 3+ (B) { Awg} + {_C} =0

where (4]}, [B] are 3 X3 matric
vector of known coefficients, an

Ay; ]
Az’

{awsh = [

or G i |
ax

method was used by Ch
River; the condition

pter 3

ion into Equations
upon the hypothesis
algebraic equations in

for Preissmann’s implicit scheme '

- (7.30)

ility for the solu'tion of Equation (7.3)-

wherever increments AR
.00 3) ceased t0 be negligible

gt —p com-

din the uncoupled

en (1973) and was applied
Ah €h was satisfied in that

may be applied 0

by finite differences. Putting
('?.1}—(7.3), and

that Af €0, yields _
Ay, Au and Az Cd

s e e sl o T

(7.31)

{C}isa

es of coefficients known at time In, oy
d { Aw?} is the unknowi vector: Gy

(7.32)
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In Equation (7.31) the unknown variable Au; is usually replaced by AQ;, where
0 is the water discharge, since Qisa computationally more convenient
variable than the velocity u.

For a given reach of river represented by V computational points, there are
3(V—1) Equations (7.3 1) and 3N unknowns {ag, Ay;, Az; Li=1,2,. N
Two upstream and one downstream boundary condition close the system
which can then be solved by the double sweep method {see Chapter 3).

As long as the coefficient 8 of Preissmann’s scheme is greater than 0.5, the
method is numerically stable. It is also a dissipative method and thus introduces
numerical diffusion and phase error. Without going into the details of the
analysis, it may be shown that for usual situations, numerical error does not
destroy the solution even for large values of the time step.

A reach of a mountain river (River Drac near Grenoble, France) was
computed with the coupled equation method. The reach considered was . ~
modelled as a rectangular channel having the following characteristics: length =
10 km, width = 100 m, Strickler coefficient k. = 30, dgo = 35 mm.

The assumed initial conditions which represent the river in equilibrium were
the following: bottom longitudinal slope 8¢ = 0.004, depth & = 3 m, water dis-
charge @ = 1187 m3s™! | sediment discharge G = 0.719 m3s~2,

The Meyer—Peter bed load formula was used during the computation, and the
following boundary conditions were imposed: '

® at the pointf =} (downstream): free overflow weir definingay = Q)
relationship; SR : .

® at the point j= N (upstream): O = 1187 m®s™ = const. and the sediment
discharge varying linearly according to the hydrograph shown in Fig. 7.10,

G F 3
m3/z

B9

. Fig. 7..10. River Drac upstream sediment inflow hydrograph -

The river reach was represented by 101 computational points with a constant
Ax=100m, Two computations were made, both with 6 = 1: one putting )
At =16 h and another with At = 100 h. In Fig. 7.11 are shown the longitu_dmﬂl
profiles of the reach computed with both values of At after 1116 h, at which
time the perturbation arrived at the downstream limit. It may be seen that the
increase in time step did not significantly change the results. - '



Dapesitise depth m

Fig. 7.11. River Drac computed bed prdﬁles after =
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L L o
kilometres

1116 h. 1, At =16 h;

2,At=100h

Simplified system of two equations
There are two well described numerical m

equations (7.15), (7.16). Both a
developed by institutions using mathema
consultancy tools: the Delft Hydraulics La

SOGREAH method (Cunge and Perdreat, 973
The simplified system derived from Equations (7.1)-(7.3) by ne
oh AN
ot ot

The implicii; method described abbve was first ﬁséd to solve thé full system '

of equations (7.1)-(7.3) in 1971 (Cunge, 1972). It was further describedin .
det.ail by Chen and Simons (1975) who use
weighting coefficient. o

d a constant value of 8 = 1 for the

thods of solving the system of .

re finite difference methods and both were
tical models on an industrial scale as
boratory and SOGREAH.

glecting

ou may be written ' '




292 Practical Aspects of Computational River Hydraulics

2
_a_(% +$,)+8Q;2Ql___o

ax \ 24

(7.33)
Z 193G _
Ftrm =0

where: X = conveyance factor; Q= Au = const, 4 = wetted area. Application
of Preissmann’s four-point scheme as described in Chapter 3 and lifiearization
of the resulting expressions with tespect to increments in time of the dependent
variables leads to the following system of linear equations in

AZI, Ay;,;'= l, 2, .o .,N:

L) (o} + 18] Cawg,) + () =0 (134)

where [4,], [B;] are 2 x 2 matrices; {C} }is a two-component vector, anid
Aw; }is the unknown vector
Ay
{Aw;} = { / J
7 Az },

The coefficients of [4,], (8;] and {G}} are functions of values known at t:mere
In 8t pointsf and  + 1. If there are N computational points / in the model, the
are 2(¥ ~ 1) Equations (7.34). Two boundary conditions close the system, 3
which can then be solved by the double sweep method as described in Fhaptef :
(Note that the corresponding non-linear algebraic system of equations in Ay,
Az; can be solved by iterations if desired.) o me
It wis shown by Cunge and Perdreau (1973) that the finite difference “he
Is always stable within linear analysis limits when 0.5 <0 < 1.0, this result b?m 8
true for a frictionless system; Cunge and Perdreau also give estimates l:-'f relative
Rumerical damping and dispersion as compared to the analytical solut_mn of _
linear systems, ' ' o o th-
For most practical cases, when the typical wavelength of the bottom pertur
ation to be represented strotches over 3 great number of computational points,
numerical damping is negligible as compared to the physical damping even for
very high Cr (Courant number) values, The advantage of this feature t_if the
method, which is 5 consequence of the implicit scheme used, is that time steps |
can be chosen which are compatible with the time scale of the 1.1heno.mf=m_l the
simulated: hours during the flood and weeks during the low flow penﬂffs i
same run. The method also allows variable spacing of computational points: tpe
accuracy of the solution is not affected. The system of Equations (7-34) and]llts f
boundary conditions js Symmetric: it can be solved by the double sweep method
from downstream to upstream or vice versa. This feature is useful in cert_ﬂm i
circumstances, as will be shown further on. The solution fails, however, if cthC_
flow is encountered along the river reach. -

Delft Hydraulics Laboratory method (de Vries, 1973a) -
The system of equations to be salved is the fbl_Iowi;lg: o
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_&2 \ ou oz _ _ulul .
(u m*)&*ga'g Ch (7.35)
¥ 123G _

wtoam 0 - - (136)

The Delft method is based upon the hypothesis that, as in the case of explicit
schemes, the two dependent variables u(x, £) and z(x, ) can be computed in two
separate steps. In the first step z is considered to be constant during the time
interval At and u(x, f,, + Af) is computed from Equation (7.35). Since
z{x)=2(x, t,,) is assumed to be known, Equation (7.35) becomes an ordinary
differential equation which can be solved by any conventional method over the
time interval A¢. Vreugdenhil and de Vries (1967) used the following (see

Fig. 7.12) implicit scheme to solve Equation (7.3 5):

+1 _ pntl .
o~ ety & /3 2 - (137)
B I i 2Ax

Later De Vries (1973a) indicated that the Ralston standard method was used to
solve the non-linear algebraic equation which results from the substitution of

Equation (7.37) into Equation (7.35)-

Az Ax

ta+l

—
E ]

R i1 jo1

d for the Delft scheme

}is solved for 2(X, 4 ) uSing known
plicit finite diffezence approximation:

Fig. 7.12. Computational gri

In the second step; Equation (7 36
values of u(x, #,) and the following ex
oz 1 [pn- [ |—qya +a LR ] } | (7.38)
6 _ k=0l 430

28% '

(7.39)

atroducing a dissipative interface (Abbott, 1979),

Putting a>> 0 is equivalent t0 i
cally unstable scheme. Thus, when new values of

stabilizing an otherwise numeri
2(x, t,4.,) are computed:
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zfy, t2]} At
. - 'F+1 1
= (1 c)z}" +o > A

the equation which has to be solved is really a finite difference equivalent of the
following parabolic equation:

z;;-f—l

Ghi=GL)  (4)

2 3G _(Ax) , , a3 (741)
" oA @-e) 30
where u=c, % isa number similar to Courant number Cr if C, is the celerity

of bottom sand waves in a frictionless system. De Viries (1973a) defines this
celerity ag :

[a—y

146 |
b du (742)
1-Fr

Oy =

Equation (7.41) shows that by choosing nearly equal to u the dissipation can
be minimized (but must not be fully eliminated, for in this case the n.lf:‘tho_d..-
becomes unstable), According to De Vries (1 9732) the stability condition is:

B<a<] (743)

and one should choose (D.e' Vries, privafe communication, 1974)

a—p? 2 ¢(1072) LM

The Delft method differs from the SOGREAH method in severa] respects which
are of practical importance. The time step cannot be chosen arbitrarily, since it
is limited by the greatest value of O, je. by the celerity of sand waves and the
smallest space interval Ax in the system. It is not symmetric with respect to_the
% axis: Equation (7.35) (the backwater curve equation) must be solved starting
from the downstream limit {except for supercritical flow reaches) while
Equation (7.36), on the other hand, is solved from upstream to downstrem_l- :
© care must be taken that the finite difference schematization as shown in
Equations (7.38) and (7.39) does not introduce supplementary error if the
computational points are not spaced at equal intervals, Indeed, Equations (7.3 8)
- and (7.39) involve variables at three points/—1,fandj + I and if the distance
between the points is not the same, additional errors are introduced. A
. On the other hand the method presents an important advantage if Eq“at_ion
(7.35) is solved Properly for the backwater curve: it enables river reaches Wﬂ_h
critical sections to be simulated more easily, an important feature when dealing
with mountain streams or flushing operations of reservoirs. '
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7.7 MODELS OF ALLUVIAL CHANNEL RESISTANCE
Physical aspects

As was stressed at the beginning of this chapter, the resistance of the river bed
may be more complex than as described by the Manning-Strickler or Chezy
laws. Figure 7.13 shows the longitudinal profile of a 0.7 mile reach of the

183 182

MILE 1872 TO 1748
{al

Fig. 7.13. River bed form variations in the Mississippi River, mile 187.2to
179.8 (after Walters, private communication, 1973). (a) Study area; (b) sailing -
line profile, 10 April 1956; (c) detailed bed profile, 10 April 1956 (Donaldson-
ville gauge = 18.3 ft); (d) detailed bed profile, 10 July 1956 (Donaldsonville

gauge = 5.8 fty .

Mississippi'River ﬁt twb different times: 10 April and 10 July 1956. The pro-

" foundly different profiles shown demonstrate the problem faced by engineers

trying to model alluvial streams whose beds are composed of fine grain material

(ayd<lmm) = -
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The resistance which such river beds present to flow can be considered to be
composed of two parts, one finked to the classical grain roughness (well

is provoked by the wakes created behind the dunes as is shown schematically iﬂt
Fig. 7.14. The main difficulty arises from the fact that the dunes are washed ou

_‘T__%—“
——

discharge increases during floods, and appear
4gain during the lower water period. Thus there are two regimes which are
Ppossible within the same section: lower regime (with dunes) and upper regime
(flat bed). Clearly, the UPPper regime presents a smaller resistance than t!le lower
regime. This situation hag led some engineers to define a ‘variable Manning
coefficient’ computed according to the formula

n= ﬁi’ﬁi{i \ (745)
u _ .
where S = free surface slope; R = hydraulic radius (see also Section 4.5). "
The coefficient n in Equation (7.45)is a global roughness coefficient whi h,
in uniform flow, is equal to the Manning coefficient in the upper regime but in
the lower regime reflects both forms of resistance. Such a coefficient n varies
with the discharge. If it s computed for a wide river it 2bsorbs an additmnal_ "
phenomenon: lower regime may well be established across one part of the wid
while upper regime is observed across another part, as shown in Fig. 7-'15- During
rising flood conditions jn such a river, the values of the coefficient 7 will _
decrease gradually until the whole cross section conveys the flow in the upper
regime (and then 1 will be constant, equal to that of Manning’s definition .
relatedtohedmaterialsize) ' ST T e _
- - This phenomenon ig well known (corresponding references can be found in
the ASCE Manual (1975)) and is being considered more and more frequently .
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Fig. 7.15. Lateral variation of river bed regime. 1, Low velocity, low regime
(dunes); 2, high velocity, upper regime (flat bed)

f‘hh‘mBh it affects only those rivers which flow in very fine alluvia. Many rivers
in Asia, Africa and South America are of this kind and the need for
mathematical modelling of these streams has raised the question of how to
express the relationship for the energy line gradient stated symbolically by
Equation (7.6), N S _ .

(S und,..)=0

This problem is the subject of considerable research at present (1979).
Operational models based upon complex relationships rather than the Manning—
Strickler law were developed in 1975-1977 for the simplified system of
equations (7.15), (7.16), but could only represent rectangular cross sections.
One of them uses the full Einstein (1950) theory for the stage/discharge relation-
ship, another is founded upon the Engelund-Hansen (1967) formulations. The
reader who is interested may consult the relevant references (Cunge and Simons,
1975: Bouvard, Chollet and Cunge, 1977; Chollet and Cunge, 1979).

In these models it was assumed that the head loss relationships established in
uniform flow conditions by Engelund and Einstein were also valid in unsteady

flow conditions. It must be szid that the original formulations of both Einstein

and Engetund theories do not make clear the relationship between the encrgy

line gradient, the flow characteristics and bed parameters. Consequently, when
these missing retationships were finally defined (Chollet, 1977), it was found
that they were double valued in some ranges and could not be applied toa
model which represents the full range of discharges and depths along the same
river reach (as is the case when a river flowing into a reservoir is simulated). This
double-valued relationship caused no difficulties for engineers who use the
formulae developed by Einstein and Engelund for specific cases and for sampte
computations as used in classical expert consulting. But advances made in
mathematical modelling have necessitated a better understanding of the
theories which have been used for years, and this has led to more consistent
interpretations of both theories (Chollet and Cunge, 1978). .

* In the following paragraphs the discretization of the energy line gradient

(7.6)
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Equation (7.6) and of the solid transport formulae are described in more dstail.

Energy line gradient formulation

The same approach is used for both the Einstein and Engelund methods; m
Equation (7.6) one considers three dependent variables Y.zand S. EQEIMIO“
(7.6) should then be written in future time f,,,, =¢, + At which implies that
each dependent variable fis replaced, following the implicit scheme, by:

G ty4) ~ f o A Fhhte At (746)
' 2

while the variables d(y, z, S) which are functions of the dependent variables
should be written '

| ~L1fo[ey, oy g ]
2058 ~3 lg[dy it Ay s

dd ' d®
Ay, + -d_zfi! Az, + dsfﬂ AS;.HJ

(7.47)
J+1

Actually, ag may be seen from published details (Chollet and Cunge, 19_"'9)’ it
Was assumed that 9 = | and that _

f(x,,. fns1) = f; + Af; | _ : :(?,48)

As a result, for each computational point , Equation (7.6) is replaced by a

certain number of algebraic equations which then are added to the system -
(7.34). L '

Solid transport formulation _ _ S ;
The relationships expressed by Equation (7.4), G = G(u, ), Tepresent any one of
the many equations for evaluating solid transport, Einstein’s and Ensel'{nd_s
formulae were chosen in the examples shown here for model homogeneity in
spite of the fact that, for both fonnulations,'the expressions for solid tran_srmft
are practically independent of those for energy dissipation. As with all 501‘_“ .
transport formulations, thege methods were originally developed for beds mn ;
equilibrium. They cannot e used to represent significant and rapid evolution 0
bed profiles if prior experimental checks and, if necessary, adjustment of
coefficients, have not been mage. - o - R

Ebutefnifomulg---i B

Einstein (1950) deduced his formulation from a probabilistic interpretation of
the movement of solig grains transported on the river bed by the flow. The _
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]f]tlhjztnh::ld mcorpo::ated in our examples corresponds exactly to the one

separattt:f:a?y E:mstein, a!lowanoe being made for all correction parameters,

P .uatfon o.f solid Fransport on the river bed and in suspension, and for

Chollet g:lm(l;u size distributions. The corresponding formulae are given by

o and Cunge (1979). The calculations made using this method are lengthy
, in addition to evaluating the solid transport intensity for each grain size

range, it is also necessary to determine the derivatives of this intensity with

fe:ipect to S and h, and numerically evaluate the integrals involved in the
calculation of transport by suspension. :

Engelund and Hansen's formula

RE:E:ITM and Hansen (1967) established this formula from a dunal bed load

ex e e_xtended to make allowance for solids in suspension and a flat bed. The

htl;or;s:‘lon for. the total solid discharge, G isSimple, leading to a direct calcu-

S and or the incremental solid transport intensity with respect to the gradient
and the depth k. The detailed discretized formulae are given by Chollet and

Cunge (1979).

‘Examples of application {Chollet and Cunge, 1980)

In the examples discussed here, unlesé stated to the ¢
m‘i';‘hﬂd was used in preference to Einstein’s to repres
solid transport in order to reduce calculation times.

ontrary, the Engelund
ent energy dissipation and

Example of a development study

The implementation of a given river deve

Changes in river bed and bottom profiles.
considerable distances and their evolution may continue for long periods of

time. The mathematical model isa powerful means of forecasting changes in bed
configuration; it can also contribute to the definition of measures to be taken to
solve certain éngineering problems created by the planned development WorKs.
 In this example, we shall evaluate the changes in the longitudinal profile of a
river following the construction of a dam. Our example concems an imaginary
river for which the cost of data preparation is not excessive; we have nevertheless
made every effort to approximate an actual prototype river as closely as
possible, namely, the Setit River, tributary of the Atbara river in the Sudan. The

characteristics of the model are as foliows:

lopment scheme inevitably leads to
These perturbations may extend over

o constant width: b= 150'm; o

& constant longitudinal gradient: So =0.00053;

e uniform grain size: d = 0.20 mm; ' | :

® liquid and solid discharge hydrographs were deduced from the natural hydro-
graphs of the Setit River; however the duration of floods has been increased in
ordér to reduce the calculation times required for a significant modification of

bed configuration.
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The model consists of 41 computational points at 2000-m intervals. The time-

dependent water and sediment discharge variation laws are presented in dis-
cretized form in Fig. 7.186.,

' - Sediment
Water discharge fmen
transport
< 0 " Ga
- Ti‘?. ] Q {t) natural
S
= .,3 ] G (t} model
1000--‘;-——___L__\__ |
1= ’_1 \ Gs (1) natural
/ \ 1 G4 (t) model -
1 64—
: P
500+ 54——|
- el K
13 \ i
2, / _
' j::—: 1 -
OJ 0 —— j ! da
0 6 120 180 240 300 50 (1) dop
L P o S e S B S
lllme iUly oug. sept. oct. nov. dec. jan. febr. mer. apr. may

Fig. 7.16. Water and sediment discharges at the upstream model limit

Simulation of natural conditions _ S

The aim of this first calculation is to determine whether the solid discharge
relationships used are appropriate for the river under study. For the downstream
boundary condition, the bed level z is assumed to retnain constant,

After simulation of a two-year period, 3 slight tilting of the bed about the
downstream end may be observed: in Fig. 7.17, the deposition at calculation
point 11 (20 km downstream of the upstream boundary) has reached 50 ont.
The river being near its equilibrium conditions, the representation of solid
transport would seem to be fairly good and could be adjusted for practical .
applications by modifying coefficients and by repeating the calculations untila
stable bed configuration is achieved over a period of several years.

Flow simulation with a dam maintaining a constant free-surfuce level at the
downstream end o o
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Solid transport ail
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Fig, 7.17. Simulation of _n'at\'.lral'conditions

60 TO golkm
xxxxxxxxxxxx

Successive longitudinal bed profiles are illustrated in Fig. 7.18; the

progressive filling of the reservoir by sand can be seen
of a very distinct solid deposit front.

Protection of the live capacity by means of a
The advantage of a mathematical model is not only in
sedimentation in the reservoir, but
capacity. A dam constructed upstream can be used to
transported; at the upstream boundary, the solid di
i.e. the sedimentation reservoir is assume

by the river without changing the liquid discharge dist
downstream boundary condition
¥ =20 m. The river ped profiles il
the upstream dam is very
reservoir, since eroded mater
be deposited in the downstream reservoir. :

Protection of live capacity by low-level ﬂushing
This technique consists in su
considerably increasing the

in the gradual movement

sedimentation reservoir

forecasting the rate of

also in defining ways of maintaining the live

collect the sediment

scharge then becomes Zero,
d to collect all the materials transported

ribution with time. The

remains the same as for the previous case:.
tustrated in Fig. 7.19 show that the utility of
limited if it is built too far upstream of the main

ial from just below the sedimentation reservoir can

ddenly lowering the downstream reservoir level, thus
flow velocity at the start of the flood season, for

example as shown in Fig. 7.20. This method of protecting the reservoir from

siltation appears

to be more promising than the method described above; the

mathematical model can be put to good use to assess the efficiency and
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Elevation

Nil sediment transport
flat bed

Dunes
Upper regime

20

XXXXXXXXXXXXXXXXXXX XXX X » & 0 000000000000000 — 0
xxxxxxxxxxxxxxxxxxxxxxxxxxtxxuuuuoooo—?5

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxh00-150
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx'xxoo733

Einstein's method ang Engelund’s method SRS S
Another reservoir simulation caleulation was made while representing energy
dissipation and solid transport by Einstein’s method. The boundary conditions
remain unchanged: ‘natural’ solid discharge upstream, constant free-surface level

downstream (y =20 my). The situation obtained after 150 days is shownin |
Fig. 721. = o S
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© Nil sediment tronsport
flat bed '

¢ Dunes
Upper regime
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Fig. 7.19. Bed evolution in time wi

~ The longitudinal bed p
Einstein's meth
same progression of the so
level rises (Fig. 7.21b) is much faster

Simulation of a .'arge alluvial river
The mathematical model used in these exam
rs in which the bed configuration changes with variation in

large alluvial rive
The example dealt with here is based on the Padma river in

liquid discharge-
Bangla Desh, forme
The model characteristics are as follows: cons

longitudinal bed gradient So=0

OXRAAXNKX XXRXXXX XXX
OXXXXXXXXXXXXX
DeessXXXXXXXXXXXXXXXXXXXXXX

od, the math

KXXXXXXXXXX® 000000800000 65 | L

xxxxxxxxuxuxxxxxxnuoooo435
xxxxxo-oooooo0733
bed regime ofter days

th an upstream sedimentation reservoir

rofiles shown in Fig. 7.21a iflustrate that, using
ematical model operates satisfactorily and gives the
lid front. On the other hand, the rate at which the bed
than in Engelund’s representation.

ples can also simulate the flow of

d by the confluence of the Brahmaputra and Ganges rivers.
tant width b= 1110 m,
000015, uniform grain size d = 0.245 mm,
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The model consists of 41 points at 5000-m intervals, simulating a 200-km
stretch of river. At the upstream end, the bed elevation is assumed constfmt,
and at the downstream end, 2 “sea’ type boundary condition is imposed in the
simplified form of g constant value for the free-surface level y.

The simulation of two years of identical hydrological regimes with upstream
conditions shown in Fig. 7.22a, as deduced from observations, produced a
slight tilting of the bed about the upstream end; Fig. 7.22b shows that the mem
bed gradient over the first 100 km increased from 0.000015 to 0.000022. Dur-
ing the course of the year, the bed configuration varies, the simulati;m. clearly
showing the change from dunes at low regime to flat bed at higher regimes when
the discharge increases. ) '

On the basis of measurements taken on the stretch of the Padma river
between Goalundo and Bhagyakul, Stevens and Simons (1973) constructed the

Q Gs : (a) g
m%/s o Y+
! | | J
ﬁ {"& m
on
-
1200y 20
>
1000 5. .
BOO_ 3
_. [,
600]
400
200
ol _ -
| B ——— -
- 0 60 120 180 240 300 days
Fig. 7.20 . L .
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(b}
o Nil sediment transport

Elevation ' flot bed
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Upper regime

Free surface after 365
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Fig. 7.20. Reservoir flushing operation- (23D
and sediment hydrographs.
operation

relationship betweéh fhe overall Mannin
section, and the liquid discharge a:

where: A = wetted cross section,

culated in the same manner from the re
zone situated 50 km downstream of the upstream end.
similarity between the calculated resu
all the cross section is in the upper regime. For very

. 1/—.-
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R = hydraulic
d in Fig. 7.23 toge
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This relationship has been plotte
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(7.49)

rédius, S = free surface gradient.
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cOrrEpaIison obviously dees not have any meaning since the rectangular cross
section of the model no longer corresponds t0 the natural cross section of the

actual river.

7.8 CRITERIA INVOLVED IN CHOOSING A MODELLING METHOD

There is no way of giving a clear-cut answer to the simple question: which
modelling technique should I use? As in all mathematical modelling, the answer
should be the result of trade-off, since there s no ideal technique which can
satisfy all possible needs. It is impossible to try to class the different methods
according to their usefulness or advantages; after eliminating those which are
obviously incorrect or impractical, all that remains is to consider their flexibility.
ease of application, computer-time economy, and the engineering experience

and mathematical knowledge of their creators- _
We can nonetheless try to list the factors W ich should determine the

criteria choice for movable bed models. While this choice depends on the
specific situation and its trade-offs, two classes of factors may be considered:
rical methods.

those linked to the physical phenomena and those related to nume
Whatever the factor discussed below, its importance must be measured in terms
of the basic consideration: what is the purpose of the model? This point must
be kept constantly in mind and complemented by a second consideration: later
on, is it possible that I may want t0 80 beyond the primary purpose? if 50, does
my present choice exclude that possibility? What is the price of keeping my

options open?

Q ., 0Gs
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Fig. 722 see page 308
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Elevation
free surfoce after 0 days

(b)

bed regime after days - ¢

Fig 7.22. Pagmg river model, (a) Upstream sediment and water hydrographs.
(b) Bed and water surface profile evolution

Factors linked ¢ the physical Phenomena simylated

variations of megn sea leve] are to pe Teproduced, the simplified equations
(7.15), (7.16) canbe used, = . : I '

-~ (i) Type of river to be simulated: s it ag alluvial stream transporting fine
sediments and wjg, varying resistance according to changing bed forms, or can -
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Fig. 7.23. Variation of resistance coefficient with discharge in the Padma river

sented by a Manning-type 1aw? As for point {
xample, Chen and Simons (1975)

the energy line gradient be repre
a}mve, the answers are far from obvious. Fore
simulated a Mississippi reach using the Manning formulation, and yet bed forms
play an important role in that river (Fig. 7.13)- But since the existence of dunes
had little influence on the global phenomena simulated, it was not necessary to

use alluvial stream resistance theories.
(iii) Topology of the fiver system undet consideration. All modelling
techniques can be applied to single reaches, but when a network of tributaries
dels have inherent

is to be represented, the situation is not the same. Some MO
difficulties in simulating such situations; for example, models based on the
system of full Equations (7.1, (7.2),(1.3) require two upstream boundary

conditions and one downstream condition. In the case of bifurcated flow, shown
in Fig. 7.24, the problem of partition of the sediment discharge at the

bifurcation arises, and this difficulty may be serious enough to prevent
the technique. _ . :

t use of

which cannot treat branched river networks, and

others which cannot accept internal boundary conditions which allow the
ngularities of man-made structures. It

simulation of natural morphological si

should be stressed that a looped network of rivers (Fig- 7.24) poses special -
computational problems-as in the case of flood propagation modelling, se€
Chapters 3 and 4. T S -

There are some programs

Factors IIinkeﬂ:to numencal methods L

(i) Convergence of the method to the true solution
equations. This must be ensured and the use of any
which do not COnVvErge ‘to the analytical solution fo

of the differential
method which gives results
r the linearized case when




Fig. 7.24. Looped channel network in a deltaic area. 1, Upstream boundary
points; 2, ocean _

(A8, Ax) > 0is to be avoided. But even when the convergence is certain, several
additional factors should be investigated. R be

The influence of.the ‘Courant-like’ number linking Ax and At steps must Ax
known and the error characteristics analysed. If the spacing between points, A¥,
is not constant, the finite difference scheme should not be sensitive t-o-zts_ e an-
variations. Schematization of singular points (morphologicai singularities or m
made structures) and boundary conditions should be of the same order of
2pproximation as the scheme used to solve the basic equations.
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one very small space step Ax, this particulat Ax wﬂl define t%:: ti;:: ;;ey[;i 3:1 for
the whole model if an explicit method is used event if otherwise,

reasons, the time step could have been several times

greater.
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8.1 INTRODUCTION

steady flow modelling in open channels, one essential factor links the two
disciplines: transport of dissolved of Suspended substances, By transp?r t we refer
to the hydrodynamic Process of dispersion, that js to say, the interaction
between differentiaj convection and turbulent diffusion which are both
dependent upon the flow velocity field. We fing it necessary to treat the
dispersion Process in the present book for two reasons:

Consequently we shall dea i this chapter with mathernatical modelling of
transport of neutrally buoyant conservative substances by the river ﬂow: We
shall be interested i the time dependent evolution of concentration in river flow
which is known —. either computeq by a flood Prepagation model, or measured.
Since the time scale of the mixing phenomena which interest us here is generally

occur, the steady-flow approach, which simplifies the transport equa_tions, is
usually justified. If in some cases unsteady river flow must be taken into

next step, as described by Jobson and Keefer (1979). .
312 S : L
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8.2 THE DISPERSION PROCESS

We: begin with a review of the dispersion process considered from a physical
point of view. Then later on we will be able to better appreciate the
consequences of numerical simplification of physical reality. The phenomenon
of molecular diffusion in fluids is well described in all physics textbooks. The
‘marked’ molecules of one fluid will diffuse in the other ‘neutral’ fluid according
to the law established by Fick: their flux is proportional to their concentration
gradient. Mathematically the law is formalized, in three dimensions, by Equation

(8.1) for molecular diffusion in a fluid at rest:
aC_ 3 ( aC 3 ac\, & aC
3 o €m -a;) + 5; (é'm 5}')"' 'a'; (Em a‘;‘) (8°l)

where C'is the concentration of the ‘tracer’, €y, is a coefficient of molecular
diffusion, expressed in m? s* . This molecular diffusion is very weak, ¢, being
of the order of the dynamic viscosity coefficient, ie. 1076 m*s~'. A point
source of dye in still water takes about 24 h to attain a diameter of 1 m. But
when water is flowing in turbulent conditions, i.e. such that the Reynolds
mumber is higher than about 2000, another phenomenon appears: turbulent
diffusion. .

If one observes a particular point P (see Fig. 8.1

SIS SIS LS L LS LLLLLLLLLL

) somewhere in the cross

AT 77777777777

n velocity

Fig. 8.1. Individual particle diffusion in turbulent flow. 1, Mea
distribution; 2, individual particle paths

in which the flow is steady but turbulent, and if he measures
oint by some averaging process (such -
ter), he will conclude that the current

section of a river
the current direction and velocity at the p

as counting the revolutions of a current me
velocity and direction do not vary with time. But if he were able to obtaina

series of instuntaneous observations of velocity at point P {(using 3 laser or hot.
wire anemometer, for example), he would note that the velocity varies in a more
or less random manner in magnitude and direction (compared to the long-term
average value) from one moment 0 the next. If he were to release a number of
small particles of some neutrally buoyant substance at P, he would note that at
some distance downstream the particles were quite dispersed one from another.
This is the process of turbulent diffusion, whereby individual fluid particles are
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subject to random fluctuations of velocity, and their paths wander around the
flow field as shown in Fig. 8.1,

If we release a small quantity of pollutant at the point P, rather than a _
number of particles, we wiil observe that it has grown into an ever-expanding
cloud as it moves downstream; this is simply equivalent to the behaviour of an
extremely large number of particles released instantaneously at P. The mathe-
matical description of this dispersion process is based on a semi-empirical theory
which begins with a partial differential equation for the conservation of tracer
in a differential volume element (see, for example, Sayre, 1968),

ac aC aC aC

E}-‘f‘ua-'l'vgj’-‘f'waz

0 ac 8 aC 3 ac 8.2)
CalaE) ) i)
in which &, v and w are the instantaneous velocity components in the x, y andz
directions. .

It is possibie to consider a turbylent ‘steady’ flow as resulting from the super-
position of turbulent fluctuations on a steady time averaged flow. Thus we'coﬂ'
sider that at a given point the velocity field is composed of two parts: the time
averaged velocity (@, 7, W) and the instantaneous velocities ', v', w’ (the latter
having zero time averages) u =T +u'y=v 4y w=p+w

The motion of 2 ‘marked’, neutrally buoyant particle can then be considered
as subject to three influences: molecular diffusion, time-averaged velocity, and
turbulent velocity fluctuations. The displacement of such a particle is the _
resultant of the three processes. As we shall see further on, molecular diffusion
can usually be safely neglected in the modelling of transport in rivers, and the
time averaged velocity field is usually known or can be estimated. The main
difficulty is relating transport due to turbulent velocity fluctuations to the mez-
surable properties of the mean flow. ' ' o

In order to reiate the turbulent transport to the mean flow field, we apply
Reynolds averaging in expressing the concentration at a point as the sum of a )
time averaged value and 3 fluctuating component, C=C + C'. We substitute this
definition and the comparable ones foru, » and w into Equation (8.2), and
average the resulting expression over a time period which is long compared t°.
the turbulent fluctuations but short compared to the time scale of the dispersion
event being modelled. Using the subscript 7 to denote the x, y or Z axis and
following the usual tensor summation conventions, we obtain

€ T a 8¢ _~—\ (83)
'a‘_+_u;'a-"f—$i(emlaf _"’.C') L

The terms u;C" fepresent tuzbulent transport due to fluctuating local velocities.
As in the case of a comparable averaging pracedure applied to_the 513;1!‘_?"“" &,91: .
equation, which produces energy dissipation terms related to H'_V'._'l_t w and yw,
it has not yet been possible to link these so-called correlation terms to the mean
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flow ﬁ?ld properties in a formal manner. The semi-empirical approach consists in
supposing that turbulent transport can be described in a manner analogous to
molecular diffusion,

Yy ~ 3C
4G = 1= & 5 8.4
where E', is a coefficient of turbulent diffusion. These turbulent diffusion
coefficients may be evaluated if tetms such 23 u; Cj can be evaluated semi-
empirically. This evaluation is based on the basic concepts of Prandtl:

(i) The turbulent fluctuations are related to a characteristic velocity known
a8 the *friction’ velocity U, " '

Us = (i?.)*
P -
where r = tangential stress on the wall, p = fluid density.

(i) A ‘mixing length’ I plays the same role as the mean free path in molecular
fv‘i:udiffusion theory, and is proportional to the distance of the particle from the
», T o . _

I=ny :
where k = von Karman’s constant and y is the distance from the wall.

The application of these TWo fluid mechanics principles to the development of a

semi-empirical diffusion theory uses the so-called Reynolds analogy between

transport of momentum and mass. The essential result is that the turbulent

diffusivity in open channel fiow can be directly related to the bed shear velocity

ux (Fischer, 1966). . . | -
Turbulent diffusivities are much greater than molecular ones, which thus may

be safely neglected in turbulent flow. Indeed, the weakest values of turbulent
diffusivities are of the order of a few cm? s~1, while molecular diffusivities are
of the order of 107 em? 1. The distribution of the turbulent diffusivities in

the flow field is not uniform, but depends upon the orientation of fluctuating
velocities and the distance from the walls. In general the turbulent diffusion
coefficients in Equation (8.4) are not the same in all directions and, moreover
they vary as 2 function of the independent space variablesx, », Z.

Dropping the overbars in Equation (8.3), we can now write the transport (or

flux) equation for a nentrally buoyant substance in a three-dimensional velocity

field _ _ .
,5?.*"axf"ay_'*;“f'az - | 1
| ?E) .a_(- B.E) 3 (g (8.5) -
Aty il' |
AR
Pl
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The substance will be convected by time averaged velocities, u, v, w and diffused
by turbulent diffusivities %, €, €. We refer to the overall process as dw

long before uniformity in the horizonta} direction is attained. ) s
Therefore it i5 considered reasonable to average Equation (8.5) vertically o

be represented without taking into account the vertical velocity fomponentt'ize d
is remark is an important one a5 jt reminds us that we work with scl}ema: p
situations which are modelled conceptually, and that we have to keep in min

. 23 g
2 (ke ), 2/, sy ) 35
'"_ax("exax)"az(kfzé?;) S | -

- in which &, w and C are understood to pe depth averaged values, and e, and _ez

are empirical mixing coefficients which should not be confused with the
turbulent diffusivigieg € of Equation ®@s). ..

the velocity varies 361088 it, its shape will become distorted and its d'ilnensions;l .
will increase faster than before. Thus the apparent diffusion {(which includes t

effects of both diffusion and differentis) convection) will be much stronger than



Transport of Pollutants 317

turbulent diffusion and depend upon the dimension of the cloud itself. Figure

3;! illustrates the above concepts for the case of an initial vertical dye
tribution in a parabolic flow profile. When depth-averaged coefficients such as

€ ?‘“d ¢, are used in dispersion modelling, they take into account this inter-
action between differential convection and turbulent diffusion.

{a)

7777777
. cer distribution; 2, velocity

Fig. 8.2. The components of dispersion. 1, Initial tra
fferential convection without

pfoﬁle; 3, tracer distribution at 2 1ater time. (a) Di
diffusion. (b) Diffusion without differential convection. (c) Combined
differential convection and diffusion = dispersion

4 theoretical bases for estimatin
r is advised to refer

this chapter are that, foru

g €, and €, were
to his work for details;
piform flowina

The experimental an
provided by Elder (1959). The reade
the essential results for our needs in
wide open channel, -

€, =0.23 usk

€, =593 uht

Here € is much larger than €, because it incorporates differential convection

e

b T .
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due to the logarithmic vertical velocity profile in established flow (as in Fig. 8.2).

Equations (8.5) and (8.6) describe the time-dependent dispersion of a
neutrally-buoyant, conservative tracer substance in a natural channel subject to
steady but non-uniform flow. Analytical solutions to these equations exist for
some particular simplified flows and tracer injection configurations (see Holly,
1975; Cleary and Adrian, 1973; Shen, 1978), but for most practical situaﬁonf
only numerical solution methods can be used to construct a useful mathematical
mode] of dispersion in a waterway.

Attempts to model the dispersion process in natural rivers have been concen-
trated in two areas: : '

® one-dimensional simulation of the dispersion downstream from an
instantaneous plane source injection;

® two-dimensional simulation of the dispersion downstream from an arbitrary
source.

8.3 ONE-DIMENSIONAL DISPERSION MODELLING -

The theoretical basis for the one-dimensionat modelling concept was elaborated
by Taylor (1954), who showed that in the case of fully developed pipe flow, the
longitudinal dispersion of a tracer which is fully mixed over the cross section
should behave as a Fickijan diffusion process, at least at large distances frOl-ﬂ ﬂ}e
point at which the tracer is injected instantaneously, The dispersion equation is
assumed to be of the form ' .

ox

where C, and U are the cross-sectional average concentrations and velocities
respectively, 4 is the flow area and K, is the longitudinal mixing coefficient.
This coefficient K, is not to be confused with the mixing coefficient ¢, Of_
Equation (8.6), since it accounts for differential convection within the entire
€ross section and is generally much larger than e, . o

I U, 4 and X, are known and assumed constant, the analytical solution to- "
(8.7) is a Gaussian distribution, . . . - s

| )= SV re-wmypr. (8.8)
GOt ‘_"’FP[ Ryt ] R o

3 a . . _ 0 ac’a 8.7)
a7 AC)+ g ucy = 2 (AK,, ) - (

in which C, and Fﬁ, are the -conbehtfaﬁon and volume of the tracer fnjected l e
instantaneously over the entire cross section. However this solution is ggneral y
of little practical use for engineering purposes, for three reasons:

(1) U, K, and A4 are never constant over any appreciable reach of a natural
(2) as shown by Nordin and Sabol (1974), experimental data taken in natoral
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rivers do not support the assumption that the one-dimensional mixing process
can be considered to be Fickian, and thus Equation (8.8) is a poor model of the
phenomenon;

(3) the one-dimensional process implied by Equation (8.7) cannot be assumed
lll;téi;;he tracer has progressed a distance from the source greater than (Fischer,

where I = characteristic mixing length (e.g. the channel haif width), R =
hydraulic radius, U = shear velocity. This distance is often well beyond the
range of interest in water quality. studies. In the lower Mississippi River, for
example, L = 240 km (McQuivey and Keefer, 1976).

These inadequacies of the analytical solution have led engineers to solve
Equation (8.7) numerically in order to obtain dispersion predictions. If such 2
procedure is adopted it must not be forgotten that the model is, in principle, still
limited to distances greater than L from the source. The river is divided into a
series of elementary reaches and an appropriate finite difference method is used
to solve Equation (8.7) and obtain the value of C, at each computational cross

section and for each time step. If the value of K, is known, and if the finite

difference method adopted introduces very little numerical error (see below), one
s-sectional average

can expect to be able to obtain useful predictions of cros
concentration at relatively large distances from the source.

8.4 EVALUATION OF THE LONC!TUDINAL MIXING COEFFICIENT

The coefficient K. x is assumed to incorporate the effects of differential con-
vection within the cross section. Fischer (1966) developed a method of

estimating K if the shape of the cross section and the distribution of velocity

and turbulent mixing coefficients within it are known. Fischer’s formula for K is

SRR I LA (7 (P e yaraze (89
e=-4 e [ e |, J, e s
in which #”(z) is the local deviation of longitudinal velocity from the cross-

sectional average, and h(z) is the local depth. That Ky represents differential

convection is seent by observing that if the velocity in the section is everywhere

the same, then #"(z)=0 for all z, and K = 0. Likewise if e, =0, that is to say if
nes of different velocity, Ky = =°.

The integration of Equation (8.9) can be carried out numerically if one knows

for each cross section the complete velocity distribution, and the resulting

values of K, for each section can be introduced into the numerical solution of

Equation (8.7). The problem is that one generally has at his disposal only the

one-dimensional average value of flow velocity at a given section from which he

must estimate the distribution of u”(z).

w
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In some studies the value
slug of tracer, such as Rhod

sections, the value of K, can be determined (Fischer, 1966). But if the reach

nough downstream from the injection point to be bt’-yond the
initial mixing distance L, then the apparent K, which has been determined may
have no valye whatsoever in a one

-dimensional model of the reach. If K, ison
the other hand valid in this respec

t, then one must not forget that it is valid only
for the discharge at the time of the i

K, depends on the velocity distributi i ,

distribution depends, sometimes quite strongly, on the discharge. X, is reag.‘f a
global, catch-all coefficient which is extremely variable and too far remove

from elementary physical processes to be used in situations for which it is not
calibrated,

Some authors have proposed empirical formulae for K, which are thought to
reflect the istence of 3 global transverse distribution of velocity as related to a

few flow barameters such as shear velocity, hydraulic radius, width-tO-dePfh
ratio, etc. Examples of such procedures can be found in Fischer (1973), Liu
(1977), Jain (1976). _

8.5 NUMERICAL SOLUTION oF THE ONE-DIMENSIONAL CONVECTION
EQUATION :

the one-dimensional dispersion equation mu.st be
eal of care. Mechanically speaking, it is not difficult

- TWe auﬁﬁeA = mnstalit'only to describe the met.hod. Note that for steady flow, the
convection portion of Equation (8.7) can be wiitten L '
aACa N - .
Tar toax Wugy
which represents th

of channel, The py
- wellas Cy.

¢ convection of the product:AC,, or the mass of tracer per unit llmgﬂ.l '
merical schemes we describe in this section can be written for AC, as
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o, , %, |

UG " | 10
It is well known that some finite difference approximations to (8.10) actually
represent a different equation,

8C, aC, 92C,
U =K o (8.11)
where K, is an artificial diffusion coefficient introduced by the approximate
nature of the finite difference scheme. As long as Ky, 1s much smaller than
K., this artificial diffusion does not compromise the simulation results. But if
K, is of the same order of magnitude s K., or greater than K, the simulation
results may well appear plausible but be unrelated to the naturai phenomena
being modelied, Thus an essential quality criterion of a numerical scheme for the
calculation of convection is the value of K.
As an example, we consider the scheme described by Dobbins and Bella

(1968) which was analysed in some detail by Chevereau and Preissmann (1971).

Figure 8.3 represents the space~time grid on which a finite difference scheme

for the solution of Equation (8.10) is applied.
If we consider the point (f + 1,7 + 1), we can pose the convection problem as

follows: the particie of water which arrives at point i+ 1 at the future timen + 1

departed from the point § at time 1 and foilowed the trajectory shown 2s a

dashed line. Therefore since in pure convection the concentration of marked

fluid particles does not change, we can write

Ca(i t l’ nt 1) = Ca(sr ﬂ) (8.12)

and the problem becomes one of following the trajectory back to time 7, then
evaluating the concentration at that point (recalling that at the previous time
step n, the concentrations are known at all points { = 1,i, i +1,etc) In the
special case in which & coincides with #, that is to say :

UAt = Ax (8.13)

this procedure yields
(8.14)

Ci+l,n+t1) = C,(i, n)
which represents a simple transposition of the concentration at point @ n)to
G(+1,n+1) (Fig. 83a). Butin general applications U/ is not the same at all grid
points, and Ax and A7 may also vary, such that Uz # Ax asa rule, as shown in
Fig. 8.3b. The most direct Way to estimate C,( n)in this case isto interpolate
linearly between Cy(i 1, n) and C,(i, n), which is the basis of the Dobbins and
Bella scheme. It is precisely this interpolation process which yields numerical
diffusion, as we now jllustrate. '

Application of the linear interpolation principle to the case shown in Fig.

8.3b, in which we assume U = constant, yields

N

e A e - _

e ey A A b e Ao
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Ca(l- +1,n+ 1)= ca(s, n) = (Ax — ) Ca(l-: Z)x'f'(! ca(i" 1,n) @8.15)

n+!

At <

" Y —
i i+l

(a)

[Ty pa—

-~

i-?_ : :-qé—-}-—_a:—ﬁ

H i+] .

b}

Fig. 8.3. Convection scheme of Dobbins and Bella (1968). (@) Ax =udr; -

L (b)Aa__:aEuAr

Ifwe expand Cy(1+1,5 + 1, €., n)and C,¢ - 1,n) in a T‘;_lylor series around
the pointi+ 1z, dropping terms which are higher than second order, we obtail

B’C'a. Ata ':. .

—

A S '-:BC o
_ + ; a
- G _Ij’n _+,:.1_) as C“('H-'".)jf 5?-_ At + ol
| ._-. Sl ; - . . P aca = . azca sz ._ . .
W aiin - Do Taag
— -':___;_:- : . ac azca oL
Gl-1,n)~ Ca(::-!- Lm) - =2 2ax * o 2ax
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We substitute these expressions into Equation (8.1;), which afteg simplification
3C

using the identity Ax +a = UAf and the relation —2 = ——2 becomes
art ol

BC'a aCa . a(Ax - a’ C
L L~ I
Thus for this scheme

K = a(Ax —a) : |

: L | (8.17)
In terms of the Courant numbert:
_ UAt
o= | | - 6B

we can express K, 8s

K, = %‘—’5‘-: (1-0)(Cr-2) (8.19)

which shows that K, = 0 for r=10r &r=2, but it reaches a maximum of

Axl
AL forCr=15.

The same analysis for the case
cuts the x-axis between pointsé +1 and i, yields

of Cr % 1, that is to say for a trajectory which

_ CrAx?

K, = 5 1) (8.20)
- _ — Ax . =

=0 forGr—Oand Cr= l,andK,, =mf01 G-O.S.
onsidering a numetical example.
a river having a mean velocity

which again gives K
The severity of this problem can be seen by ©
One-dimensional dispersion is t0 be modelled in
of 1 ms-! and a depth of 5 m. It is necessaty to use Ax =1 kmso as to
minimize the cost of the simulation. The worst case is for Cr = 0.5, as we have

seen, which implies Ar= 500, from Equation (8.18) and

_axt_ (10000 50t 57t
 Kpmax = 527 8600 20 °

By comparison, S0Me abservﬁtions of Fischer (1973) suggest that
Ky o250
- RUs ' _ _ _ (8.21)
{The Courant number was originally derived from tl;le Courant-F:iedriéhs—l.zw stability
tions and equal to Arg)T/Ax. We refer here to the Courant

condition for hyperbolic equa
pumber as an analogous parameter for the first-order convection equation.

E———————]
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S - 'f If we take R =~k and U, ~ -2%' =0.05m s™ | we obtain
E Ky = (250) (5)(0.05) = 62.5 m? ¢~
; - Thus we see that K, can easily become larger than K., 50 that the solution is
S 1 : } dominated by numerical, rather than physical, diffusion. )
RS Another more graphic illustration of the potential severity of numerical
P ; i diffusion is shown in Fig. 8.4, which presents the results of the application of
- ) . g ‘ 204
o
R = 0
e LR £
N £ [
S §
2 g
I ‘ 1
ey
=0
10
A
5 1
4
3
/] .

g 15:7’/'2’0""2’5 BE) 3 0 =

Fig. 8.4. Numerical diffusion in he Dobbins and Bella (1968) scheme, 0, initial
cencentration distribytion 31,2,3,4, 5, see Table 8.1
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Equfation (8.15) to convection in the following idealized channel; rectangular
sectgon_,12 m wide and 1 m deep, slope 0.1%, Strickler coefficient 25, discharge
1m? 5, velocity 0.5 m s~ . The channel’s 10 km length was divided into 50
computational reaches of Ax =200 m each.

The upstream concentration distribution shown as curve 0 on the left was
transported downstream for approximately 3 hours using the conditions given
in Table 8.1. Only case 1, in which the Courant number is an integer value,

Table 8.1
-
Curve At Cr K, Calculation interval
(s) (m*s™") ©)

1 400 10 0.0 11 400

2 360 09 50 . 11520

3 200 0.5 25.0 11 400

4 600 1.5 833 11 400

5 3800 9.5 132 - 11 400

e ——

reproduces pure convection with no artificial diffusion. The other curves
demonstrate the strong diffusion introduced by the numerical scheme, 2
diffusion which can be taken to be physical if the user is not well aware of
the numerical problem and chooses At and Ax accordingly.

Land (1978) suggests that K be set equal to zero if Ky > K. But if such
drastic action must be taken, there is no point in performing 2 numerical
simulation of the dispersion process, since the essential physical process is
suppressed. A more reasonable solution is suggested by Chevereal and

Preissmann (1971), who recommend the following measures:

ossible within the time and cost limits of the study;

(1) use Ax as small as P
ssible without losing resolution in the description of

(2) use A as large aspo
the dispersion process;

(3) choose At and Ax such that A% = g’?f where 7 is 3 positive integer.

There exist other numerical schemes for the solution of Equation (8.10), all of
which are more or less plagued by the numerical diffusion problem. Examples ase
the methods described by Land (1978); Bowles, Fread and Grenny (1977),and
Martin {1975)- A method which introduces no artificial diffusion is the two-step
half-implicit, half-explicit scheme described by Leendertse (1970) and applied

to river transport problems by Holly and Cunge (1975). Unfortunately the

method’s attractive zero-diffusion property is somewhat tainted by its numerical

dispersion. By this we refer to that fact that individual Fourier components which

ncentration distribution propagate at different speeds (see

comprise any <0
Fig. 8.5 we show the results of the Leendertse scheme applied to

Section 3.2). In

;‘ '(.é';??s
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B

Cencuntration
[ ] L ] (-] L]

200 s
Distance

§607 6400

Fig. 8.5. Numerical dispersion iy the Leendertse (1970) scheme, 0, initial con-

tration distributicn, = 0; |, concentration distribution at £ = 9600 s, exact
solution; 2, concentration distribution at ¢ = 9600 s, Cr = 0.25; 3, concentration
distribution at 2 =9600 8, Cr= 0.50; 4, concentration distribution at £ = 9600 s,
@ =0.75; 5, concentration distribution at £ = 96005, Cr= 1.00

gives rise to an osclllation.like behaviour as well as an error in peak - '
concentrations which can be just as troublesome as artificial diffusion. MoreoVei-
the negative concentrations Pose a problem: they are physically meaningless, ye
to suppress them means falsifying conservation of mass in the numeﬁcal _
solution, " ' e '

These problems of numerical diffusion and dispersion have led researchers to
try to develop more accurate methods, Most of the developments in this respect
have come from outsige the river hydraulics field (see, for example, Boris and -
Book,_'_l 973). Nonetheless one accurate scheme was developed specifically for
use in river and ogean pollution problems (Holly and Preissmann, 1977), and we

‘shall briefly describe it here, . . T S
The basis of the scheme, which we call the ‘two-point fourth-order mffth"d :
i similar to that of Equation (8.15) in that we follow the trajectory leading to
- Point (I + 1,1+ 1) back to point § where it intersects the x-axis as in Fig. 8.3b.
But instead of interpolating linearly between Cali —1,n)and C,(f n)to find -
Cal¢, n); we interpolate using a cubic polynomial constructed between (f — _1_' _")
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and (i, ) based on the assumption that not only C,Gi— 1,m) and G, n), but

also their derivatives EE (@—1,n)and %;9 (i, n) are known. The details of this |

procedure are developed by Holly and Preissmann (1977); the result is
Ch+l,n+1) = C&En) = aGE- LM+ 2,C,(0. %)

ac, ac
+ a3 g;a'(f— 1,n) + aa gx-g(i.ﬂ) (822)

in which
g, =C*(3-24)
a = 1-a (3.23)
2, = O (1-C) (= %i1)
g, = -Cr(1-C) (x,-—xf_,) .
The derivatives themsel§e§ are then convected forward by a similar process.
Denoﬁ;ig %5'5 by C,, we take the derivative of Equation (8.10) with respect to X,
which yields
for the case U = constant. By 2 ﬁrocedUIe gimilar to that leading to Equation
(8.22), we obtain |

Cli+1.,n+1) - C;(E;n) = by Ci—1.8) * PRAR))
' +bsClg—1,m) + b, CJG 1) (824

in which _
by = 6Cr (Cr= DGk~ %1) -
by =—by R S . (829)
by = OBO-D - o
by = (@-DEOTYH o N
This schemé imroduceg verg} little numerical diffusion and t'iispersion as shown in
its application to our jdeal channel (Fig. 8.6). Ft is not possible to der:;: an
overall numerical diffusion coefficient as we did previously, becaus;. 2 e
scheme's numerical diffusion, while extremely small, depends on the siz€ O
concentration distribution compared to Ax as well as the Courant number Cr .
method’s favourable accuracy

(see Holly and Preissmann, 1977). The cost of the _ k
_compared to a more simple scheme such as Equationl (8.15) is two-fold:

AT————EE e
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scheme inzour idealized channel with weak and strong diffusion, i.e. with
K,=tm?stand K, =10m? s\

It is clearly evident that strong physical
convection which may nonetheless hurt the sirnulation in zone
physical diffusion.

Whatever the scheme chosen for the calculation of pure convection, Equation
(8.10) requires that an initial condition and one upstream boundary condition

be furnished. This upstream condition is simply the known o1 assumed variation

Olf concentration as a function of time. In addition, for implicit schemes such as

those of Leendertse (1967), Stone and Brian (1963), and Land (1978),2

supplementary downstrearn boundary condition is required. This physically-
aC,

as a—x—a-‘ = 0 at the downstream model limit.

diffusion tends to hide errors in the
s of weak

redundant condition is usually taken

We will see in Section 8.8 that this artificial co
the case of a continuous release of tracer.

ndition can lead to pfoblems in

{a)

Concentration

1200 '

3200 &000 4800 5600 6400
Distance

so0 . 100 2400

Fig. 8.7 see page 331
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Fig. 8.7. Tendency of strong physical diffusion to hide numerical diffusion.
0, initia] concentration distribution, £ = 0; 15, concentration distribution at
£=9600 s, Cr = 1.0 and exact solution; 2, concentration distribution at £=
96005, 0r =0.25;3, concentration distribution at £ = 9600s,(F = 0.50;

4, concentration distribution at £ = 9600 s, Cr =0.75. (@) Method of Holly and

Preissmann (1977), K, =1 m? s71; (b) method of Holly and Preissmantt (1977},
-1, (d) method of

K, =10m? s~*; () method of Martin (1975), K, =1m* s
Martin (1975), K, = 10 m* 5™ '

8.6 NUMERICAL SOLUTION OF THE ONE-DIMENSIONAL DIFFUSION

EQUATION . . _

In most one-dimensional dispersion
culated in separate steps. In 2 given time step,
is followed immediately by the solution of

ac, o 'ac,)-. . e
Aar._‘-&?(‘-‘mxﬁ? . _ ) (8.26)

odels the convection and diffusion are cal-
the solution of Equation (8.10)

LA
e e e DT T T
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A commonly used finite difference method for the solution of Equation (8.26)
is an explicit centred scheme as described by Chevereau and Preissmann (1971).
We want to express conservation of mass in the volume limited by points
i=12andi+1/2in Fig. 8.8. The rate of mass diffusion into the volume at
i-1f2is

ac, Gali, m)~ Gy —1,n) (827)
Ak x i-1/2 = A'-"lh Kxi—lh X;i — X,

and the rate of diffusion outati+1/2is

aCa - Gl +1,m)— Ca(, n) {8.28)
ARy . /2 ~ A Kxﬁ'lh Xi+1 ~ Xy

The rate of accumulation of mass in the volume is written

aC, Gl n+1)~C,G, n) (8.29)
Ao =4 Iy, -
1
n+l ; |'
! |
! i
I |
| I
l |
B L [}
] ] r
i-1/2 i+i2
i~1 ) i isl

Fig. 8.8. Coinputational grid for diffusion calculation

By equating the rate of accumulation to the net inflow, we obtain the working
relationship, _

At
A 02 Kypogys X
A:{xiﬂlz ~X173) [ Ai-1/2 Bxi-1f2

Glm -G i~1,n) k. G+1Ln-GGn) ] 5.10)
: xf"'-x;t__; T T A xit1fa T Xreg %

Cuin+1) - C6m) =

The scheme is stable as long as
Kol < 0.5
ey =xp) Gy —x:1) ’

(8.31)
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Equation (8.26) being parabolic, we need to supply both upstream and down-
stream boundary conditions. The upstream value is once again the known
Vafla’fl?n of concentration as a function of time, while the downstream
condition is generally an assumption of no diffusion,

?C,
axz

The mit.ia] condition for a given time step is the result of the convection
caleulation as described earlier, the simulation proceeding by calculating an
alternating series of convection and diffusion steps. '

The stability limit as expressed by Equation (8.31) can be removed by using
an implicit version of Equation (8.30) in which the space derivatives are
evaluated at the future time s + 1 (Holly, 1975)- This scheme requires, however,
a matrix inversion or double-sweep procedure (see Chapter 3), and thus is more
fhfﬁc“lt to program than the explicit version. Whenever the time step js limited
1 the convection calculation (for example by the fact that a particular method
is programmed under the assumption that the trajectory falls between I — 1and

toriandi+ 1, etc.) then the explicit scheme for diffusion may be perfectly
adequate. _

=0

8.7 EXAMPLE OF ONE-DIMENSIONAL DISPERSION MODELLING — THE

VIENNE RIVERT

In 1971 a comprehensive study of pollution simulation in the Vienne River

(France) was conducted for the French government by SOGREAH and IRCHA

(Brebion et al., 1971). The 27 km reach of the Vienne, situated between Pilas
and Confolens, is crossed by seven bridges and contains 12 weirs as shown in

Fig. 8.9, It was recognized that oxygen depletion in the river could be correctly
modelled only if a correct simulation of convection and diffusion was included.
A one-dimensional unsteady flow model was fisst applied to furnish water

surface elevations and velocities for the range of essentially steady-flow
discharges to be studied. Since paper mill wastes aré dumped into the river in
such a way as to be rather fully mixed over the entire cross section, a one-

dimensional dispersion model was judged t0 be adequate. The longitudinal

dispersion coefficient K was evaluated experimentally using an injection of
Rhodamine dye at pilas and observing the cross-sectional average concentration

at Chabanais, then assuming that the Gaussian law of Equation (8.8)
approximately holds in order to estimate Ky, which was found to be about

2 m? 57!, corresponding to K, =20 Ush. _
The dispersion model was based on the convection calculation scheme of
Equation (8.15), and the diffusion scheme of Equation (8.30). Computational

points 50 m apart were interpolated between the sections used for the flow

$Courtesy IRCHA and SOGREAH.

AN A bl et
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fnodel, spaced at roughly 1 km intervals; the same time step of 15 min was used
in both the flow and dispersion models. With these values the diffusion
calculation stability limit Equation (8.31), was approximately satisfied and the
artificial diffusion X, was about 25% as large as K .. Figure 8.10 shows the

- pum————g
_———
+ 3
N
s
- #\
N
NN
3,}.'? ) NS
8 1 e S Y ® 19 2
Time (hours)

Fig. 8.10. Results of Vienne river dispersion study. 1, Initial concentration
distribution at Pilas; 2, calculated concentration distribution at Chabanais;
3, measured concentration distribution at Chabanais '
observed and simulated concentration distributions resulting from the
Rhodamine injection at Pilas, using K,=2m? s forthe calculation. The peak
conoentration at Chabanais is reproduced within 5%, though the observed
distribution appears to arrive about 30 min sooner than the calculated one and .
10 rise somewhat more steeply. During the exploitation phase of the study, the
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dispersion mode! wag incorporated into an overall water quality simulation
procedure based on the Streeter—Phelps equation.

One of the most important conclusions of the study, which underlines the
close relationship between water quality modelling and flow modelling, was
that “... . it is necessary to have a good understanding of the flow details. If
hydraulic parameters arg treated in too approximate a manner . . . the
development of pollution models can only be hindered. On the other hand, the
information brought in by a mathematical model of flow eliminates a major
cause of imprecision in the poliution model itself’,

8.8 TWO-DIMENSIONAL DISPERSION MODELLING

The one-dimensional analogy as described in Section 8.3 can be useful if one
is interested only in the mixing far from the source (i.e. distances greater than L
from the injection point) of a tracer which is more or less suddenly dumped into
the river. In addition, the mixing coefficient &  must be known for the flow
situation being modelled. But if one needs to predict the mixing relatively close
to a source which is concentrated at one bank, or distributed over only part of
the cross section, it may be necessary to employ a two-dimensional model to
obtain useful results, By two-dimensional, we mean capable of predicting the
depth-averaged toncentration anywhere in the cross section, i.e. through the
solution of Equation (8.6). For example, Eheart, Joeres and Hoopes (1978)
describe the role of two-dimensional models in the ‘clear lane’ water quality
concept, in which quality standards apply to certain portions of the cross
section. There is no Way to study such situations with a one-dimensional model.
Our interest in two-dimensional modelling, however, goes beyond the neeq
for more detailed predictions in certain engineering situations, We developed in
Chapter 4 the notion that a model’s predictive capacity depends on the degree 10
which true physical phenomena are taken into account. For example, a ﬂ°°‘? :
propagation model based on the Muskingum method cannot be used to predict
events for which it is not specifically calibrated, since the routing coem"i""}ts are
Rot uniquely related to physical river properties. Similarly, the one-dimensional
mixing coefficient K, is not a fixed property of the river, but rather a catch-
- all parameter which depends on the shape of the cross section and flow
distribution within it, and en the turbulent mixing coefficient ¢,. Thus K, is 2
property of a particular flow condition, and its value changes if the discharge, -
channel shape, or channel roughness are changed. On the other hand, the mixing
coefficients ¢, and ¢,, while not purely physical properties such as ¢,, and -
€€, and &, can be directly related to the depth and shear velocity as we des-
cribed in Section 8.2. Thus a two-dimensional model based on Equation (8.6), _
which requires as data only €, and ¢, in addition to the velocity field, has no
a priori limitation as far as predictions are concerned. (We describe in Sectltfn
8.11 the problem of velocity field estimation.) Even if the engineer is studying 3 _
truly one-dimensional physical mixing situation (in the sense that the tracer
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OFcupie's all of the cross section), he may find it worthwhile to use 2 two-
dlfrlﬁnmpnal model to simulate the mixing process if he needs to predict the
mixing in situations for which he cannot obtain a calibrated X (unusually high
or low discharges, future channel modification through dredging, dam
construction, efc.). ' . : :

A two-dimensional model based on Equation (8.6) could be developed by
writing a finite difference algorithm to solve for convection and diffusion in

the longitudinal x and transverse z directions. A simpler and more economic

approach makes use of the fact that the transverse velocity w is small compared
the river is divided into a series

to the longitudinal velocity u. We imagine that

of adjacent stream tubes (see Fig. 8.11}in each of which the discharge is
constant, as we assume steady river flow conditions, (The stream tube method
was first introduced by Fischer (1966).) Once the dimensions and discharges of
each tube are fixed at the upstream flow section, their depths, widths, and
velocities vary longitudinally so as to maintain the same discharge in each tube
through the changing cross-sectional shapes and velocity distributions
encountered at different points along the river. As we shall see below, the'lateral
shifting of each tube’s position with respect to the banks takes into account the
depth-averaged transverse velocity w. Based on this schematization, an algorithm
can be developed which simulates two-dimensional mixing as the simultangous

occurrence of three mechanisms:

(1) longitudinal convection in each stream tube
(2) longitudinal diffusion in each stream tube
(3) transverse diffusion between adjacent stream tubes
We now describe in more detail this procedure, whose complete development is

available in Holly (1975), and in Holly and Cunge (1975).
Equation (8.6), which describes tracer mass conservation at a point, must be

integrated over the width of a stream tube, since the quasi-two-dimensiona.l
model we propose recognizes only an average concentration in each stream tube.

Fig. 8.11 see page 338

g T R
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) on
Fig. 8.11, Discretization of river into stream tubes. (2) Stream tube vardati
between two

istribution in
Cross sections. (b) Stream tube widths reflect flow distributi
the river : -

The resulting expression js the following:

C 2 ) acy
A Pl &(AHC‘) .-_5;(.4 € a.x) :
+ (hez az)l (h_ez Bz)r T _: (8.32)

. ’ . P L ] ' a
in which 4 is the area of the stream tupe perpendicular to the flow d“ec:°: |
Uand e, are understood 1o be stream-tube average values, and the subscript B
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and 1 refer to the left and right boundaries of the stream tube, facing
downstream. We note that the transverse velocity w no longet appears in
Equation (8.32), but this does not mean that it has been assumed to be zero,
The longitudinal variation of stream tube widths, which is required to satisfy
continuity, results in a longitudinal varjation of the transverse coordinates of
stream tube centroids. An observer moving with the flow in a particular stream
tube would see this as a gradual movement across the channel, i.e. as the effect
of depth-averaged transverse velocity. The stream tube averaging process has
removed w as an explicit parameter, but W implicitly governs the dimensioning
of stream tubes. :

The finite difference solution of Equation (8.32)1s accomplished by dividing
the river into a series of computational reaches separated by computational
points. The solution then proceeds in three distinct steps during each time
increment: :

(1) Longitudinal convection is calculated in each stream tube from its up-
stream limit to its downstream limit. For pure convection, Equation (8.32)is
written:

(8.33)

oC , @ _
A 5 t % (AuC) =0

mensional convection equation (8.10) (see
footnote p. 320) which can be solved using the methods described in Section -
8.5. The artificial diffusion problem becomes particularly important here; Af
and Ax will be the same for all the tubes, but the velocity in each one is
different. Thus the Courant number cannot in general be given an integer value
in all the tubes, and it is especially important to use 3 convection scheme which
guarantees that X, is small for a broad range of Courant numbers. -

Thus we have once again the one-di

in eaéh stream tube proceeds also from the upstream

(2) Longitudinal diffusion
to the downstream boundary; Equation (8.32) is written: o
ac_ 3 (4. €Y ‘
. A-éT = —'(A €x 3x ) (8.34)
in which the ‘old’ concentrations have already been convected by Equation

(8.33). Equation (8.34) s identical to Equation (8.26) with K, replaced by €,
and consequently the scheme presented in Section 8.6 is perfectly applicable to
this case. Many authors have noted the insignificance of longitudinal diffusion
compared to longitudinal dispersion. Indeed, the inclusion of Equation (8.34)
in an overall modei can be considered optional, necessary only when extremely
strong concentration gradients near the source must be modelled.

3) _Mverse diffusion between stream tubes and along their entire length is
calculated using . . - ' : :

i
H
;
i
i
i
:
;

i,
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| oc ey ac 8.35
45 (hezaz)l (he’az)r @3

Equation (8.35) is analogous to Equation (8.34); but it is solved from bank te
bank at each computational point, the boundary conditions being zero transport
at the banks. The numerical scheme described in Section 8.6 can be applied, for
example, if we consider 4 1o represent{ +1/2, I to represent 7 — 1/2; and the
indicesi- 1, fand i +1 o fepresent adjacent stream tubes.

The repetition of these three stages for each time step simulates the two- .
dimensional dispersion process in a natural channel. It is of course implicitly
understood that if transverse mixing between stream tubes is due principally to
helicoidal currents in bends, and not simple diffusion, the two-dimensional '
approach must be abandoned in favoyr of fully three-dimensional models, which
as of this writing are not yet in industrial use, Only field experiments or

undistorted physical mode tests can yield useful predictions of mixing in sharp
bends, :

B

8.9 EXAMPLE: SIMULATION OF TWO-DIMENSIONAL DISPERSION IN
THE MISSOUR[ RIVER FROM A CONTINUOUS SOURCE

model of this €xperiment wag constructed using a program which incorporated
the two-point fourth-order scheme for convection (Equations (8.22)-(8.25)),
and an implicit version of the centred scheme for longitudinal and transverse
diffusion (Equation (8.30)). '

The mode]l used 11 stream tubes, computational points spaced at about .
200 m intervals, and a time step of 1 min. A steady state distribution correspond-
ing to the field experiment was obtained by simulating a time period

calculation, since it has little effect on steady state distributions. The transverse
coefficient was taken a4 €; = 0.67Uuk as suggested by Yotsukura, Fischer and
Sayre. Figure 8.13 shows the results of the simulation along with corl'eSP"“dmg
- measured values. The results agree closely with those computed by Yotsukura
etal., who used a different set of stream tubes and a steady state dispersion .
equation, S L e
The same simulation was performed by Holly (1975) but using Leendertse’s -
(1970) stable method for the convection. The results agree quite closely, but the
fact that they are not identical (even though the stream tubes and the difTu:'»lO“ ‘
calculation were identical) brings out an interesting point. As we discussed in
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Washingtan Co.

KEBRASKA

I

Fig. 8.12. Site of Missouri river dispersion study (after Yotsukura et al.,(1970)
®, Cross section for dye sampling;@,cross section for velocity measurement;
648, river mileage: - o

Section 8.5, the Leendertse method introduces no numerical diffusion. More-
over, for continuous injection of tracer at steady state both Leendertse’s
artificial dispersion and the two-polnt fourth-order method’s artificial diffusion
and dispersion are virtually non-existent, since the tracer is spread out overa
long distance compared to Ax. But it was observed that whereas the two-point
fourth-order method settled down into a true steady state after 4 h, the
Leendertse method produced slightly oscillating concentrations throughout the
flow field, even after 12 h of real time simulation. These oscillations appeared
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to ‘S-‘re due to the downstream boundary condition for the convection. We noted
in Section 8.5 that whereas Equation (8.10) as well as its solution by an explicit
method require no downstream boundary conditions, the implicit method

requires that we impose an artificial condition, which in this case was %x_. =0.In

the Missouri River simulation, this represents a discontinuous derivative at the
g OC

downstream limit (since 5= #0 normally) which in the Fourier series repres

entation of the solution creates wave coniponents which are short compared to
Ax. As shown in Holly (1975) it is these short wavelength components which
undergo the most severe numerical dispersion, causing oscillations in the
supposed steady state solution. . : :

8.10 EXAMPLE: SIMULATION OF ONE-DIMENSIONAL DISPERSION IN

CLINCH RIVER

The Clinch River mixing experiment as reported by Godfrey and Frederick

- (1970) consisted in the sudden injection of radioactive tracer over the entire
t of its dispersion over a 7 km reach, The

cross section, and the measuremen

authors’ program used for the Missouri River simulation was used to constoict

and operate 8 model capable of reproducing the experiment. The river was
discharge; longitudinal computational

di\'-ided into 11 stream tubes of equal
points were placed at roughly 350 m intervals, interpolated between the six

measured cross sections at which the channel shape and transverse velocity
distribution were known. The observed concentration distribution at

x = 2260 ft, assumed to be fully mixed over the cross section, was taken as the
upstream boundary condition for the model. Since no particular transverse
mixing data were available, Elder’s mixing coefficients were adopted,

e, = 0.23 Uk
€, =593 Ush

Figure 8.14 shows the maximumn centreline concentrations observed during -
the passage of the tracer cloud at each of six measuring stations. The upper
solid line represents the corresponding modet results (the observed concentration
distribution at station 1 was used as the upstream boundary condition in the
medel). By comparison, the dashed line represents exactly the same calculation, -
but using Leendertse’s scheme for convection. The rather large difference in
computed concentrations petween the two methods, which is greatest near the
source and diminishes with downstream distance, is due essentially to
Leendertse’s numerical dispersion, since the two-point fourth-order method
introduces very little error. This points out the importance of interpreting
calculated results in view of the scheme's known error characteristics; from the
Leendertse calculation we would conclude that e, =0.23Uah is the appropriate

T
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value, when in fact the Holly and Preissmann result suggests that this value of
€, is too small.

1 oY

19-
2
g
S

K-
§
1

O - ® " T stae '@'mﬁnn'@' " 15000 ®

Distance downatream from injection, in A

Fig. 8.14. Clinch river dispersion experiment. 1, Measured concentrations;
2, method of Holly and Preissmann (1977) for various values of &, 3, method
of Leendertse (1970) for € =023 U : '

The two lower solid lines in Fig. 8.14 show the results of the Preissmann
method with e, = 040U, and 0.60Uh, which accentuate the dispersion a_“d
yield predictions which are somewhat closer to the measured values. Even with
such relatively large values of €z, the simulation is obviously unable to reproduce
the rapid drop in concentration from x = 2260 ft to x = 5170 ft. The reason for
this is probably that the measured centreline concentration at x = 2260 ft was
assumed in the model to apply to the entire cross section as if it were the
injection point, when jn fact the centreline concentrations were already leading
the rest of the cloud, and diffusing transversely into clear water. (Paradoxically,
Leendertse’s strong initial artificial dispersion seems to compensate for this
behaviour quite well but, being physically wrong, would have led to false results
in predictive use of the model,) - .' o )

It is also instructive to compare the observed and calculated time-histories of
centreline concentration at x = 8170 ft, as shown in Fig. 8.15. We note first of -
all that the Preissmann and Leendertse predictions peak at 21 and 15 min,
respectively, before the observed distribution, indicating that the measured_
velocities assumed to apply to the reach 2260-8 170 ft were not truly R
Tepresentative of conditions throughout the reach; additional model calibration .
would normally be necessary to correct this error (see Chapter S). The .
oscillations in the Leendertse method are the manifestation of its numerical
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dispersion; we see that even though the maximum concentration is predicted
reasonably well, the shape of the predicted distribution is quite distorted com-
pared to the observed one, The Preissmann method overpredicts the peak
concentration by a similar amount, but the shape of its predicted distribution
resembles quite closely that of the observed curve.

x=2260

x=3170 1t

Tims in hours

Fig. 8.15. Clinch river dispersion experiment. 0, Upstream concentration
distribution; 1, method of Holly and Preissmani (1977), €; = 0.60U1;
2, method of Leendertse (1970), ¢z = 0.23Uh; 3, measured distribution

devoted recently to the so-called ‘tails’ of

one-dimensional concentration distributions — in Fig. 8.15, the measured
distribution’s ‘tail’ is the portion from, say, f = 0.75 h onward, where the con-
centration does not drop back to zero immediately after the passage of the
main cloud, but remains relatively high for some time. Various so-called ‘dead

zone’ models have been proposed to explain these tails as the result of tracer
layer and later released back into the main flow
(see, for example, Petersen (1977) or Valentine and Wood (1977). While the
dead zone theory undoubtedly represents a real physical process, it is interesting
to note that the Holly and Preissmann prediction of Fig. 8.15 displays a tail
which is qualitatively similar to the observed one. In the model there is neither

dead zone accounting nor appreciable numerical error to explain the computed
tail. We conclude that such tails can be at least partly explained by the fact that
once the main tracer cloud has passed a point at the centre of the river,there is
- re-diffusion of tracer from the slower waters near the banks back towards the

Considerable attehtion has been
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centre, If convection in each tube is well computed, then it is possible to
reproduce this re-diffusion process which feeds the observed tails. Only a two-
dimensional model can reproduce this essentially two-dimensional phenomenon;
it should not be forgotten that the dead zone accounting of a one-dimensional
model can only partially explain the observed tails.

8.11 ESTIMATING THE TRANSVERSE DISTRIBUTION OF
LONGITUDINAL VELOCITY

We have seen in this chapter that dispersion of a tracer which is fully mixed over
the flow depth is essentially a two-dimensional phenomenon. The one- -
dimensional simplification of the process as described in Section 8.3 is based on
an overal] longitudinal mixing coefficient X « Whose value depends on the .trans-
verse distribution of velocity, u(z), as seen in Equation (8.9). Two-dimensional
models, described in Section 8.8, also require that the transverse distribution of
velocity be taken into account in the dimensioning of stream tubes. On occasion
measurements of the distribution of u(z) are available for particular flow
conditions, but in general we must construct a transport model based only on
the results of a one-dimensional flow model. The problem, then, is how to
generate the distribution #(z) when only gross flow parameters are available. .
A one-dimensional flow model, as described in Chapter 4, is constructed ElSlﬂg
known channel sections, that is to say, the transverse variation of bed elevation
Yu(2) is known at each computational point. The flow model results furnish the

2
discharge Q, the water surface elevation ¥, and the energy slope Sp = % for

each computational point, X being the overall section conveyance which is a
predetermined function of ¥ if the cross section shape and roughness '
distribution within it are known. "

If we assume that the energy slope is the same for all points in the cross
section, and we apply the Strickler equation locally to different points ""fthm -
the cross section, we can calculate an estimated u(z) distribution. If h(z) is the
local flow depth, that is to say. L |

k@) =yG) e . . (836)
then we write the Strickler eqliation as .
wO=k@ReEs . @3]
k41, (2) being the t.ransﬁelise.distrit.:ut_ioh of bed roughness. The application of this
procedure to each known cross section yields 2 rough estimate of the velocity -
distribution needed for Equation (8.9) or for stream tube dimensioning. It lsth '
however important to recognize the approximate nature of this calculation; the.

rate of energy loss per unit length of channel is probably never really constant all
across the cross section, and moreover the transverse distribution of roughness
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can only be roughly estimated. Nevertheless this assumption is compatible with

one-c}hnensional propagation models.
Figure 8.16 compares the measured u(z) distribution at one of the known

CLINCH RIVER SECTION 1
{x =2260 ft} o 1

o
1

——2

Depthaveraged velocity, ft/sec
-

1
L T———
——— . s,
—,

0 T 50 100 160
. - : Distance from bank, ft

Clinch river at section 1,x=

Fig. 8,16. Transverse velocity distributions in
alculated velocity distribution,

2260 ft. 1, Measured velocity distribution; 2, ¢
Equation (8.32) ' '

cross sections of Clinch River with a distribution computed using Equation
(8.37), assuming that the bed roughness was she same throughout the section.
We note that the computed #(2) distribution is more uniform than the measured
one, in that it gives larger velocities near the banks. Figure 8.17 compares the
results of a full dispersion calculation of Section 8.10 using the computed and
real distributions, both for € = 0.23U+h. As we might have anticipated, the

computed velocity distribution’s relative uniformity results in less dispersion;’

this is entirely consistent with the notion of dispersion being the interaction
on. The simplified

between turbulent diffusion and differential convecti

procedure in Equation (8.37), especially if applied using kg4,(2) = constant,
tends to reduce differential convection by producing 2 more uniform velocity
distribution. o S i
- Another example is the reproduction of the Vienne River experiment using
computed u(z) distributions, since no measurements of u(z) were available.
(The original study used a one-dimensional model with a calibrated K

coefficient, see Section'8.7). - '
. A two-dimensional model was constructed by assuming that the measured
he upstream ha!lf of the reach,

cross section at Pilas was representative of t
and that the measured section at Chabanais was representative of the down-

J——— PR
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Fig. 8.17. Effect of using measured and computed velocities in Clinch river
dispersion simulation, 1, Measured velocities, €; =0.23Uh; 2, computed
velocities, €, = 023Uk

stream half. The known discharge and downstrear water level were used along
with the Strickler coefficient of 25 determined by the authors (Chevereau and
Preissmann, 1971) to perform a backwater calculation through the reach.
Equation (8.37) was used to estimate the transverse velocity distributions .
throughout the reach, : _ o ' L

The Vienne experiment is a particularly interesting one to model because the
concentration distributions at Pilas and Chabanais were measured at sevel'ﬂl_
points within each cross section. The Rhodamine dye was injected several kilo-
metres upstream of Pilas, but the cloud was far from being fully mixed over the.
cross section even at Chabanais. The observed non-uniform distributions were . -
put into the two-dimensional model as the upstream boundary condition at -
Pilas. Transverse and longitudinal mixing coefficients of €, = 0.23Ush and
€ = 5.9U+h were used for lack of any other detailed information on the reach. |

Figure 8.18 shows the results obtained using the Holly and Preissmanﬂ- S
method and the same two-dimensional program as applied to the Missoun_and .
Clinch River experiments. Also shown for comparison are the 1-D simulation
results of Fig, 8.10. All concentrations shown are cross-sectional averages, even
though the two-dimensional model actually furnished a different curve for each
stream tube, We see that even with estimated velocities, the two-dimensional
model predicts the peak concentration at Chabanals within 15% of the observed
value, although this peak arrives about 35 min before the observed one. The one-
dimensional model peak concentration is within 5% of the observed value, and .
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Fig. 8.18. Simulation of Vienne river dispersion experiment using a two-.
dimensional model. 1, Measured concentrations; 2, two-dimensional model

(¢, = 0.23U.h, €, = 59Usk, computed velocities); 3, one-dimensional model
(K, = 20Uk, measured velocities)

arrives about 40 min later. It is important to rememﬁei', however, that the one-
dimensional model’s K, = 20UsB 182 calibrated value based on the experiment

itself, whereas the twodimerisional model required only hydrautic data.

8.12 CONCLUSIONS

If there is one central conclu
presented, it is this: one must

sion to be drawn from the various examples we have
never lose sight of the fact that in ‘calibrating’

mixing coefficients so 23 to better reproduce observed concentrations, he may

only be compensating for numerical simulations errors and/or incomplete
hydrautic data. The more accurate the numerical method used and the more
the physicat flow field, the better the chance that

faithful the schematization of
one can find mixing coefficients which are representative of real physical

phenomena. .

1
i
!




9 Special applications

The purpose of this chapter is to describe briefly several fields of apl?lication
which, by virtue of their unique problems, can be considered as special
applications of the modelling techniques we have been describing. Each Of_
these applications could easily be the subject of an entire book; our intention

here is just to show how they relate to ordinary river network modelling. These
fields are:

® Flood forecasting and prediction
® Simulation of dam break waves
® Unsteady flow modeliing in storm drain networks

9.1 FLOOD FORECASTING AND PREDICTION

River flow modelling for flood prediction and flood forecasting purposes 1
subject to some special requirements compared to ordinary flood Sim‘_ﬂat‘o“
models. As we described in Chapter 4, flood simulation models, built in Ul:d”
to study flood wave propagation through a hydrographic network, are mainly s
used for flood protection and control studies, estimation of maximum discharge
and stages and their times of arriva] at different points of the network, deter-
mination of the extent of flooded zones, duration of submersion, flood damals:’-'*-
effectiveness of dyke protection, dams, floodways, etc. As a simulation model 1S
a tool of analysis, it may be as complex as needed; its accuracy may be as high
as allowed by the quality of calibration data, and it is never run on a real time 4
 basis. It is exploited in the consultant’s office, where a highly qualified staff an
powerful computer ase available. o R L
Now we come back to flood forecasting and prediction models, which are :
based on an essentially different concept. The state of flow in the h.‘f’dl_"’g_m_th _
system (watershed plus propagation channels) is known at some updating time
&1 ; nothing is known beyond that time, and yet it is necessary to predu:f the ¢
evolution of flood variables (water stages and/or discharges) at certain points 0
the hydrographic system until some time tu, + Ty, where Ty is called the fore-

350
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castlmg' mtf:rval. Mf)reover, at some time after #y 2 forecast concerning this
evo u.tmn 1-s to be issued. The purpose of the forecasting model is to give a
“i;'zzimg Wlth.adeq.uate lead time, and to do so during the entire duration of the
. i? specified mterval.s. of time. The model must be run during the flood,
- uses real time indications, and therefore it is subject to constraints such
® communication with on-line measuring and data transmission equipment;

e constant availability, best guaranteed by implementation of the computer

(or appropriate terminal) and software at the forecasting centre;

» capability of giving reasonable estimates of data which are missing but

necessary for the prediction;
o necessity of rapid computation m_ethods to give enough lead time,

» high reliability of both the computer and the software.

The reader is of course aware that a complete prediction model for a river basin
Vt_'Ould usually include a hydrologic model of the watershed, furnishing a
simulation of rainfall-runoff mechanisms and thus providing inflows for the
hydraulic simulation. In fact, when the hydrographic network of a basin is
extensive enough, the prediction consists of two steps:
(@) estimation of the discharges entering the different propagation channels
from the watershed using 2 hydrologic model;
(ii) computation of the evolution of the resulting flood waves as they pro-
pagate along the channel network using a hydrodynamic model.
only one which matters.

For small basins the first step is sufficient and the
along which the fiood,

For large river basins such as the Mekong of Niget,
rising in the upstream mountainous basin, propagates during several months,
the first step may be irrelevant for the prediction conceming the stations
located 1000 km downstream; In what follows we chall discuss only the second
step, concerning modelling of flood wave propagation-

Let us consider a river basin such as shown in Fig. 9.1. Point A is a gauging
station at which water stage is continuously recorded and transmitted to the

Fig. 9.1. Flood forecasting network in a river basin. 1, Forecasting centre;
2, transmitting rain gauge; 3, transmitting stage recorder




sured stage hydrograph Y(#) is furnished at A_

The model purpose is to forecast flood conditions at location C on the basis
of these two upstream inputs, In what follows, we assume that the flow
simulation system is 2 well-calibrated hydrodynamic model of the watercourse
with upstream boundary conditions at A and with an outflow boundary con-

times,i=0,1,2,. .. Based on estimated upstream inputs at A and B for the
period tug to-fu, , the Propagation model predicts the evolution of the flow
variables at C for the same period, At time su, , therefore, forecasting
personnel have two hydrographs at ¢ available; the computed one, and the
observed one as shown in Fig. 9.2¢. If the Propagation model is well calibrated,
the difference between the two hydrographs is essentially due to errors in )
originally estimated inputs for A and B for the period fu, to fu; . The updating
process consists in first cerrecting the state of the entire model at time f, to
account for known (by now) inputs at A and B up to fity , then simulating
the period 1, 1o ¢, g0 that the calculated hydrograph at C up to ¢, can be
issued as a forecast, Now let’s consider these two operations in more detail. _
The transmission of recorded flow daty at A, B, and C for the period fuy to
fu; begins at 1 and is completed at ty, 2t which time the model operator can
begin his updating operation, First, he repeats the propagation calculation for
the period 1, to 14, using the Known valyes at A and B as input. If the model
is well calibrated, this calculation will reproduce the known hydrograph at C
with very little error, and moreover, the computed water levels and discharges
in the entire mode] will be close to rea] (though unmeasured) values at time
tuy . This computed state, which will serye as the initial condition for the up-
coming forecast caleulation, could of course be obtained by measurements qf
stages and discharges aj} along the river at fuy , but this is obviously unrealistic -
a well calibrated model supplies thega data with high reliability and lower cost.
- Nonetheless, the influence of an ungauged tributary upstream of C may make it
difficult to obtain 5 correct computed initial state ; Successive trial runs may have

accuracy at C is'satisfactory. S . .
In parallel with the initial state calculation for time fu, , forecast personnel
use theijr meteorological data angd possibly a hydrologic model to estimate the
~ probable evolution of input data at A and B from 1 10 4. Assoon as these
estimates are ready, the new forecast calculation is run, i.e. flow in the model is
simulated from am, o I4 using the updated initia] state at fu, and estimated
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Fig. 9.2, Example of fload forecasting in the river basin of Fie. 9.1, (a) Dis-

i i level hydrograph at
charee or level hydrograph at station A. (b) Discharge of
Statiin B. (c) Discharge Of level hydrograph at station C. 1, Computed by model
based on forecast input data; 2, recorded and transmitted to forecasting centre;
3, forecast input data; 4, forecast error (Fu = updating interval; Tf = forecasting

interval, 7t = transmission interval; Tff = forecast issuing interval; Ta = time

advantage) - . o
inflows at A and B. The dalculaiion is completed at time #3 and the forecast is
issued at time 73, the delay from f2 10 #3 being needed to preparé the forecast
for C from the _oomputed results and transmit it. » _
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The forecasting interval T} is usually many times longer than the updating
interval 7,,. Indeed, the situation shown in Fig. 9.2 would be unacceptable in
real life since the interval T, is so large that all accuracy is Iost. The length of
T\, depends upon the rapidity of fluctuation of variables and on the forecasting
centre’s capabilities, A typical updating interval for most large European rivers
would be from 6 to 24 h with a forecast interval of 12-72 h. For rapidly rising
floods the desired T,, interval may be of the order of 30 min, but if the time
necessary to update the model, to compute and to prepare the forecast (fore-
cast issuing interval Ty = 5 ~ £, } is of the same order of magnitude or longer,
such an updating frequency makes no sense,

Before going further, we would like to stress the fact that the forecasted
variable at C may be either Q. (2) or y (¢). Since forecasting techniques have
their origins in hydrology (for example, many of the above concepts and
terminology are those used by the World Meteorological Organization) and
because hydrologists usually work with discharges, it is often implicitly 355“’5“’"
that the forecast variables should be discharges. But as has already been said in
previous chapters, most often we are much more interested in water stages, and
if the Q(y) rating curve is not single valued, the two variables may not be
equivalent at all as far as forecasts are concerned. This must be kept in mind not
only when choosing the forecast variable, but also when selecting a modelling
technique to be used for the prediction operation as we shall see further on.

Strategy for implementation of forecasting models

The need for real-time model operation and initial state updating usually
precludes the use of large computers and highly specialized personnel for flood
forecasting. The possibility of easy access to powerful computers exists
nowadays in more industrialized countries, but even there, forecasting centres
prefer generally to have their own more modest equipment. Decreases in the
cost of computer core memory may make it theoretically possible to have
powerful computers and sophisticated models at forecasting centres in the .near
future, but even then it is doubtful, barring some exceptions, that forecasting
centres would want or be able to employ technicians fully capable of dealing
with very sophisticated models. And even if this were the case, such technicians
would of course occasionally be on holiday, out of town, or in bed the msht ofa
 catastrophic flood. Therefore the prediction tools must be as simple as possible; -
and the shorter the time advantage T2 (see Fig. 9.2¢) the simpler must be the
_ tool. One may use a very complex prediction tool for rivers such as the Mekong,
Niger, or Mississippi for which the forecasting Interval T} would be of the order
‘of 10 days. Such a solution is unacceptable when Ty is of the order of only -
several hours, in which case the rapidity of the process of recording basic -
information -» transmission -» computation > forecast is more important than
the accuracy. Consequently engineering practice relies heavily upon simplified
models and small computers, typically desk computeis with 8K to 16K word
core memory (1979) and a small printer, Such models are most often based -

O
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upon the Muskingum method or one of its variants such as SSARR or the
Kalu}m—Mﬂjukov method (see Miller and Cunge, 1975) or upont Jevel gauge cor-
l‘e.latlon. However, the use of models based on simplified equations may lead to
fhfﬂcul?ies in practice, most often because of one of two factors: developments
in the river basin and the limited range of applicability of simplified methods.

As we described in Chapters 2,3and 4, simplified methods are predictive
only as long as the inputs stay within the range for which the model has been
calibrated, and as long as the system itself does not change. Suppose, for
ef‘ample, that a forecasting system using the Muskingum method was built fora
river basin, and then a series of hydraulic works (dams, dykes, etc.) changed the
rwer‘.s flow characteristics. The forecasting system might well become useless
aﬂ_d. in order to have enough new calibration data for a simplified approach, it
might be necessary to wait 20 years. As for a simplified model’s range of
applicability, we pointed out in Chapters 2 and 4 that simplified equations calt
describe the flood propagation along steep rivers reasonably well, but cannot be
used when the longitudinal free surface slope is small. It is not at all clear where
ttht.a borderline should be located between complete and simplified methods, but
it is next to impossible to estimate the error introduced by using a simplified
method for a river having an intermediate slope (say about 0.1 m km™!). Cleatly,
IEIOde'ls based on the full de St Venant equations are free of such applicability
limits since they are valid for the entire range of riverine slopes and have the
Cﬂpi;bility of representing any future development in the basin (dykes, dams,
etc.). :
The above difficulties in applicatio
to use a three-step strategy in their development an
important forecasting systems.

n of simplified models have led engineers
d implementation of

(i) First a detailed (nodel based on the full de St Venant equations is built,
and is calibrated with ail available data just as is a usual flood simulation model.
Being based on the full equations and sound physical hypotheses, the model
allows not only for the simulation of exceptional, anrecorded events beyond the
range of calibration, but also for the inclusion of river system modifications '
such as dams, dykes, etc., without the loss of its essential predictive capacity.
(ii) A simplified model is conceived for use in the forecasting jtself. To that’

end several possible methods are studied (such as Muskingum, SSARR, gauge
sing the complete calibrated model in (i) to

correlation); each of them is tested u
simulate flood events, and their respective applicabilities and forecasting
capabilities ar¢ assessed. Once the simplified method to be used is chosen, its

cocfficients are calibrated by repeated use of the full model, Then the real-life
system (flood forecasting on a small computer using a simplified method,
recording of input data, transmission, lack of data at some input stations,
random transmission incidents, etc.} is simulated in order to check its
_ applicability and improve its efficiency.. : : _
(iii) The simplified model is implemented on the smaller computer at the
forecast centre. o : _
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When such a strategy is used, one benefits from the efforts of the specialized and
qualified staff who built and operated the full model using a powerful computer.
This model is then maintained in operating condition — an action which alfows
for quick revision of the simplified model. The revision is either periodic, based
upon every year’s forecasting experience, or exceptional, when the river is
modified in a significant way. With such a strategy, the forecasting system is 2
durable investment which is usefyl for studies of future developments and their
consequences thanks to its foundation in a full-equation model.

Particular calibration and sensitivity study problems

A flood forecast is usually made for only a few points, and not all of the flood’s
characteristics are of interest to the forecasters; for example, maximat water
stage, or the time when it occurs, may be of interest, but the sequence of events
which occur before the water stage attains some fixed alert elevation is of o
direct interest to the forecaster, Nevertheless, the calibration phase of the full-
equation model must treat the full range of flow events. Thus it is most import-
ant to establish the propagation times of discharge coming from different .
tributaries and watersheds of the basin, as well as their respective weights in the
formation of the flood wave. The simulation of a large number of elementary,
fictitious floods comning from different parts of the basin and propagating upon
different states of the system (different ways of filling up of the storage volume
of the river network) is necessary for the evaluation of the significant lumped
parameters of the simplified model. Such simulations also make it possible to
group together some parts of the basin (thus limiting the number of reaches)

to remove from the simplified model all the upstream part of it which does not
influence the forecast variable within this Ty interval. Of great help in the
calibration of the simplified model are propagation times, which may be roughly
estimated from steady state backwater curves, Indeed, when inertia terms are
neglected in the flow equations, the propagation time along any reach can be
expressed by o o N
gg=7'(Q)=_ - .(9-1)
where V= volume stored in 2 reach ; @ = steady state discharge, The curves “QJ
are readily constructed from the steady state water surface lines computed with
thefulldeStVenantmodel. S o
The simplified mode] calibration should also include the definition of the -
network of input data statiops, The network should be as limited as possible, -
but it must be able to give a complete picture of flood development. The
simulation runs may well also lead to elimination of some existing stations or to
. the implementation of other new stations, The network must then be tested by
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simulation as to the loss of information: the forecast should not be jeopardized
because one or two stations are out of order during a flood. Expressed
differently, one must know which stations must be kept operational at any
price, This information is obtained by simulating floods with the full model and
with a variable number of input data stations. Once the sensitivity of the system
is determined, the simplified model is calibrated using minimal configurations. In
an analogous manner, the updating interval T, to be used during the forecast
operations themselves is defined.

9.2 SIMULATION OF DAM BREAK WAVES

It is the extreme rapidity of variation of water Stages and velocities that makes
simulation of unsteady flow due to dam failure a special case of river flow
modelling. In spite of scores of published papers and studies on the subject,
numerical methods for simulation of the problem remain controversial and the
results are, if not suspect, at best only roughly accurate. To the authors’ best
knowledge, the problem of simulation of dam break wave propagation has not
been solved for the general case; every particular situation must be examined
separately before 2 modelling method can be chosen.

The purpose of this section is to point out some difficulties in numerical

modelling of the phenomenon and especially to underline the differences

between modelling of flood waves and dam break waves, In many practical cases

these differences are negligible. For example, when one considers the failure of a
dam on a very wide river where there is no possibility of total and instantaneous
obliteration of the dam, the wave resulting from a catastrophe such as a2 partial
breach is much more like a rapid flood wave than anything else. In such ¢ircum-

stances we can compute its propagation with a2 modelling system apprapriate for
d for the simulation

the solution of the de St Venant equations, such as one use
of rapidly varying flow in power canals (see Chapter 6). Such techniques are
used whenever the hypotheses of partial breaching or not toc rapidly varying
flow (or topography) are acceptable. Indeed there have been studies of two- -
dimensional dam break wave propagation made with tidal wave propagation
models, taking into account the variable limits of the modelled domain. We leave
all such applications aside here since they follow the general rules of modelling
explained in Chapters 4, 5 and 6. We will limit ourselves to the case of '
instantaneous and complete failire of a dam built on a natural and rather narrow
(mountain) river. Such a situation (complete obliteration of the dam}) is not '
tical: the Malpasset and Teton dam failures are two only too real

purely hypothe 1d _
examples. At any rate, such cases are considered 10 be the most dangerous.

Physical descnptmn of the i)henumenon and govemhg equations
When a dam collapées, the water retained behind it begins to move; the wall of

water ‘rotates’ at the dam section, as shown in Fig. 9.3. After the initial phase of
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Fig. 9.3. Two types of dam break waves. (z) Propagation on a dry bed.

(b) Propagation on an initial depth. 1, One-dimensional flow described by the
de St Venant equations; 2, possibly supercritical flow, if hdfhu < 0.14; 3, wave
front region, treated as a discontinuous bore advancing on a finite depth orasa
tip wave advancing on a dry bed '

acceleration, a negative wave is created upstream of the dam and propagates
along the reservoir with a celerity depending upon the topography. The negative
wave corresponds to the volume evacuated as a positive wave propagating down-
stream, advaneing either on a dry bed, or on a water depth corresponding to the
downstream flow before the failure, The downstream initial conditions are of
decisive importance as to the character and behaviour of the positive wave. If )
the wave propagates on a dry bed, its front has very strong curvature near its tip
as shown in Fig, 9.3a. The celerity of the front is equal to the velocity of the
water particles situated immediately behind it. If the wave propagates on some
initial depth of water, its front is much more like a mobile hydraulic jump (bore)
which may be most conveniently schematized as a sharp discontinuity with two
different water stages and two different discharges at the same longitudinal
point, as seen in Fig, 9.3b. R

Generally the flow in the reservoir is subcritical, at least until the negative
wave reaches the upstream limit of the reservoir, After that time, it all depends
upon the reservoir’s topography (longitudinal slope) and upon the discharge
entering it through the upstream section. As for the flow downstream, its )
character depends upon the topography of the valley and also upon the initial . -
depth of water downstream of the dam. For a rectangular frictionless cross .
section, if the ratio of the initial downstream depth to the initial upstream
(reservoir) depth is less than about 14% (the exact solution of the analytical case.
being 0.1384), the flow downstream of the dam after its failure will be super-
critical (Stoker, 1957), Otherwise it will be subcritical. An analogous criterion
may be derived for a valley of arbitrary shape (by using the average depths,
h = A/b, rather than local depths). The character of the flow may of course .
- change farther downstream as a function of the topography; variations in cross-
sectlonal shape may well create, in addition to singular head losses, abrupt
change_s in water Stage, from which reflected waves may transform thlsf_!lsel“"?s -
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into discontinuous shock waves (bores) propagating upstream, etc.

In general, in a natural valley, the flow will be three-dimensional and, strictly
speaking, should be computed as such. During the first stage of the flow
development, any two-dimensional schematization is inaccurate since vertical
accelerations and velocities predominate over horizontal ones. Realistic
simulation of this first stage of the phenomenon is always too difficult or too
costly; moreover, engineers are more interested in what happens several minutes
after the break than in what is going on during the first seconds. Therefore this
initial phase is neglected in all existing models. Computations begin with an
initial situation, which, for most cases is defined according to the one-
dimensional concept depicted in Fig. 9.3b and discussed below. Clearly, if such a
simplified concept is acceptable for most valleys because of the dominance of
horizontal velocities, it is not really applicable when the valley is composed of a
serles of narrows and enlargements. Nor is it valid for the computation of the
front itself, in the neighbourhood of which vertical accelerations cannot be
neglected and often an undular jump is observed. '

In the light of the above discussion, one is tempted to ask, why bother with a

computational concept which is so far from reality? Indeed, whenever three-
prevail, and if one is

dimensional (and even two-dimensional) phenomena
interested in their consequences, 2 hydraulic scale model will give a more faith-
ful simulation than a computation. However the dam break wave may propagate

along distances of tens and sometimes even hundreds of kilometres; no physical
model may be built to simulate such long distances unless it is distorted so

severely that its results are even more suspect than those of a computation.
umed to be valid

As shown in Fig. 9.3b, the de St Venant equatjons are ass
eam of the front. Clearly the inertia terms in

_ the extreme rapidity of water stage and
(see for example Fig. 9.4 where the stage

for the zones upstream and downstr
these equations cannot be neglected
discharge variations in time and space
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Fig. 94 Stage hydrographs at two pointsina natural valley downstream of a |
dam break (time in minutes)
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hydrographs in a naturai valley are shown) requires that the derivatives ou/dt
and % (2 /2g) be taken into account. Consequently any method based upon

simplified equations would be inapplicable. Moreover, the divergent form of the
flow equations shoulg theoretically be used because of the important role played
by momentum in the phenomenon (see Chapter 2), )

As for the front itself, the Rankine-Hugoniot equations properly describe the
transition between unsteady gradually varied flow on both sides of the dis-
continuity if it propagates upon some non-zero depth of water. When the front
PrCpagates on 2 dry bed, special equations describing the phenomenon shou'ld
be used (expressing equality of the celerity of the front and the water velocity
behind it),

Because of the strongly non-linear character of the equations and of the
variation of cross-sectional shape along the valley, secondary shacks and dis-

discontinuities byt cannot describe their evolution. Therefore techniques
analogous to those used for the principal front should be applied; secondary
shocks are in fact quite well described by the Rankine-Hugoniot conditions. -
The standard method of approach of this type is a one-dimensional mathe-
matical model based on 5 numetical integration method which allows either for
a discontinuous or 5 weak solution (see Chapters 2 and 3)at the front. Tl.le :
flow behind the front i3 then computed on a strictly one-dimensional basis.
This hypothesis, although generally used, is of course simplistic. Natura] valleys
are very irregular and most often present a series of contractions and abrupt

undular mobjle jumps, oblique shocks, extensive dead water zones and
horizontal vortices which must form are not taken into account, Chervet and
Dallgves (1970) made the following pertinent observation after analysing t.he
results of a survey of the valley downstream of Malpasset dam: at some points,
because of the cross-sectional shape variations, the highest water level was that
of the energy line elevation, In clearer terms, all the kinetic energy #*/ %

Wwas transformed locally into potential ene gy! '

Computationa] pfolilem_s

The typical approach to one-dimensional modelling of dam break waves is
based on two steps: . _ o :

(i} Given a known state of the system (water stages y and discharges Q) at_ -
time ¢, one computes first the new position of the front at time ¢ + Ar. This is
done using the method of characteristics jointly with the Rankine—Hugoniot .
relationships (Equations (2.68), (2.69)) or with appropriate equations fora
front propagating on dry bed. New values of the flow variables ( and y at tme
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:h + Al: are then computed on both sides (or upstream only for dry bed) of the
ock.

{ii) The new computed values upstream and downstream of the front,
together with the boundary conditions at the model limits, are then used to
compute the discharges Q and water stagesy along the model for time

t + At by numerical integration of the de St Venant equations.

Although this general concept is simple, its practical execution is subject to

considerable difficulties. The front computation itself, as described in Chapter

2, is clear, although its programming may be complex. Let us recall the

:‘ielag?nslﬁps which are valid across a shock propagating on a finite water
epth: ; '

C Ay —u
v = —12-11722—:')‘+ t; (2.68)
' 'Al "Ag b *
u, -, ==\l g A4 {A1m -Az‘lh)) - (2.69)
1 |
L

where subscripts 1,2 concern the variables behind and in front of the shock
respectively, @ = Au= discharge, 4 = cross-sectional area, n = distance from the
centroid of the cross-sectional area to the free surface, ¥ = celerity of the shock,
The above formulation assumes that the shock isa vertical wall of water and that
at the same location there are two values of discharge (Q1, 32) and two water
Stﬂges(yn}'z)- o . . .

The new position of the shock at time ¢ + At usually does not coincide with
the points for which data are known; hence it is necessary to interpolate geo-

metrical features A(x, ¥) and X(x, ¥) of the valley between known cross sections

along the x-axis. The modelling system must provide for this interpolation and

for the introduction or computation of functions 4 and I.

The method of numerical integration of the flow equations along the grad-
ually varied flow reaches must be chosen with care. Indeed, it must be able to
deal with zones of supercritical flow which may subsequently become
subcritical, and with discontinuities (secondary shocks) which are created and

propagate between the main wave front and the upstream limit of the model.
The following numerical methods are used: '

o pure method of characteristics with an arbitrary network of computational

points in the (x, f) plane;
e method of characteristics on specified intervals; .
o explicit finite difference schemes such as “ocal characteristics’, Lax, Lax-

Wendroff;: - : o
® two step predictor (implicit) — corrector (explicit) finite difference method.
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In theory the pure method of characteristics is the best one because of the clear
and theoretically justified way it deals with supercritical flow and shacks. How-
ever, whenever several shocks are present, the programming of the method
becomes extremely complex. In addition, it requires constant interpolation of
geometric data in the (x, y) plane. Consequently we know of only one
published case of jts application, by Chervet and Dalléves (1970). The
description of applications of other methods may be found in published refer-
ences such as: Cunge (1970); Vasiliey (1970); Rajar (1972); Benoist et al.
(1973); Colin and Pochat (1976). It must be said, however, that none of ﬁ{ese
methods may be considered gs having given full satisfaction. The introduction
of numerjcal dissipation (either implicitly, or explicitly through interpolation,
pseudo-viscosity or ‘dissipative operators’) has the effect of smoothing the com-
puted variables. If properly applied to the divergent form of the equations, this
allows the simulation of secondary discontinuities by steep but contintous weak
solutions (Chapters 2 and 3)- Although the computation of supercritical flow
with these methods is not really justified in theory, their practical application
seems to lead to acceptable results. Finally, when used to compute schematic
test cases (dam-break waves in a prismatic channel of constant slope and c1os$
section), they furnish nearly exactly the same results in that the wave front
celerity, water stage variations, angd discharges are, within reasonable limits, the
same for all methods, One exception is the Lax scheme which introduces an
unacceptable amount of numerical damping, '

If the same methods are used to simulate wave propagation in a real valley,

method, with a supplement of numerical pseudoviscosity, introduce eno'ugh
damping to keep the computation running, but the continuity equation is oot
satisfied (we shall come back to this question later on). The predictor—corrector
method, applied to faw geometrical data (i.e. without smoothing of natural
slop?s and cross sections), creates energy in the computational system: the
energy line rises wildly along the valley, and most often numerical instability
appears. It i interesting to note that the higher order schemes (predictor-
cortector, Lax~Wendroff, etc.) not only conserve momentum and mass of waters
~ butalso maintain discontinuijties which are not due to the non-linearity of the
quations, but rather to the data, Whenever discontinuities in parameters sufh %
longitudinal slope, width, Cross-sectional area, étc., are encountered, they will
be maintajned ang Propagated by non-dissipative (higher order) schemes. The
flow picture becomes unrealistic and moreover, instability may eventually
develop. To avoid such situations a:‘diffusive operator’ is often imposed upoft
the results (Vsiliev, 1970; Cofin and Pochat, 1976). An important question is
how much arbitrary smoothing one is ready to accept and what confidence o-ne
may put in the results thys obtained. Another question may be asked as well: Is
it better to use raw data and smooth the results every second time steporto - -
smooth the data first) . IR T ST S
Still another important consideration is water volume conservation during
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computations. Consider a dam break wave propagating along a natural valley on
a finite depth of water. The shock celerity v may be a3 high as 20 ms~*. The
shock height is usually of the order of 1 or2m, but the rate of rise of the water
stage behind the shock may be as high as 0.5-1.0 m s~ in narrow valleys. Thus.
during one computational time step At of say 10 s, the argument y of the
tabulated functions such as A, b or I may vary by as much as several metres. For
irregular cross sections, the errors due to such interpolation are usually quite

~ important. Another source of error is the variation of cross-sectional characteri-
stics along the river valley; in 10 s the front may travel some 100-200 m, and
the values of geometrical functions used to compute its evolution during that
time are averaged between the two CIOsS sections separated by that distance.
Thus, for natural cross sections, the process is inherently inaccurate and mass
conservation is not satisfied in the shock computation, The same comments are
valid for the computation behind the shock. However, if a conservative finite
difference scheme is applied to the divergent form of the differential equations,
volume is of course conserved. That does not mean, however, that the results
are better, since the interpolation still will yield fictitious variation of geometric
features. If the method is not conservative in volume, continuity will not be
satisfied. For example, Table 9.1, taken from Benoist ef al. (1973) shows the
volume loss phenomenon clearly. Analogous behaviour was observed by
SOGREAH (private communication, 197%) using the specified intervals

characteristic methed.
Table 9.} Variation of initial volume in %

Trapezoidal canal of 45 m length Natural valley
Method of local characteri- Lax~Wendroff Local Lax-Wendroff
stics (explicit finite - method characteristics
differences) 60 km 100 km

Ax=05m |Ax=010m Ax=05m |Ax=100m Ax=100m

0% | 5% | ~2%  |upto-70% - 10% to + 10%

In order to avoid such volume discrepancies, modellers have adopted various
strategies in practical applications. One consists in piece-wise smooth
representation of the geometrical data, which at least eliminates errors with
respect to this representation (the conformity of the representation to reality is
still another question). Such is the method adopted by Chervet and Dalléves’
{1970) and, probably, by Vasiliev (1970). Sakkas and Strelkoff (1976)
developed a rational computational technigue based on the method of
characteristics applied to prismatic channels of general parabolic section. On
that basis dimensionless graphs were prepared by Sakkas (1974) which permit
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the estimation of the time of arrival of the flood-wave front, the maximum
flood level, and the time at which the maximum flood level occurs after dam
failure, It is possible to use the graphs if the natural valley may be schematized
a3 a prismatic one; this procedure is usad by the U.S. Army Corps of Engineess.
The Laboratoire National d'Hydraulique (LNH), Electricité de France, has
probably the world’s most extensive experience in this domain, having computed
more than 60 dam break cases, often with a cascade of dams, sometimes col-
lapsing one after another (Benoist et al., 1973). Geometrical features are h.ow-
ever simulated at discrete computational points, so that when the valley widens
Or narrows abruptly, some smoothing of the geometry is inevitable. In Fig.9.5
are shown the resyits of 2 dam break in 2 natural valley simulated by
SOGREAH, where an approach similar to that of the LNH is used.
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Fig. 9.5. Water surface profile downstream of a dam break (dam at kilometre
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. The cost of dam break wave simulation ié.very hlgh, in terms of computer
time as wel] as manpower. Benoist ef gl (1973) used 2 to 10 h of CDC 6600 -
- computer CPU time to simulate wave propagation along natural valleysof .
100-250 km length (presmnably_using 'th_e Lax-Wendroff method). Chervet _
and Dalléves (1970) used 5 h of CDC 6500 computer CPU time to simulate wave
Propagation along 9 km downstream of Malpasset dam (using the pure method f.
of characteristics). SOGREAH’s experience has shown that it takes about 5 h 0 B
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IBM 360-65 computer CPU time for a 50.km valley using 2 mixed specified
interval characteristics/implicit predictor—corrector method. The operation of
existing modelling systems is not always smooth. The modellers often have to
reinitialize the computations after runs which, for one reason or another are
prematurely aborted. The complexity of the topography and the cost of the
study may even lead to the use of one method during the first stage of pro-
pagation (in the upper valley) and then a switch to a different algorithm when
the wave attains the lower and flatter downstream valley.

In conclusion, dam break wave simulation has yet to undergo considerable
developments before it will become & really reliable engineering tool like flood
propagation modelling. Meanwhile, dam break modelling requires considerable
effort during both the simulation itself and the interpretation of results. As for
the future, efficient two-dimensional models are needed, and some first develop-
ments in that direction have been made — see for example Katopodes and
Strelkoff (1978).

9.3 UNSTEADY FLOW MODELLING IN STORM DRAIN NETWORKS

Storm drain network modelling is in many ways closely related to river network
modelling. The same basic hydraulic equations govern the flow, and the same
general class of numerical methods is used. But there are nonetheless several
particular and very important features of drainage network modelling which set
it apart from river flow modelling — in fact, river flood propagation programs
are seldom used for drainage network modelling, these differences being
important enough to merit the development of special programs. The purpose
of this section is to alert the reader to the special needs of drainage network
modelling, and to review some of the modelling techniques used.

" 'The role of unsteady flow modelling in drainage networks is one of
simulation and verification of existing and/for proposed conditions. We make a
distinction between this simulation role of unsteady flow models and the
essentially design role of simplified methods, which automatically select
collector pipe sizes using assumptions such as steady flow at peak inflow dis-
charges, predetermined flow distribution in looped networks, and absence of
backwater effects. While these design tools are capable of furnishing economic
and generally correct guidance for pipe sizing in new networks, only an unsteady
flow simulation model can verify the safety and economy of the design, and
pinpoint critical flow situations needing further design attention. In the case of
old, existing networks which are to be improved, expanded, or automated, the
use of simulation models is an essential part of the planning and design process.
In both cases, the engineer uses the model to simulate one or several storm
events by fumnishing input hydrographs (storm runoff) at a number of network
inflow points, and observing the evolution of free surface (and piezometric)

Jevels and discharges throughout the system. _
A frequently-voiced objection to the use of drainage network simulation

R
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models is the following one: ‘Since I have such an imprecise knowledge of the
urban hydrology processes which feed storm waters into the network, why
should 1 construct an accurate network mode) which is itself subject to
relatively little error?” This question was addressed by Chevereau, Holly and
Preissmann (1978), whose conclusions can be summarized in two principal
points: :

(1) If the volume of runoff entering a drainage network can be accurat?b"
predicted, the simulation of flow in the pipe network is relatively insensitive
to errors in the shape or time lag of input hydrographs.

(2) The value of a simulation mode] for comparing aiternative development
schemes does not depend on precise hydrological input data. The performance
of the competing proposals can be compared for a range of assumed hydro-
logical events which, though imprecise, reflect the general trends of past
observed events,

In this section we limit our attention to truly unsteady flow models, and
especially those which are capable of representing the effects of downs-tream
influences in causing backfiow, pressurization, etc. Yevjevich (1975) discusses
the importance of taking such effects into account; we will come back to this
point later on, R .

What, then, are some of the particular features of drainage network ﬂo\? _
which impose special requirements on modelling techniques?

® Flow in pipes can pass alternatively from free surface to pressurized
conditions and back again, ined

® The flow in and out of junctions, or nodes, does not follow prf:detfarmlﬂe
directions, Reverse flow may occur in one branch due to the early arrival of
storm flows in another branch adjacent to it, i fiat

® Backwater effects must be taken into account, especially for networks in
regions having very little slope where downstream conditions can be felt |
throughout the system, . : o . d l.s
® Smail depth situations, which must be treated carefully in river flow mode
(see Chapter 4), occur constantly in drainage system models. In fact, the
initial condition of many simulations is an almost dry network.

® Drainage networks, especially old ones, are often looped (multiply .
connected) in the topological sense, thus requiring special solution ﬂlg‘_’“t_h_m’ .
(see Chapter3), . o o

® Special hydraulic features such as weirs, gates, pumping stations, smgul_‘“' :
head Josses, storage basins, etc., abound in drainage networks, and indus_tnﬂl
modelling systems must be able to simulate such situations easily.

- We shail.ndw'brit._:ﬂy éﬁﬁsider each of tl';.ése';_.)oi_n_ts. '
'.Préssuﬂzedﬂow_ S o o
- Insofar as modelling is concerned, the essential feature of pressurized flow is tha
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it has an extremely high wave celerity, ¢;¢ is infinite, in fact, in an inelastic
system. In practical terms, this means simply that since there is no further
storage volume available once 2 pipe is completely full, any change in discharge
?t the upstream end is immediately transmitted to the downstream end. This
implies that explicit finite difference schemes, which are subject to the Courant
condition for stability, . :

1 .
cAt € Ax; ¢ = (g %) ’ (9.2)

cannot be used. As the width b approaches zero asa pipe approaches full flow,

¢ gets larger and larger, and even before pressure flow occurs At must be kept i

very small to avoid instability.

By using an implicit finite difference scheme, one can avoid both the high
cost of calculation associated with small At values and the programming
gymnastics required to isolate pressurized sections and treat them separately.
Singe the implicit method is unconditionally stable, a time step can be chosen
which is appropriate for the average flow conditions ir the network, the large
Courant numbers occurring for nearly pipeful and pressurized flow causing no

stability problems. But once again, if a change of equations between pres-
voided, we must be able to simulate

surized and free surface flow is tobe a
pressurized conditions using the free surface de St. Venant flow equations. The

key to the problem was first described by Cunge and Wegner (1964), who,
following Preissmann’s (1961) suggestion, added a vertical slot over each pipe as
shown in Fig. 9.6. As long as normal free surface flow conditions prevail, the slot
i
Lyia
1

Fig. 9.6. Use of fictitious slot td simulate pressurized flow. 1, Physical pipe;'
2, fictitious slot (width is exaggerated here); 3, water level in free surface flow;

4, water level in pressurized flow

has no effect and the de
the free surface Jevel s in the slot as shown; in fact, it Is the piezometric level.

Since the slot is extremely nacrow (of the order of 1 cm) the volume of water it
contains is negligible compared to the pipe volume, 50 the continuity equation is
still satisfied. We sce from Equation (9.2) that the small slot width, b, produces a

St Venant equations apply as usual. In pressurized ﬂbw, . :

|
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large celerity, and this is the essential object of adding the stot. Thus the nearly
infinite wave propagation speed of pressurized flow is simulated using the f{ee
surface flow equations, no special treatment being needed. In the construction
of the model, pipe sections are defined with slots extending indefinitely up-
wards; but the section conveyance never exceeds its maximum value, which
corresponds to a depth of about 94% of the pipe diameter.

Backflow from junctions

The backflow phenomenon is one which must be modelled if the simulation is
to reproduce the attenuation of peak flows due to the filling up of available
volume in the pipe network. As long as the numerical method chosen permits
flow reversal and divergent branching, backflow can be modelled with no special
treatment. Centred implicit methods, such as the Preissmann scheme, handle
reverse flow as a normal situation, '

Backwater effects

The need to model backwater effects eliminates the use of simplified methods
such as the Muskingum and kinematic wave approaches from all but very stecp
networks. Downstream controls such as gates, weirs, and pressurized flow can
have backwater effects which are felt throughout the network if it is flat.
Whether or not upstream overflow occurs may depend critically on whether
downstream flow capacity is adequate at a given crucial moment. Thus a
simulation system that does not take such downstream effects into account
loses all its value as a design verification tool. '

Small depths

The small depth problem, which is exceptional in one-dimensional river systems,
is commonplace in drainage network models, There are two aspects to the
problem. The first is described in Chapter 4, and concerns the fact that as the
water level decreases at the downstream end of a computational reach, the water
surface slope increases, and so does the discharge. But for small depths, the
effect of the slope increase may be dominated by the decrease in flow area, -
which has the effect of decreasing the discharge. Computationally this situathn,
which can lead to oscillations; is avoided by taking the conveyance at the up-
“stream section as representative of the entire reach, so that the discharge
increases monotonically as the downstream level decreases, (i.e. as the slope
increases). R . o - L - .
A second aspect of the small depth problem is related to an advancing wave 1t
a conduit cdntaining very little water. Figure 9.7 shows a reach which at timef
carries 2 small discharge at uniform flow depth, curve 1. At time ¢ + Az the )
‘advancing wave causes a large depth increase at point /. But the discharge at
:point f may not appreciably increase even though the water level rises
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Fig. 9.7. Small depth problem when Ax is too large. 1, Low flow water level;
2, advancing wave front o
ually no inflow into the reach, the only way
betweenjand j + 1, to be satisfied is for the
conduit invert, as shown in curve 2. The
problem is essentially one of too long 2 distance petween f and j + 1. Since flood
waves generally arrive quickly in storm drain networks, the distance step Ax
must usually be kept small, of the ordet of 100 m. Even if an iterative method is
used which allows the discharge at j to increase during the same time step as the
depth, Ax must be kept relatively small so that the advancing wave can be

properly represented.

substantially. Thus since there is virt
for the continuity equation, written
level at point j + 1 to drop below the

Looped networks

By cross-connecting different portions of drainage networks, engineers can
optimize drainage capacity in taking into account the non-uniformity of rainfall.
These cross links make it possible to route storm flows from areas of high rain-
fall intensity toward areas of low intensity, thus reducing the outflow capacity
needed from any particular area. Of course this advantage disappears under
uniform rainfall conditions, but ¢ross links also make it possible to isolate
certain portions of 2 network for maintenance, and to manage low flows so as
to avoid deposition of material in pipes. In modelling terms, these cross links
render a network topologically looped (see Chapter 4), thus requiting a looped
solution algorithm as described in Chapter 3. The same looped solution
algorithm can be used in river and drainage network models; but in drainage net-
works where the number of nodes can be relatively large, it is especially
jmportant to use 3 computationally efficient algorithm which limits matrix

{nversion time. -

A

T ]
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Hydraulic works

In river models, hydraulic elements such as weirs, singular head losses, drop
structures, etc., are rather infrequent, which is why we usually call them ‘special
points. In drainage networks, on the other hand, such points can be more
numerous than ‘normal’ ones. Thus a drainage network modelling system should
have no built-in limitations as to the correct representation of hydraulic works.
For example, recalling our discussions in Chapter 3, 2 modelling method which
computes levels and discharges at the same points lends itself much more easily
to the integration of hydraulic works than a method which computes y and @
at different points.

One feature of drainage models which makes life easier for the programmer
is the limited number of cross-sectional shapes. A typical model contains a
preponderance of a certain shape — circular, square, ovold, etc. It is necessary
to calculate tables of cross-sectional areas and conveyances only once for each
section-type in the model, These basic tables are then used for the entire model,
local conduit scale factors and roughness values being applied only at the time
of calculation. The result is a considerable saving in core storage and/or
auxiliary file requirements compared to a river model, in which each cross_
section is unique and must be stored somewhere. o

bt 1

Fig. 9.8. Illustration of computational problems when pressurized flow passes
into free surface conditions, 1, Time ¢, highly pressurized flow; 2, time ¢ + At,
slightly pressurized flow; 3, time  + 2At, negative depth calculated without
iterations; 4, time r + 2At, correct depth calculated with iterations
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Remark

Modelling systems which are based on, or have the possibility of, iterations
within each time step (see Chapter 3) can make better use of the pressurized-
flow slot system described above than those which do not iterate. As illustrated
in Fig. 9.8, once the peak flow has passed, water levels within the slot begin to
descend. But since the volume in the slot is small, the water levels tend to drop
rather quickly. In a system without iterations, the change in water level during a
time step is calculated using the width at the previous water level. Thus if the
previous water level was only slightly into the slot, as shown in Fig. 9.8, the cal-
culated drop in the next time step will be too large, since being based upon the
slot width it cannot take into account the true volume of the pipe just below the
slot. At best, the result will be a loss of water volume in the system, At worst,
the water level will drop below the level of the pipe invert and destroy the
calculation, as shown. The interest in being able to iterate within a time step is
that the water levels which drop from the slot into the pipe itself (or below its
invert) can be corrected, thus maintaining the integrity of the calculation,




10 Costs, benefits and quality

In the study and design of large engineering projects, investors, development
agencies, and consultants often deal with the concepts of cost/benefit and cost/ _
quality ratios. In fact, the decision to g0 zhead with a large project is ‘_’ftm_ _
based to a large extent on its quantitatively-estimated cost/benefit ratio. Since
mathematical models are so often used in the study and design phﬂse?f of
hydraulic works, it is legitimate to ask if they, too, should not be subjectto
some sort of cost/benefit or cost/quality analysis. The purpose of this chaptfgis
to analyse the factors affecting the costs, benefits, and quality of mathematic
models, and to try to determine whether the use of and choice among various
models can be based on such quantitative ratios.

10.1 COST/BENEFIT AND COST/QUALITY RATIOS

As far as the relationship between costs and benefits is concemed, Ivicsics nich
(1975} includes in his book a chapter dealing with cost/benefit analysis in ¥

he investigates in detail the factors which influence the economic (and 50"”?
efficiency of flow simulation using reduced scale hydraulic models. A parallel
analysis can be made for mathematical modeiling, and we refer the reader_ to
Ivicsic’s book for the details, Unfortunately, such an analysis cannot fuIT_IIShf
precise, quantitative guidelines for the assessment of the cost/benefit ratio of 3

- given model,

The only way to pin down the true cost/benefit ratio of a model would 1_’:110
finance several different studies of the same project using several mathematic ”
models, and to compare the respective savings with a study which uses no mo .
at all. Obviously no one is willing to go to such extreme lengths, and as a "O“sto
quence the serious quantitative cost{benefit analysis of modeis would appear
be out of the question. o . all too

There are two situations in which the cost of not using a model can be
precisely appreciated: when a new structure or channel development ;cheme a
proves to be worthless in view of the goa] for which it was designed, or when P
catastrophic event, which could have been predicted by amodel, causes loss of -

mn
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lifedand extensive property damage. In both cases it is too late to do the model
study.

At times the decision to use a mathematical model is a political one, when a
govemment or an international agency requires that a mathematical model study
be included as part of the project without requiring that the mode) justify itself
by a favourable cost/benefit ratio. Another possibility is that an expert con-
sultant, based on his experience and intuition, calls for a mathematical model. In
both cases the model will be built because of an a priori, non-€conomic decision
and not because all parties have studied and accepted the model’s favourable
cost/benefit ratio. The decision as to whether or not to use a mathematical
model stems rarely from a rational analysis of its social and economic effects.

Thus, even though we cannot define a proposed cost/benefit ratio for mathe-
matical models, we can try to develop an equally important concept: the
problem of model guality and its relation to cost. What is model quality? We
find it difficult to give a precise definition, just asitis difficult to define the
quality of an engineering design or an economic study before it is submitted to
the test of time. Of course the essential quality of a mathematical model is its
ability to faithfully simulate physical flow phenomena. But a model’s quality
is also related to other circumstances surrounding its use — its dependability, its
insensitivity to minor physical modifications, the accessibility of its intemnal
procedures in case of malfunctions, etc. The notion of model quality thus
applies both to the model construction itself and to the software on which it is
based. - oo '

It would seem impossible to establish a general quantitative relationship
between the cost and the quality of mathematical modelling. One can determine
something like a cost/quality relationship for a particular model after having
defined the criteria of quality for that model and for the specific study for
which it is used. For example, during the calibration phase of a model it is pos-
sible, after several trials, to get an idea of the possible increase in accuracy at
different computationél points (stations) as a function of labour and computer
costs. Then one has to consider the importance of each station in the context of
the overall problem studied, the representativity of the calibrated stations with
respect to the river as 2 whole, and other factors which make up for what could
be defined as calibration quality criteria (see Chapter 5).

Instead of trying to quantify a general cost/quality relationship which seems
to us too elusive to be pursued, we prefer to investigate the principat factors
which have an effect upon cost and which are related to the quality of models.
We shall investigate first of all the cost items of a mathematical model, and then
various aspects of what can be considered to make up its quality. In a way, these
two points can be considered as ‘objective’ factors. We shall also mention other -
‘subjective’ factors: the market situation, relationships between the modeller
and the client, etc. Their importance cannot be appreciated until the objective

factors are thoroughly analysed. B
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10.2 FACTORS AFFECTING THE COST OF A MATHEMATICAL MODEL

The overall cost of a mathematica] model of river or channel flow may be
broken down into the following items, each of which will be considered in some
detail: development of the numerical method and associated software with
which the model i constructed; preliminary study and the determination of the
type of model to be used; adaptation of the existing software to the project’s
particular features; construction of the model; supplementary surveys and
Inezsurements; mode] calibration; model expleitation (operational runs) and
interpretation of results; and possible transfer of the model and its
implementation on the client’s equipment. Of course a typical project does not
necessarily include all these items, The cast of the basic surveying and field
measurement campaign is not considered here since it depends too much upon
Particular local conditions, but jt must not be forgotten that this campaign can
Tepresent an important part of the overall model cost,

Algorithm and software development

In all but exceptional cases, a modelling organization maintains an arsenal of on-
the-shelf properly developed algorithms and their corresponding software. These
toals represent a considerable initial investment whose amortization must be -
flected in the cost of particuiar models. Experience has shown that this rather
obvious fact is only seldom acknowledged by clients and most often investment
cost recavery is not specified jn contracts. Quite obviously this means that mod-
elling system amortization is hidden somewhetre else, for example, in the profit
margin, or in artificial inflation of other items. In some situations the client may
commission a model based on 5 Program whose investment cost is next to

nothing because it is unresearched, undeveloped and inapplicable to real life

the models proposed by various modelling organizations. It is of utmost: -
importance to analyse not only the apparent price of a model, but also the fiepth
of experience behingd it, whether or not the modeller is still trying to amortizé
_ htis investment, the model’s position ¢compared to present-day state of the art,
ete, . _ o

- Itisoften tacitly assumeq that the cost of industrial program development -
and mode! exploitation i directly related to the ‘completeness® of the system of
equations used — that the Muskingum method is less expensive than the full de
S; Venant equations, etc, In order to see why this assumption is incorrect we
must consider both program development and operational costs. It has been the
authors’ experience that, once the solution algorithm has been developed and . -
tested, the bulk of the programming effort necessary to develop 2 modelling .
system is in input—output Management, error detection, topological ordering
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and verification, initial state loading, calculation control, graphical output, etc.
These tasks, which can become complex in generalized systems, must be pro-
grammed whether the basic solution method is simplified or complete. It is true
that implicit methods (see Chapter 3) require by definition considerably more
programming effort than explicit ones, especially in looped networks; but even
then development cost is dominated by tasks unrelated to the solution method.
As an example consider the CARIMA system developed by SOGREAH, which is
designed to be as automatic and as user-oriented as possible. The looped network
algorithm, using the Preissmann method applied to the full equations for channel
flow, and non-inertial equations for flood-plain flow, had been already
programmed and run before the CARIMA development was begun. The pro-
gramming of the method itself represented only about 25% of the total develop-
ment costs; had an explicit method been used, this figure would have been
around 15%. : :

As for operational costs, the possible savings per time step which can be
realized by using a simplified method are generally insignificant compared to
other costs, Again using CARIMA as an example, the CPU time which corres-
ponds to the actual flow equation solution (calculation of coefficients, matrix
inversion, etc.) is less than 20% of the total CPU time. Therefore an economy of
no more than 20% could be effected by using a simpler method, even if the same
large time steps could be maintained. _

These conclusions do not apply to a program which is non-automatic, that is
to say one which does no more than execute the solution algorithm for a model
manually prepared by the user. Butin such case, model exploitation cost is
dominated by the manpower needed to carry out the often tedious and delicate
task of model preparation. In summary, then, as long as the software is
efficiently programmed, the cost of program development and model exploita-
tion depends much less on the solution method used than on the generality and

ease of application of the basic software.

Preliminary study

The purpose of this stage in the project is to define the type of model to be used
for the particular project (Correlative or deterministic? One- or two-dimensional?
Fixed or movable bed? etc.). It should comprise a field investigation and the
assessment of all existing data, including the collection of additional data if
necessary. Although this stage can be a decisive one as far as overall costand -
quality of model results are concerned, it is all too often considered unimportant
or ignored. To be useful, the preliminary study should take place before
proposals are submitted to the client. But for an important model the cost of the
preliminary study may be as high as 10 000-50 000 U.S. dollars (1978 value),
and no bidding organization is willing to invest this amount of money unless it
has a pretty good chance of winning the overall modelling contract itself. In one
case known to the authors, an intemnational body launched an open bid for the
mathematical model of a river basin in a developing country and asked 18
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bidders to submit proposals. In the absence of a short list, the chances of
winning were 1:18; the bidding organizations had no choice but to play a high
risk game. It is to be expected that under such circumstances some of them .
would gamble (in making hopeful assumptions about the type of model needed);
others would do substandard work during the preliminary study stage and thus,
if chosen, might fail to perform the study itself correctly and in so doing would
distort the client’s perception of the usefulness of mathematical models in
general. -

The authors are familiar with several cases in which the client, understanding
the importance of the preliminary study to overall cost reduction and model
quality, has divided the contract into two parts: first the preliminary study,
second the modelling itself. Of course for routine engineering problems, the
preliminary study has less importance. But when the overall contract is of the
order of a million dollars and when the physical problem is difficult, a well con-
ceived preliminary study may easily save as much as 20% of computer cost and
possibly shorten the study duration by several months.

Adaptation of existing software to the project's particular features

There are some software systems which can handle a wide range of physical
situations and require no particular adaptation, especially when the project
presents no unusual problems. Nevertheless, experience shows that it is seldom
possible to perform a model study without introducing some modification of
the standard software system for particular man-made structures, automatic
regulating devices, special graphical output, etc, Such modifications may be in-
expensive and quickly carried out or, in some cases, may be very costly indeed if
the software system is not designed for easy modification. For example, a long
lateral weir is not generally a standard structure in programs which simulate’
surge propagation along power canals. If such a weir is one of the features to be
studied, it must first be incorporated into the software system, bringingin
supplementary cost. This cost will depend not only upon the inherent hyd{a“hc
complexity of the structure, but especially upon the software system’s ability to
accept new subroutines and particular features. This cost will include labour as
well as computer time, the latter being generally small as compared to the
former. - - : T e o
Quite clearly the cost of software adaptation is closely related to the quality
 of the algorithm and software. If the initial programming is efficient and if _
structured programming techniques have been incorporated (Baker, 1972), th"j'
adaptation costs can be nil or very small. If the program used is not an industr
system designed for convenient miodification, but rathera quzw,i—f.'nxpel’il'ﬂeﬂt‘?I '
undeveloped product, the adaptation costs may rival those of the in_itial '
investment.-- .- .- . ¢ . - T Sl T
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Construction of the model

The cost of this item can be very well defined once the type of model is deter-
mined (as it should be during a preliminary study) and the characteristics of the
software which is to be used during data processing are known. Model
construction consists in the schematization of the studied area (definition of
reaches, cells, computational points, links between them, etc.), the preparation
of the corresponding topographic and hydraulic data (cross-sectional areas, stage-
storage curves, Manning—Strickler coefficients, boundary conditions, etc.) and
the processing of the data in order to put it into the form required by the soft-
ware to be used. . '

At this stage of the study, ultimate model quality can be assured only if the
modelling team tries to understand the detailed physical features of the domain
to be simulated; the cost of this effort depends upon the complexity of the
natural situation and the data available. This understanding, together with the
preliminary study choices, will also determine the cost and quality of model
exploitation and interpretation of results. For example when a complex flow
pattem is evident, one may wish to represent the modelled area by a looped net-
work of storage cells and channels, and the schematization and data preparation
cost of such a solution might be relatively high. Another possibility is the
replacement of such a complex flow pattern by a one-dimensional branched
model, as described in Chapter 4. If the modelling organization is able to
accomplish such a schematization in an intelligent mannet, the model
construction may be less expensive in terms of computer cost, even though the
process of analysing, understanding, and schematizing may be much more costly
than for a looped channel-cell model. If the modelling team is not capable of
correctly exploiting the one-dimensional assumption, the cost may be low but so
will be the quality of the final product.

Consider some typical model construction situations and their cost
implications. ' '

f a cascade of trapezoidal hydropower canals with well
defined standard structures (hydropower plant, contractions, weirs, etc.) can be
accomplished in several days by trained personnel having efficient software at
their disposal. The corresponding computer cost would be negligible.

@ The typical time necessary for model construction of an average river with
flooded plains and complicated flow pattems is of the order of 1-2 months and
requires a team of 2 men, who are faced with the continuous task of deciding
where to place computational points, where to use one-dimensional and two-
dimensional modelling, what roughnesses to use, etc.; see Chapter 4 for some
examples of these kinds of modet schematization choices. '

@ More manpower is needed for important models which cover a large part of
the entire river basin, Examples of such models are the new Mekong Delta mode]
run by the Mekong Committee in Bangkok (UNESCQ, 1969; Zanobetti et al.,
1970); the Senegal River moadel run in Dakar by the OMVS (see Chapter 5); and
the Niger River model, in which cases the purpose was to have a tool which is

® Model construction ©
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always available, continuously updatable and improvable in order to study the
consequences of future structures upon water management policy. Such models
can have as many as 1000-3000 interconnected computational points and cells.
Simulation of complex flow patterns must be rendered possible and the model
discretization should be defined in view of al] possible future uses of the model,
from flood forecasting to water quality studies in order to get as much benefit
as possible from the model investment. The construction cost may corréspond
to a period of several (say, for example 6-18) months work of a team of

24 engineers. '

Computational costs corresponding to model construction, in terms of central
Processing unit time, are negligible as compared to labour costs (between S and
15%). However the cost of graphical output, which is used to verify cross- -
section data for example, may equal that of the computer time itself and is
roughly proportional to the duration of the model construction phase. The cost
of using graphical aids should never deter the model constructor from using
them; the correction of a false calibration due to mistakes in input data will b_e '
much more expensive, especially if one is into the model exploitation phase
before the mistakes are discovered.

Supplementary surveys and measurements

The topographic and hydraulic datg available are not always sufficient for the
construction and calibration of a model of high quality. Thus new comple- _
mentary survey measurements and data collection campaigns may well be co- t
sidered, and these may be very costly. The need for such action is somet.lmes f1.0 _
realized until during the model construction phase or even later, duringits -
calibration. Such situations are encountered not only in regions lacking
systematic recording of data but also in those areas where such recorfis are not
collected in the homogeneous way required for mathematical modelling (see
Chapter 5), S ibed
A classic example is the Mekong River model whose calibration was describe
by Cunge (1975¢). The complementary 1965 measuring campaign cost repres-
ented about 20% of the tota] Mmeasurements cost in the detailed breakdown giver
further on in this chapter. We would like to stress that it is not always easy {0
convince commissioning bodies of the necessity of such complementary ot
expenses (which may become very important) when one has already spent 2 lo ate
of money for data collection ; it Is psychologically hard to admit that the dat:d g
not exactly what was needed. The fear of losing face leads s_ometimes toam
of poor quality which does not meet its design objectives. : '

Model cal_ibmtion |

This phase of modelling is usually the longest and often the most ?:_:penstl_"e_- Th
cost varies considerably with the purpose of the model, the definition of -
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accuracy, the accuracy required, the skill and experience of the modelling team,
and data availability. In the Senegal River project (see Chapter 5), the contract
specified the required accuracy as 10 cm difference between computed and
observed water stages at 16 stations along 1000 km of the river, The accuracy
problem is discussed in Chapter 5 and here we note only that differences of 15
em maximum were obtained rather quickly; but it took a couple of months and
about ten complete runs (simulating the entire flood lasting 3 months) to con-
vince the client that: '

(i) it was impossible to satisfy the 10 ¢m criterion without adopting
physically absurd coefficients; only a new surveying campaign and possibly a
new schematization of some areas could improve the situation;

(ii) the observed differences were perfectly acceptable in view of the model

purpose. _

Such incidents may double the cost of the calibration phase and bear heavily
upon the overall study cost. We may incidentally note that if the Senegal model-
ling team had introduced absurd coefficients it would have quickly obtained the
required coincidence between calculated and observed levels, saving money but
completely destroying the model’s predictive reliability and thus its quality. As
is shown further on in the examples, the calibration phase can involve
considerable labour (counted in months if not years of work for a team of 2-4
persons) and computer resources (sometimes CPU time costing the equivalent of
several months of engineers’ time).
There are two applications of mathematical modelling which do not require
any calibration phase at all: planned man-made canals whose roughness
coefficients cannot be measured but can be fairly well estimated, and dam-break
wave propagation for which prototype measurements are, most fortunately, non-

existent (see Chapter 9).

Model exploitation (operational runs) and interpretation of results

Each operational run of a model consists of three main stages: preparation of the
data (most often the boundary conditions} for the run, the run itseif, and inter-
pretation of the results. Except for dam-break wave simulation or for very large
models of thousands of computational points, computer cost is not very importt-
ant even if a large number of computations are required. _ _

Often the most expensive part of the exploitation phase is the time lost due
to poor planning of the simulations and to inefficient software which is not
designed to give the user convenient access to computed results, preferably in
graphical form. A good example of the benefits of having a well conceived and
thoroughly tested program is the study of the Rio Parana project between
Corpus and Itaipu, where it was possible to execute 132 runs in 15 days '
(Courtesy of SOGREAH, private communication, 1977). The project managers’
ons were identified in advance, and modellers took the initiative of

preoccupati
running a few cases which were not specifically requested rather than risking
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problems in meeting the study deadline. Very efficient graphical output software
grouped the most important results of each run, permitting subsequent global
interpretation once all exploitation runs were finished. Such a streamlined
operation is not always possible, but it can significantly reduce the cost of modﬂ
exploitation.

The order of magnitude of the computer CPU time needed (of the :?laSS, say,
IBM 360-155 computer) to execute one run of an average river model is from 1
to 3 min, though very complex models may take as much as 20 min. One must
multiply that by an ‘error factor’ and add input-output cost. All things con-
sidered, the cost does not generally go beyond 1000 U.S. dollars ( 19?8) per run,
and is usually nearer 200 dollars. If a mathematical modelling specialist (say a
junior engineer) waits around for a day because hydraulic specialists wonder
what the next run should be, it would cost the client 200-300 dollars.

An exception to these general rules is the dam-break simulation Pmbl‘?m' in
which computer CPU/time (still corresponding to the same type of machine)
may well run into hours for one run, - o

Transfer of models

This item is not typical of all contracts but it ig becoming more and more Ofu:lnin
requested by model commissioning organizations. Model transfer is considere
detail in Chapter 11 and here we give only a list of points which must be taken
into account when the cost is considered: : o '

® training of the client’s personne! which brings in the need to remunerate -
teaching personnel furnished by the modelling organization; o .
® program adaptation to the client’s computer, which might be quite different
from that of the modelling organization; _ o

® possible acceptance tests;

® implementation of the model on the client’s facilities; -

® selling price asked for the software itself, - - -

For all but the last point one should not forget the computer time in cost _
estimates,. . : - - . - o

103 QUALITY OF AMODEL G
The quality of 3 mathematical model is related to the same factors as is' lts'c"’_‘t' :
What is troublesome; however, is the practical difficulty of defining Obje,"t“'e;es-__
universally applicable quality norms. We can only try to define wha.t constitut _
model quality by considering 4 few specific situations, bearing in mind that: a
model’s overall purpose is to provide faithful simulation of physical ﬂ?"_"" 5
processes. . oo oo nn o T g
- . ‘As we have seen, 2 two-dimensional situation may sometimes bé well - .
simulated by a one-dimensional model and the results, especially if they are |
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interpreted by the same team who defined the schematization in an intelligent-
manner, can be quite reliable. On the other hand such one-dimensional
simulation of two-dimensional or three-dimensional phenomena may be made by
personnel lacking the necessary practical experience and knowledge; the result
can then be disastrous in terms of predictive capability. Thus one aspect of
model quality is the modelling team’s ability to interpret results in a manner
consistent with the assumptions on which the model is based. :

It is useless to pursue model calibration very far if physically absurd
coefficients are needed to obtain better coincidence between observed and com-
puted values (see Chapter 5). The predictive quality of the model will actually be
decreased by such efforts, even though computed and observed water levels
coincide quite well. Thus another aspect of quality is the modelling team’s con-
stant awareness of the physical implications of calibrated empirical coefficients.

These two examples of quality considerations are linked to schematization
and calibrating difficulties. There are others, such as the software problem; well
developed and well researched software is certainly a key factor in model
quality. But the software problem has several components: the basic equations
and their discretization, the solution algorithm, data input, and processing of
results. For some projects only. very advanced software can bring about 2
solution; there is no hope of simulating sitvations such as those described for the
Mekong, Senegal or Niger Rivers without having two-dimensional techniques
available. But for others, less sophisticated programs can supply results of good
quality, provided there is necessary backup and interpretation fumished by
experienced specialists. - R :

The quality of models is also a function of the commissioning body’s
attitude. In z case known to the authors, a modelling organization was recently
consulted by an administration to study the propagation of a dam-break wave,
The proposal was prepared and sent to the client who objected to the price (it -
was of the order of 40 600 U.S. dollars, 1978) saying that, ‘since itis only a
preliminary study, can't you t
stant bed slope downstream of the dam in order to diminish the cost?”. The
modeller agreed that this would indeed divide the cost by a factor.of five, but
warned the user that he would not even be able to estimate the error introduced
by such a schematization. That did not stop the user from commissioning the
model and its exploitation; but who can assess the quality of the resuits

obtained?

When considering the quality of mathematical models of river and channel

flow, a distinction must be made between a model of a given physical situation
and a modelling system (i.e. ensemble of software) which may be used for a large
number of different studies. L _ _ o

The quality of 2 mathematical model built for some specific project may be -
formulated very simply as the model’s concordance with the existing prototype
flows, and its predictive capability. If the model is able to reproduce observed
past events and funish its user with a physically reasonable interpretation of
those events, the concordance is satisfactory to a certain degeee (this degree

ake a uniform trapezoidal cross section andcon- -
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depends on the user’s needs). The predictive capability of the model should
enable its user to extrapolate existing physical situations and to simulate with
acceptable accuracy events which have never been observed, such as exceptional
floods, or the influence of new system characteristics, such as dams, weirs, canals
and other man-made structures or natural modifications.

The quality of g modelling system is related to its applicability to as wide a
range of physical situations to be simulated as possible. Moreover, these appli-
cations should be easy to execute, should not require any basic modifications
of the software, furnish relizble results, free the hydraulic specialist from pro-
gramming and algorithmic *bugs’ and stay within reasonable cost limits.

It is quite possible to obtain reasonable simulation results while using a very
inefficient program which cannot possibly simulate more than a few very parti-
cular problems. Thus the quality of the particular model may be considered - -
satisfactory while the quality of the Program as a modelling system is very poof.
If a different model is buiit using the same software, its quality may be poor and
the results unusable, Og the other hand, an experienced modelling team which
understands a particular physical phenomenon well can schematize the real ]j:fe '
situation and interpret the results in such a way that even the limited modelling
System may be used with a certain success. Although such situations are not.
typical, they do exist and this is why quality criteria are hard to define. _

The reader might object to our assertion that a modelling system is of poor i
quality because it is not capable of simulating a wide range of situationf- Indee J
certain systems which model, for example, one-dimensional branched river flow,
can be considered to be of high quality in the sense that they reliably, _
efficiently, and €conomically solve the unsteady flow equations in netvfrork ' ]
types for which they were designed. But modelling is the art of simulating three
dimensional, continuoys natural phenomena using one, two, or perhapf one ;i_ay -
three-dimensional discrete techniques. The wider the range of applicability ol 8
modelling system, the less the chance that the modeller will have to forcefit
parts of the natural flow situation to his necessarily limited simulation system, :
and the higher the quality of the final results. :

In the following paragraphs we review some other factors which relate to
model quality, : -

Differential equations '

The choice of differential equations on which 2 simulation system is base_d",.lessti-
made by the modelling organization and usually accepted without much u;the
gation by its clients. As was shown in Chapter 2, there are several forms (:aske T
one-dimensional flow equations and some elementary questions must be asket.
about the system used, for example: ' o

® Are the equations written in the form of conservation laws for YOIHT; Qv:m_
-and momentum? [f not, they should not be used for studies on Whlchls tgd e
-~ front propagation is important and loss of water volume cannot be tolera -
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@ I the longitudinal change of momentum due to the non-prismaticity of the
river channel and bed taken into account in the dynamic equation? If not, the
simulation of wave propagation through non-prismatic channels will be subject
to considerable error. o '

The detailed discussion presented in Chapter 2 may be used to judge the
quality of a particular differential equation system.

Finite difference operator '

Here again the modelling organization has made its choice which may be
evaluated using criteria developed in Chapter 3. Such an evaluation is not always
easy because the details of finite difference discretization are sometimes kept
secret by modelling organizations. This is a delicate question from a commercial
point of view, but it should be said that it is impossible to assess the value of the
discretizing operator without knowing in detail how it is conceived. Usually the
error characteristics of the operator are given as applied to the linearized form of
the flow equations, but its quality also depends upon the way it represents the
non-linear terms and boundary conditions occurring in reat life. These problems

were discussed in Chapter 3.

Solution algorithm. and treatment of special features

Evaluation of solution techniques is the subject of Chapter 3, and some of the
more important algorithms are described there. The careful reader will of
course realize that these algorithms are in a way incomplete. They cannot be
applied to problems which include such special features as man-made structures,
sills, sudden change of cross section, reaches which dry up, etc. As a rule these
details are not available in scientific publications since they are considered by
modelling organizations as their main trump cards in the game of international
bid competition. In our discussions of flow in natural rivers and flow regulation
problems (Chapters 4 and 6) we describe some aspects of such details and con-
clude that they fall more often within the competence of the craftsman than the
scientist. Sometimes the quality of the algorithm consists in not interrupting the
computation and of locally accepting poor representation of the flow fora
certain period, for example, simulating a dry reach by assuming it carries a very
small discharge at a small depth. : _ : o

Most often the quality of an algorithm (or at least its sale price) is considered
high if it accepts all sorts of man-made structures, which implies, in addition to
craftsmanship in simulation and an excellent knowledge of hydraulics, avery
high quality of programming. Since such crafismanslip does not represent any
scientific innovation, it is hard to reproach the modelling organizations for their
desire to keep the details secret. But the quality of their software should be and
can be evaluated on test examples, in order to check whether or not the
modeller’s craftsmanship respects real flow laws.

N
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Data input and output

This point concerns the software itself and is readily assessed. It is a question of
the ease and rapidity with which one may change such data as cross-sectional
shape, roughness, conveyances, number of computational points and their
topological relationships (links between the points), boundary conditions, dam
operating rules, etc. It is quite dangerous to use a model which one will hesitate
to modify, during calibration or exploitation phases, only because of the -
material difficulty of such interventions. The more versatile the software in this
regard, the higher the quality of the system.

Simulation of observed situations _ . '
Chapter 5 deals in detail with the calibration problem. The quality of a model in
this respect may be assessed by a comparison of observed and computed St‘_‘ge _
hydrographs, If the quality of the differential equations used, their ﬁnjte_ dlffe_f'
ence discretization, and solution algorithm is satisfactory, a given modelll.ns
system should make it possible to obtain a good calibration. If 2 good calibration
is difficult to obtain (and it has been verified that the problem is not due to in-
correct field data), the quality of the mode] itself must be questioned. Thus the
quality components here will be proper schematization, density of
computational points, correspondence between real cross sections and stage/ )
storage relationships compared to those introduced into the model, etc.

104 MODELLER-USER RELATION_SHI[_’ ' _ o s
The key to decreasing the cost and increasing the quality of a model lies ir} the
relationship between the developer of 2 model or a modelling system and its |
user, if indeed they are not one and the same person. Whether we are talking -
about the relationship between two engineers employed by the same ;onml{tmti e
firm, one of them working in a mathematical modelling group and ano.thef n
river hydraulics department, or of that between a consultant and his client, thf-
problems are nearly thesame. © - - ... : o .

If the user can properly evaluate the model proposed by its builder, there 153
good chance that a mutual trust relationship will be established and the cost/
quality ratio minimized. This mutual confidence atmosphere is very dlfﬁc“lt to
create. One of the reasons is that the modeller is not always able to gvea -
quantitative answer to the user's questions. Or, to be more precise, it is often
impossible to assess the exact value of the inaccuracies. Thus, if the modeller 15
honest, the user gets the impression'that- he has paid for more than he has. .
received. If the modeller s not explicit in his reports, the user may be over- - -_

confident as far as the accuracy of résults is concerned. ~ - o .
" Anideal situation consists in-the participation of the user in tht:. model con: ,=
struction process, from the preliminary study through the calibration to the _
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exploitation runs. If the user is not prepared to enter into such a co-operation,
he has to accept that he has not obtained the highest value for his money. None-
theless, he ought always to have at his disposal some means of evaluating the
model he is buying. - o _

The prospective model commissioner who has no means of evaluating the
quality of proposed models can only choose by using cost criterion, while
believing everything he is told by the modeller. It is true that there are still some
users who regard the model as an vnnecessary item of the proposal, included only
in order to satisfy technical specifications and serving no practical purpose. For
them the model quality does not matter; the cheaper the model the better. But,
on the other hand, there are still ‘too many models constructed and sold that are
illconceived, inaccurate and inefficient, that lack-basic understanding, data
interpretation, numerics, analysis and even simply common sense. The decisions
based on these models are correspondingly ill founded, giving rise on the one
hand to a waste of resources and on the other, to unsafe and even downright
dangerous situations’ (Abbott, 1977). And thus the lack of a proper model
evaluation, which may result in some savings at the beginning of the project,
may also lead to costs out of all proportion arising from model-based project
decisions which turn out to be wrong.

10.5 EXAMPLES OF COST OF MATHEMATICAL MODELS

As was mentioned earlier, it is extremely difficult to obtain model cost data, and
even more difficult to publish them because of commercial discetion or organiz-
ational sensitivity. We shall try to illustrate what we have said in the preceding
paragraphs by using two examples for which some cost data are available: the

Upper Nile Basin and the Mekong River.

Upper Nile Basin _ _
The mathematical model of the Upper Nile Basin simulates the hydraulics of the
River Nile, its lakes, and its tributaries from the headwaters in Rwanda and
Burundi to a point about 20 km north of the outlet of Lake Mobutu. The
model, as described by Nemec and Kite (1978), consists of 3 main components:

. (a) a catchment component determining the runoff fed into the rivers which

flow into the lakes and subsequently into the Nile. - -
(b) A lake component which balances the inputs to the lakes with their out-

flows. S - :
©)A channel component which simulates the water flow through river

channels. ': '

Actﬁﬂly only co_:hponent (c), which isa mathematical model of river flow based
upon Preissmann’s four point impticit finite difference scheme, corresponds to
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the subject of the present book, components (a) and (b) being hydrologic
models. The model construction was commissioned by the UNDP and WMO
after the first phase of the HYDROMET project, consisting of systematic col-
lection of data during a five year period (1967-1972). The objectives of the -
model included the investigation of various schemes of regulation of lake out-
flows and training of the local staff, The model construction was put out to
open bid in 1974 and 10 (1) companies submitted proposals for the study. The
proposed prices varied by a factor of three with the lowest being 50% below
average, the highest 160% above average. A panel of six experts analysed the |
Proposals according to several criteria, some of which are given below in anony:
mous form (WMO, private communication, 19735). The rating scale was very
good, good, fair, poor. The following points were considered in detail:

(a) data handling (displayed awareness of problems, experience with handling
large data systems, method of data handling); ,

(b) computer facilities (hardware, software, model language, contractor’s
capability); _ ' o

(c) model (type proposed, model capability, contractor’s experience with the
model, cost); ' .

(d) model synthesis, i.e. putting three models together in one system (clarity
of concept, emphasis, contractor’s capability, cost); e

(e) demonstration and documentation for the client (time spent in Nairobi by
contractor’s staff); B - : '

(D) training (time versus number of persons, emphasis on training, type of
training, contractor’s capabilities); : :

- (8) general (contractor’s resources, contractor’s structure: loose, fragmented

OF compact; contractor’s hias; i.e. type of models best known and most oftenn
built; overall cost),

The overall cost of bids varied from 195 000 to 612 000 U.S. dollars in 1974. .
€ cost structure changed considerably from one bidder to another as followso

" Lake model 3-17% of the total
Channel mode] - - - 4-25%
Catchment mode] - ' 7-45%

Model synthesis - 0-10% -

‘Training - g gam

The method of analysis js ﬁoteworthy because of its generality — the cost is only
one of the factors — and thoroughness. It is also the only example known to the
authors wherein the client informed the bidders, after the decision had been
taken, of the method of analysis applied to assess and rate the bids.

Mekong River Delta

- Ttis not possible here to relate all the dgtaﬂé 'o_t.‘_ the Mekong Delta project. The _

interested reader may find a summary and references in the UNESCO (1969)
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synthesis report. We shall limit ourselves to certain information which concerns
the present chapter, namely the detailed budget of the modelling project and -
comments on the quality of the model.

Budget

The total cost of the project was nearly 1.3 million U.S. dollars. Its consolidated
plan of expenditure, given in Table 10.1, can be compared with the work time
chart as shown in Fig. 10.1. It is important to consider the dollar value of the
expenditures in terms of the inflation occurring since the period 19621965,
when the bulk of the work was done. Table 10.2 gives another breakdown of
the budget, this time along the lines exposed in the present chapter. Information S
concerning the project is exceptionally rich as compared to other similar : s
ventures, but even under these conditions it is next to impossible to pin down L
the cost breakdown according to the list of items given in Section 10.2.

Quaglity control

The Mekong project is a good example of special concern for the quality of the
results, the credit for which must go to UNESCO, the executive agency for the
project. The technical specifications for the model were evolved by a group of

international experts as the result of a preliminary mission in Viet-Nam and

Cambodia. Then a short list of three consultant firms was established and, after

thorough negotiation, the contract was awarded.
The contract had two features sp_eciﬁcally designed to assure high model

quality:

(i) All work done by the contractor was submitted every three monthstoa

ydraulic specialists (one of them having spent half

china), an applied mathematician and 2 data

processing and high level computer specialist, One of these experts came from

a firm which unsuccessfully bid for the contract. These experts, representing

four different countries, acted as an advising body to the client; within budget

limits, their decisions were final. After the first few working meetings, each of |

them lasting from 1 to 5 days, a relationship of mutual trust and professional 3

respect developed among the experts and the contractor’s engineers. :
(ii) The contract provided for a preliminary study under the experts’ control. |

During that decisive phase, the modeller and the client were in close -

communication.

panel of five experts: three h
of his professional life in Indo

Thanks to the above situation, when it was necessary to decide if the calibration
effort was sufficient or if further trials were necessary, the decisions taken by the
experts were accepted by the modeller as well as by the client. The model was
calibrated first on the basis of the 1963 flood which was rather below average,
and thus this calibration did not meet the contract requirements. Since the con-
tract provided for two calibration floods, it was decided to carry out a second
measurement and calibration campaign in 1964. This flood turned out to be just
average, but with features clearly different from those of the 1963 flood.
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Table 10.1 Mekong Delta Model Plan of Expenditure. Source: UNESCO/U!
(1969)
Item Man-  U.S. dollars
' months  (spent be-
i tween 19621
i and 1963)
; 1. Experts — consultants 19 46 393
f 2. Fellowships in organization of model
! utilization, hydraulic engineering,
5 computational hydraulics 74 27154
3. Equipment and supplies:
Computers, instruments, equip-
ment, transport, final report
translating and editing 376 232
4. Subcontracts:
: - Main contraet: analysis of avail-
: able data, preliminary compu-
: - tations, measurement campaign,
1 Services and final calibration and exploitation,
| facilities interpretation (exclusive of com-
i provided by puter cost). 588 301
j the UNDP Transfer of model: adaptation of
1
i special Fund Programs and user’s manual (see _
: Chapter 11 for detailed description). 30612
: - Acceptance tests before imple-
! mentation (in France, on computer
! facilities analogous to those in "
Bangkok). _ 3000
Implementation of the mode] in o
Bangkok (expenses and travelling :
costs excluded) | - 2750
5. Miscellanecus B o . 4411
Totat gross project cost : .. 1078853
6. Executing Agency overhead cost ... 57500
Total . el - - - 1136353
Services and  |Main contract {mainly for measurs-
facilites © [ment campaign) : C '
providedby | Government of Cambodia . . o 97271
the Govern- Government of Viet-Nam - o - - 42629
ments of o o
tparfan - : R e :
’ ooill_ltries. Total . o T : Jee . 139900

Total cost of the project - T o _'_1_276253
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Fig. 10.1 Work chronogram of the Mekong Delta Project. Source: UNESCO/
UNDP (1969) : :

Description of operation 1962 [1963 | 1964 |1965 1966 ‘| 1967 | 1968

Preparation of specifi-
cations, analysis of tenders,
negotiation of subcontract }—

Analysis of available data —

Preliminary computations
and partial calibration

Final calibration and
exploitation runs

Report

Transfer of model (its
adaptation and vser’s . _
manual}) —

Acceptance tests

Implementatioh in

Bangkok
|
Table 10.2 Mekong Delta Mathematical Model Cost Break Down. Source:
Zanobetti et al. (1968)
e ———
U.S. dollars

Items

eliminary missions, data analysis (preliminary

1. Reconnaissance, pr
study in the sense of the present chapter) 30 258
e ——
2. Adaptation of the existing software, construction of the
*preliminary” model ' 52 585
e —
3. Measurement campaigns
cost of equipment 103 598
cost of personnel and maintenance 549 248
—
4, Modet calibration and exploitation 228 844
e
- . 964 533

Total *

TN
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The fact that measurement campaigns were carried out while the model was
being calibrated made it possible to improve the quality of observed data by
changing the observation network density and the location of some recording
stations. The experts decided to carry out a third campaign of measurements
in 1965; this flood was below average, thus not used for calibration.

The quality of the calibration phase can be measured to some extent by the
differences between the observed and computed levels as shown in Table 10.3.

Table 10.3 Mekong model calibration results. Percentage of Total number of 29
Computational Cells calibrated. Source: Zanobetti et al. (1968)

Maximum ' Flood

error of 1963 1964
calibration

less than 10 cm _\ _ 60 53
less than 20 ¢cm . : 84 89

Given the way in which ‘observed’ hydrographs were established (it was of
course impossible to have a gauge in the middle of each cell) and the security
problem in Indochina, the above results may be considered as quite satisfactory.
The discharge check measurements (1228 measurements made in main rivers,
tributaries, and canals, the range being from 2.8 m® s~ to 34 640 m® s~!) were
reproduced by the model with an average accuracy of 6.8%. -




11 Transfer of mathematical
models

11.1 INTRODUCTION

Most mathematical models are constructed by consulting engineering organi-
zations who use them to study particular aspects of their client’s problem. In
such cases the client is interested in the conclusions of the study and some-

times in the details of the procedures used to arrive at these conclusions; but he

is generally not interested in having an operating model at his disposal at the end

of the study. In some cases, oL the other hand, the client desires to have a work-
ing model of all or part of his river system permanently available at his head-
quarters, so that he may use it as an integral part of his water resource manage-
ment activities. In this case the client either develops his own in-house model-
ting capabilities or, as is more often the case, he retains 2 consulting engineering
organization to construct, calibrate, and install the model at the client’s head-
quarters. We refer to this process as the transfer of a mathematical model; we
use the word transfer firstly because the construction and calibration phases
ate usnally carried out on the consultant’s facilities, as we shall see further on,
and secondly because the consultant must not only install the model at the '
client’s headquarters, but also communicate his model operation know-how to -
the client’s staff. : S _

A distinctly different type of transfer problem is that of the installation of a
general modelling program or system of programs at the headquarters of a
client who wishes to establish or expand his modelling capabilities. This type of
transfer being rather unusual, we shall not devote too much discussion to it. We
are especially interested in transfers of softwarg related to a specific model.

The transfer of a mathematical model from the organization which has built
it to the user may be desired for various reasons, some examples of which are

as follows: _ S '
(9] modei exploitation may be efficient only when it is carried out by the
user, such as in the case of short-term flood forecasting where results are

needed jmmediately; : _ _ .
¢ (i) model exploitation would be less costly if performed by the user since he

owns a computer and the cost of model operation is marginal;

m

e

e,
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(iiti) the authority which commissioned the maodel construction decides that
for political reasons, the exploitation and maintenance of the model should be
its own future responsibility. Such a case arises most often when a river basin
authority acquires a model built and calibrated and wants to use it for years to
come as 2 planning tool, with no need of further intervention by the modeller;

(iv) the client wants not only to use the transferred model for its primary
purpose, that is to say the study of a given river system, perhaps over a long
period of time, but also in order to build its own potential in the field of
mathematical modelling and/or river hydraylics, using the software system on
which the particular model is based, Indeed, such software may become a centre
of activity in itself and an excellent tool for educational purposes, permitting
a major step forward in hydraulic training within the client’s organization.

The purpose of a particular transfer operation is, most often, 2 combination
of the above motivations, some of which are seldom explicitly stated by the
user. When examining any transfer deal, one has to keep in mind that the
modeller is generally more experienced and better equipped than is the vser in
terms of computer hardware and modelling expertise. This does not necessarily
mean, however, that the modeller’s product can be easily transferred and used
by somebody else. His software may be poorly documented, to the extent that
it is unusable by any outsider; and there is a pretty good chance that he has
taken all possible advantage of his computer and operating system features,
some of which are non-standard and thus untransferable,

It is important to realize that, except in some particular cases, any model
transfer is a complex operation. The difficulties which may arise fall into one of
three general categories: ' '

e relationship between the modeller and the user;

o differences between computers and operating systems; o

® availability of trained computer system personnel and numerical hydraulics
specialists,

Let us consider these three topics in more detail while keeping in mind the. |
purpose of the model transfer, '

11.2 MODELLER-USER RELATIONSHIP .-

The success of 2 model transfet operation depends on & precise definition of
user-modeller reciprocal cbligations and of the transfer pu’rp@':__ses. A user wh_o_
desires to implement at his headquarters a mathematical mb‘g:lel built and cali-
brated elsewhere should remember that a mathematical modelling system,
especially an industrialized one which is designed to handle many_different.
kinds of problems, will be based on very complex programming, and experience
has shown that there is no such thing as foolproof software. Even when a model-
ling system has been used for years, it can happen that a partit__:ul_ar configuration

e
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or a particular loop which has never been tested brings about a breakdown of the
computer run, which thus yields no results and the mathematical model can only
be considered inoperable. In addition there are myriad possibilities of errors in
the definition of topographic and hydraulic data, discharge coefficients, man-
made structures, etc. Any modelling system has its own rules of model
construction which may not have been violated by the modeller but which will
be violated by the user, and so on. '
_ There are two levels of possible incidents with a transfesred model: formal
incidents, due to the fact that the modelling system rules were not followed,
and more subtle incidents caused by deficient software or poor numerical
representation of hydraulic laws. It is highly unlikely that a model could be used
for an extended period of time without the occurrence of both types of
incidents. To achieve the transfer objectives, the user will have to deal with the
organization who built the model (the modeller), who may be a university, 8
governmental institution or a commercial organization. In each case the user
must define reciprocal obligations in such a way as to insure himself to as great
an extent as possible against incidents such as those described above. In view of
this objective, each of the above three types of organizations has certain

advantages and certain disadvantages.

A university modelling system might be a good teaching tool and its
theoretical foundations are usually easily ascertained. Most often, however, a
detailed operating manual either cannot be furnished or may be of poor quality.

It is doubtful that a great deal of tedious and unglamorous testing of the software

has been carried out. It is possible that due to the continuous tumover of
graduate students, the modeller will in a few years have no one available who
knows the details of the progrant. All these deficiencies stem from the fact that

university modelling systems are generally put together by graduate students

whose primary goal, and quite legitimately s, is the completion of their theses

and/or research rather than the less exciting task of programming 3 general,

incident-proof modelling system. The graduate students are supervised by a
professor who is responsible for several projects of this kind, plus his own
research, plus administrative work, and thus quite rightfully considers program
debugging to be outside of the domain of his scientific activity-

There is only one way the user can hope to make effective use of a model
based on a university software system: he must fearn as much about it as its
authors know themselves. This is in fact quite possible, since the user will
usually be welcome at the university and the modelling staff will be eager to
explain every detail- However, is it worth it to have such a model transferred?

Most likely it would be better to learn the modelling system's principles and

program it from scratch oneself. o |
' ffort needed to transform a research-oriented

" An example of the kind of €
alized product is that of SOGREAH’s POLDER

software system into an industri
prograrh (Pollution Des Riviéres = river pollution). This program, which simu-
Jates time-dependent two-dimensional pollutant dispersion in natural rivers, began

Jife as a graduate student 100l used to investigate various numerical techniques
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and to analyse the results of laboratory experiments (Holly, 1975; Holly and
Cunge, 1975; Holly and Simons, 1975), While the documentation of the
numerical techniques used was fairly complete; the same could not be said of
the input-output procedures and interpretation of results. Moreover, the pro-
gram had very little error detection capability, only rudimentary graphical
output routines, and required that the user perform manually the tedious task of
stream tube discretization (see Chapter 8). Thus although the program was based
on sound numerical techniques and was efficiently written, it could by no means
have been considered a transferrable product in its university version.

The remainder of this example departs somewhat from the university-to-
client transfer scenario, because in this case it was the program’s author who _
transferred himself to another organization, where he was assigned the task of
developing an industrialized version of the program, Nevertheless it proved
difficult to try simply to generalize the university code, so it was necessary to
start from scratch as suggested above. The re-programming process, including
automatic stream tube preparation, complete graphical output of results, and
effective error detections required about four man-months of effort and about
5 h of computer time (IBM 370-155). 1t should not be forgotten that this effort
was devoted not to the development and testing of a new numerical technique,
but simply to the transition of the program from a university version to an
industrialized (transferrable) version, _

A governmental institution modelling system may well have some of the same
deficiencies as the university product described above. Experience has shown

 that some governmental agencies in some countries can develop program systems
and construct models based on excellent theoretical bases and can acquire con-
siderable experience. Their systems however may lack good documentation o
(such as operating manuals containing efficient exploitation rules, etc.). In
addition it is sometimes impossible to obtain documentation from these agencies
which is written for transfer purposes. Agency personnel are more or less willing
to explain how their software functions and the theoretical foundation of their
method, but to furnish detailed documentation implies the acceptance of
responsibility for future operations, The agencies are usually reluctant to do this
since they know that modelling systems are not foolproof. Mishandling of such a
model by the user would discredit the agency which, consequently, does not
like the transfer idea. o o o

Notable exceptions to these general observations are governmental agencies
specifically charged with the development and public dissemination of modelling
programs, such as the U.S, Army Corps of Engineers, the U.S. Geological Survey,
the U.S, Environmental Protection Agency, U.S, Soil Conservation Service, etc.
Such organizations willingly transfer modelling systems to consulting engineering
firms, local public authorities, etc., and with reasonable documentation. But this

- kind of transfer, lacking a commercial motivation to supply a product which is
- self-contained and meets the transfer contract specifications, depends for its

Success on the never-ending follow-up communication between th_e_.sup'p_liler‘ and

* the user for the resolution of program and modgl_ problems.’
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d A commercial organization may always be required to furnish a detailed
ocumentation, and moreover it will do everything possible to make its model
foolp_roof in the interest of preserving its reputation and protecting its profit '
margins. Indeed, the people who work in such organizations are paid for the
necessary but unglamorous work of quality control through checking, testing,
debug.gmg and writing error messages and operation manuals. A commercial
Ofg_amzation will also always agre¢ to sign a transfer contract if it is linked to 2
main contract of model construction and calibrafion. a -
There is, however, another problem when commercial organizations are
concerned: they are not eager to create thelr own competitors. Thus the purpose
of the mode! transfer intervenes quite explicitly. Commercial firms will gladly
supply the model and the goftware under some usable form, as well as operating
manuals and aftersale assistance, but not all of them will explain the details of
the software. Or, if they do, it might mean that the particular software trans-
ferred is not their latest, most efficient version. Of again they may ask a price
which covers the software development costs. It all depends upon the model
purpose: any organization will agree to transfer its software in the form of
binary decks which do not reveal any software secrets, but by the sameé token
cannot be modified to meet evolving mode] needs. L '
Some organizations will agree to properly train their clients’ engineers if the
client agrees to limit model applications to one river basin or to one country.
But a very high price indeed must be paid if on€ wants to obtain from 3
modeller the tools with the aid of which one would Jike to become the

modeller’s competitor. - _
We would like to stress that the policies adopted by various commercial firms
are not all the same. Their attitudes depend upon many factors, but their fears
of loss of market competitiveness because of Yeaks’ of modelling secrets are

usually baseless. Indeed, the development of a commercially sound capacity in '
mathematical modelling of river and channel flow demands several years of time,
a team of several people who are very tent in hydraulics, numerical
methods, and data processing, proper management of this group, and access toa
rather large computer. The software is only one element of the whole set of
conditions and, while being important, it is not decisive when the human

suppo_rtisnotthere. L oo . ) _
On the other hand, the commercial organization who transfers a model does

run another kind of risk; that of a damaged reputation. This risk may be -
attenuated only by thorou tation and training of the user. If the

gh documen
not satisfied, ot if the transferred model does not work of

works poorly, the modeller’s reputation will be tarnished, sometimes
jrreversibly. Whatever the gituation, 2 transfer cannot be properly made unless
the partners trust one anqther in the deal and recognize t_-.ach other’s fears and -
motivations. ©- S S

Ey

o
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113 COMPUTER AND OPERATING SYSTEM PROBLEMS

Transfer difficulties due to differences between computers and computer
operating systems are of another kind, since they are abjective in nature, and a5
such, nearly independent of transfer purposes.

Let us consider the simplest of all situations, when the user’s and modeller’s
computers are both of the same type, built by the same manufacturer and both
having the required core storage capacity. Even in such a case the
implementation of the program may run into trouble since the manufacturer
may not have implemented the same version of his operating system on both
machines. Indeed, the manufacturer’s software has usually several options, or
versions, and data Processing centres are free to choose between them as they
please. These kinds of differences do not intervene at the programming level, but
rather at the level of program exploitation. Operating problems due to such
differences can be worked out in a few hours, but only if the modeller’s
personnel charged with implementing the model have a rather good knowledge
of the computer job control language and if the system analysts and operators
on the user’s side are sufficiently qualified. In the example of the Senegal model
transfer given at the end of this chapter, some difficulties of this type are
described. We would like to stress the fact that the main problems in this respect
are computer-related and not program-related. 1t seems that often the two
aspects, i.e. computer versus program, are confused when the technical _
specifications for bids and contracts are drawn up by the users or their ad\'_mfs-

The above difficulties as well as others exist when another, more compli-
cated case is considered: the user’s computer is of the same type as the
modeller’s but its capacity or computational speed is inferior, or it is of a ey
completely different type. In that case it is possible that some reprogramming 15
necessary and, in order to minimjze costs, the testing of the program should ta_ke
Place before the transfer on a computer of the same type as that of the user.

Let us consider the following recommendations concerning transft?rs and
given by Nemec and Kite (1978): ' '

(3) ‘What must always be required is that the mode! be developed by the sub-
contractor (modeller) on the same type of computer that will eventually be used
and that the model developer, from the beginning, tailor his model to the e;;act
machine, operating system, library routines and facilities of the user.” - )

(b) ‘It is desirable to design the system so that the capabilities _of the users '_

are taken into account,’- S oo
Such recommendations may be pertinent if the client commissions a software- -
manufacturer to write a particular program from scratch for his particular R

purpose and for his particular computational centre. If the model purpose Is
educational, as stated in point (iv) of Section 11.1 » both recommendations will
be relevant. However, in situations most often encountered, the transfer is ﬁ.IB
last stage of the project. Except for very particular cases the bulk of the project
‘consists of constructing, calibrating and exploiting the mathematical model. -
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To satisfy Nemec and Kite's requirements, the client who desires to use the
model beyond the project duration and to have it implemented at his head-
quarters has only two choices: '

e either to find a modeller who, by chance, uses the same equipment as he

does;
e or to require that the model be built, calibrated and run by the modeller at

the user’s computational centre.

The former solution might well eliminate all existing modellers or, at very best,
lead to @ rather arbitrary chaice as to who is going to build the model. The latter
solution would burden the project with high costs which can be otherwise
avoided. The construction and calibration of the model at the user’s office '
implies setting up in residence a team of the modeller’s specialists during several
months, possibly multiplying the time needed for the job by an important
factor. When the model is built, calibrated and runt at the modeller’s office, it
benefits from an environment which cannot possibly exist elsewhere: an exper-
ienced staff, a powerful computer, consultancy backup, etc. Even for
educational purposes it is better to bring the user’s personnel to the modeller’s
headquarters than vice versa. Thus there is a good chance that if the modeller
uses “tailored to the user’s machine’ software during the building and calibrating
phases, the user will either pay a very high price for his model or be obliged to
accept the servicesof a modeller who may not be the most qualified for the job.

The fear that a program which runs on one computer cannot be run on
another is not justified if one is ready to insure himself adequately by bringing

1 and programmers onto the job. Unless the

qualified computer system personne
mplete disorder, it can pe translated into a different

original software is in co
computer language with no technical problem, though it may take some time.
Past bad experiences in this respect come most often from the fact that the job
was not entrusted to qualiﬁed system personnel guided by numerical hydraulics
specialists, but to hydraulic engineers who had only limited experience in
programming. :

In conclusion, if the computers are really different and the software must
be rewritten, it is the original modeller who most likely would do the best job.

11.4 TRAINED PERSONNEL PROBLEMS

- From what was written above, the reader has probably already concluded that
the user who wishes 10 operate a model must have at his disposal not only an -
adequate computer, but also trained computer system personnel capable of run-
ning the machine and exploiting the manufacturer’s operation systems. Such is

usually the case for any medium size computer instailation, but it is important

to ensure the availability of its personnel for model intervention when necessary.
The purpose of the transfer and possibly the distance between the modeller’s
and user's headquarters will define the needs in trained numerical hydraulics
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personnel. For the purpose of running the model without introducing any major
modifications, a very modest amount of training is needed provided that the
user’s manual is very comprehensive, There are examples (Senegal-see below)
when two weeks were enough. If some modifications are needed or if
exploitation problems arise, the modeller’s specialists may be called in for a few
days. Such a use of the model requires on the user’s side only a general
knowledge of the principles on which the model is based and of its associated
software. It implies, in return, that there is a special maintenance contract with
the modeller and that the modeller’s engineers are available for such
interventions, _ :

If the user wants to have full control of the model and/or to use the model-
ling system for cases other than the original study, then he must accept the
responsibility of imposing on the modeller the ful] training of his specialists.
That means that they must learn the theory, the method of solution, all details
of solution algorithms, and the program itself. As is shown below in the Mekong
model transfer example, the user must be prepared to pay for this training and
allow for such training time as i necessary for his specialists, who need to know
the meaning of every statement in the software used. The price includes also the
willingness to let these people stay in their job for a sufficient time to train o
others. The last remark is especially important for developing countries. Indeed,
it is well known to international organizations such as UN, WMO, etc. (see for
example Askew, 1978) that there is 2 considerable mobility of professional
staff in these countries, with unexpected transfers of personnel from one depart-
ment to another or their rapid promotion from technical, to administrative posts.

Tt is obvious that the user’s personnel should have sufficient qualifications to
be able to profit from such training. If such is not the case, the independence
which the user hoped to obtain will never exist and he is actually wasting his
money. What then are the qualifications required in order that the user’s
numerical hydraulics specialists be able to take full responsibility for the
operation and modification of a transferred model and modelling system? The
following Kist is certainly not exhaustive, but at least establishes certain
minimum qualifications, -

(1) A thorough background in river hydraulics, including the unsteady flow
equations, channel resistance properties, and hydraulic structures.
(2) A working knowledge of numerical hydraulics, including the more ]
“common finite difference methods, stability and convergence properties, matrix
operations, and the solution of Targe systems of equations. :
- (3) Detailed knowledge of the program language being used, practical -
experience in this domain being especially valuable, - SRR
* (4) An appreciation of the functioning of the computer’s operating system% _
especially the definition of auxiliary files and management of input-output o
operations, ... . . . 5. [
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11.5 EXAMPLES OF TRANSFER OPERATIONS

The transfer of the Mekong Delta mathematical model from Grenoble (France)
to Bangkok (Thailand) '

The Mekong Delta mathematical model was built, calibrated and run in Grenoble
(France) by SOGREAH between 1962 and 1966, as described by Zanobetti

et al. (1970), UNESCO (1969), and also Cunge (1975c). The client was the
UNDP .With the UNESCO acting as its executing agency. The Mekong
Committee, established by the riparian countries of the Lower Mekong River
Basin, wished to use the model asa tool to study development projects of its
own and for that purpose asked the UNDP to finance the model transfer from

Grenocble to Bangkok.

Difficulties arose from the fact that the Bangkok computér was a different
model from the Grenoble one. The original Mekong model, as run at the end of

the project, was implemented in Grenoble on the IBM 7044 machine having a
core memory of 256 K bytes; the original model used 128 K of that storage. The
Bangkok computer was the I1BM 360-40 model with a core memory of 64K
bytes. The differences between the two computers were not limited to speed and
core storage, but also concerned the number of peripheral units and the type of
operating system. Thus, in order to transfer the model onto the Bangkok com-

puter it was necessary to completely rewrite the existing prograrn. Moreover,
distance separating the modeller’s dnd

given the purpose of the transfer and the
user’s offices, the transfer operation had to be made in such a way as to give the
client full autonomy in operating and modifying the model. This result was

ensured by the contract, whose meost important articles are quoted below — they
give an excellent definition of the transfer operation. The contract called for

work, particularly as to the ﬁrogmme and

its pertinent data in order to reduce the computer memory requirement and to
eliminate operative errors. This provision is foreseen to be necessary because of
the reduction of available computer memory capacity from 128K to 64K. '
Adaptation of the existing mathematical model for use in the new computer,
which will be model IBM 36040, is further defined by Annex I, which lists all
jtems of equipment. The mathematical model shall faithfully seflect the hydraulic

characteristics of the Mekong Delta. -
The adapted mathematical models shatl include all the programming,

directions, mathematical theory, punch cards, tapes and other pertinent docu-

ments, material and data which are used in the computer caleulations of the

problems set forth herein. The accuracy of the adapted models shall be equal to

that of the original modet. All of the approximately 300 computational points
shall be included in the adapted models.

of the original model
A descriptive and operating manuat shali be prepared which will provide

" detailed instructions for the operation of the adapted models. The instructions

will be sufficiently clear and concise so that any person with a reasonable
- preparation in training and experience with the IBM 36040 model computer

‘.. the reanalysis of the existing
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will be able to operate the adapted models without need for additional con-
sultation and/or training. The writing of the manua] shall include, among others,
the following items:

(a) 2 description of the mathematical philosophy of the models;

(b) the Programming of the models in the Fortran language;

(c) 2 description of the general organisation of the programme;

(d) the manner of entering data into the computer;

(e) a description of all probable malfunctions and their rectification;

(f) a careful analysis of operations to ensure a smooth operation of the
models;

(2) a careful and detailed description of the limitations of the adapted models
as to their accuracy, and the boundaries of the area within which they can be
assumed to be effective.

All matters relative to the effective, accurate and trouble-free operation of
the models shal] be included,

The adapted models can be used for the study of physical conditions other
than those defined under the previous contract. In order to be able to do this,
the adapted models must be further modified by changing parameters, program-
ming, etc, Although these changes and modifications to the adapted models are
- Dot part of the work which is the subject of this contract, a special chapter of
the descriptive and operating manual shall describe, in a general way, a certain
number of these possibilities for modifications, such as:

(a) the construction and operation of 2 barrage on the Tonle Sap (already in
the existing models);

(b) construction of a canal to bring water from a higher elevation into the
Grand Lac;

(c) construction of pumping facilities in both directions through the Tonle
Sap barrage; _ ' — :

(d) construction of new dykes and/or canals within the Delta area H

(e) construction of g barrage downstream from Phnom Penh.

The intention is to provide general explanations, adequate to permit an ]
experienced and trained analyst, with the consultation of a competent hydraulic
expett, to make adjustments and changes in the models to meet new th.sical
conditions. It is not the intention of the above paragraph to require detailed -
Programmes or specific changes. - ' )

The operating manual shall also include a section which shall describe in a
general way the manner in which the adapted models can be refined by the_
inclusion of new fiood observations and new values of rain and/or evaporation. -

The submission of the adapted models shall include the following items: - ..

(a) a listing of the programmes in the Fortran language shail be submi.tte.d. n
three copies in standard readily usable format; - - : : o

(b) the programme in the Fortran language shall be submitted ready for use in_
magnetic-tapes and punched cards, in three copies; e
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() the ‘sequence’ file which defines topological and hydraulical data shall be
subnutteq in magnetic tape and punched cards in three copies accompanied by
three copies of complete tables of coefficients in decimal form; :

(d) the data file shall be submitted in magnetic tape and punched cards
accompanied by a 'listing’ of the tables used to generate the d_at'a"tape. The three
flood periods of four months each for 1961, 1963 and 1964 shali be submitted
on one magnetic tape and one punched-card file in three copies each;

() the descriptive and operating manual shall be written in the French and
ction and acceptance.

English languages and submitted in four copies for corre

Following the conclusion of the model work upon successful acceptance trials,
both language versions shall be submitted in 25 copies. With the approval of
UN]_ESCO, the English text may be Submitted at a later date for firial cor-
rections and approval prior to final printiog. Both language versions shall be

1

nlary readily understandable in all respects

written in a style and with a vocabu
by machine operators who are trained to work with IBM 360-40 equipment

and whose mother tongues are French and English respectively.

At the request of UNESCO, not later than 30 days following the receipt of
the preliminary submission of all documents, an acceptance test may be under-
taken at a laboratory acceptable to UNESCO and to the Contractor, using 2
computer and peripheral equipment which for all practical purposes is identical
in function to that which wiil be available in the Thai Government’s Statistical

‘Office in Bangkok. All anangements‘ for the laboratory services shall be made by
the Contractor. The Contractor shall cubmit proposals for a suitable laboratory,

and for dates for the tests, not later than three months following the
authorization for starting this Contract. The programime for the tests shall be
UNESCO shall advise the

agreeable to both UNESCOQ and the Contractor.
Contractor of its acceptance or rejection not later than two months following

this submittal. R
At the request of UNESCO, the Contractor shall hold himself ready to assist

and to instruct the Bangkok personnel regarding the use of the adapted models
and all pertinent documents for a period of one year following the completion
and acceptance of the work. During this period and upon notice of three
months, he shall be ready to send to Bangkok an engineer skilled in the
operation of the adapted models. The engineer shall Jdevote three weeks' time in
Bangkok, to demonstrations of the uses of the models, to assist the Mekong
Committee in the officient, accurate and useful exploitation of the models and
documents, and to assist the Mekong Committee to make modifications of the
programme which fall within the terms of reference of the first contract, if

necessary .-
 The transfer project consisted of three phases. During phase 1, which began in

June 1967, new s_oftware was written in Fortran basic language to be acceptable

tion system (the original program was written partly in

a more advanced language, and partly in Assembler). The new soft-

FOItl'aﬂ lvs
] operation on the smaller computer by using t_ransfers

ware pe;mi!.t_.ed mode
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between its core storage and peripheral units, The computational time increased
considerably but the implementation was made possible. A detailed user’s
manual was drafted and tested during phase 1. It comprised not only usual
indications of how to feed the data into the computer but also three supple-
mentary parts:

(i) the description of all possible control messages provoked by errors or in-
consistencies in the data;

(ii) the detailed documentation necessary for one to proceed from the
formulation of flow equations to the programming;

(iii) the list of all routines in Fortran accompanied by detailed flow charts.

The user’s manual was then submitted to the committee of experts supervising
the contract execution. The committee was composed of a hydraulics specialist,
a data processing expert and a representative of the Mekong Committee who wa
a hydrometeorologist with a good knowledge of computers. All three of them
knew the original project well and two of them were well acquainted with the
original program, The committee approval ended phase I of the project.

During phase II the committee of experts prepared a set of modifications and
special runs of the program using only the user’s manual, The modeller was com:
pletely unaware of the contents of the set of data prepared by the experts. The
software (recorded on magnetic tapes) was implemented by the modeller on the
computer of an independent computationa? centre whose geographic location
was different from that of the modeller but within reasonable distance. The
computer configuration was cut down to exactly the same size as the Bangkok
centre and the same brand of computer was used. Then the experts operated the
model during three days solely with the aid of the user’s manual, in the presence
of the modeller’s staff but without its intervention, The experts’ satisfaction as
to the possibility of the model running without the modeller’s intervention
ended phase H. } ' -

In phase I1I, the software was sent to Bangkok and implemented by the user
on his computer. Some basic tests as to the compatibility of the Fortran
language were run by the user. Then 2 modeller’s engineer went to Bangkok
where he spent 3 weeks. During that period all routine operations and the
repetition of the flood simulations were performed. A major modification of the
model was made by introducing a dyke which completely isolated the Bassac
River (see Fig. 4.10a) from the region on its right bank. One of the largest floods
was selected and simulated with and without the above modification. This test_ )
was made jointly by the Mekong Committee engineers and the modeller.’s s
representative. Then 2 series of dyking alternatives in Vietnam was consld?red
and introduced into the model, but this time entirely by the local staff, with no
participation of the modeller’s engineer, The last operation was successful and it
served as a final proof that the Mekong committee staff was fully lfnov’lédge_al_’.le
in model operation. This ended the project in April 1968. - o

During the implementation phase, the modeller’s representative ran into two-
kinds of problems. First, access to the computer was Hmited since the machine
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belonged to the Thai administration and not to the client. Second, there were
several particularities of the IBM operating system which required minor
modifications of the system control programs. The latter difficulties were over-
come only because the modeller had some knowledge of the system.

The Mekong model remained in continuous use by the local staff without
need of the modeller’s intervention between April 1968 and 1976. At that time
the Mekong Committee obtained access to a more powerful computer. Also new
modelling needs appeared — namely the need to study low flow periods for
which the original model was not calibrated. Thus it was necessary 1o meodify the
software in order to decrease the computational time, then to recalibrate the
model. It was decided to entrust the original modeller, SOGREAH, with the job.
The Committee could probably have done it as well but the original modeller
had the benefit of his established team, greater experience, and a better environ-
ment, The work was accomplished within a few months and the client’s
engineers’ previous knowledge of the program obviated the need for a complete
new transfer operation. It was sufficient for two of the user’s engineers to spend
a few weeks at the modeller’s headquarters where they themselves wrote the
maodifications to the operating manual. : .

The measure of the success of the Mekong model transfer is the fact that the
model was run for 8 years by the user, during which period the modeller
received neither complaints nor requests for assistance. However, the price of this
success was not small, It included training of the user’s engineers (during the
building and calibrating of the original model), the release by the modeller of all
details of the algorithms and software used, reprogramming, wiiting of a detailed
user’s manual, acceptance tests and the implementation of the software by the
modeller. The last four operations took 8 months and cost nearly 40 000 dollars

in 1967/68.

The transfer of the Senegal River model from Grenoble (France) to Dakar
(Senegal) _
The mathematical model of the Senegal River was bullt, calibrated and run by
SOGREAH in 1969 and 1970. The client was FAO and the work was supervised
by a committee of experts, very much as the Mekong model project was.
During the project SOGREAH developed 2 user’s manual for the model but the
client did not ask for the model to be transferred to his headquarters.

In 1978 it was decided to transfer the modet to Dakar where an American
consulting firm (Ganaet Fleming) was in charge of environmental studies. The
studies were made for the OMVS (organization of the riparian states) and -
financed by the ysalb. . S :

The user wanted to run the modei frequently while modifying some -
simulated topographical or structural features, but he was seeking neither the
. possibility of using the software in order to build another model nor the

grams themselves. Hence it was possible, after

capability of modifying the pro
a short preparation in Grenoble, to implement the model directly on the com-

- ‘b}‘\ .

et i
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puters in Dakar, The user’s computers being of the same type as the modeller's,
the operating manual could be used without modification. The software was
written partly in Fortran [V language, partly in IBM 360 Assembler.

The transferred software consisted of the programs themselves, two River
Senegal models (one of the natural valley and one comprising the projected
dams, dykes, and irrigation perimeters), several floods and initial states. All
these elements were stored on magnetic tape and brought to Dakar by a model-
ler’s engineer having a complete knowledge of the above software and a good -
knowledge of the operating systems of the IBM 370.155 computers. The
engineer spent two weeks in Dakar, after which period the user was able to run
the model with no trouble.

The fortnight spent in Dakar, however, was not a restful one, There were two
IBM 370-155 computers in Dakar run by two different administrative depart-

run had taken 4-5 h. Thjs was obviously due to inefficient software, but the-
result was the same: 3 blocked computer. Upon hearing about the mathematical
model of the Senegal, the authorities were reluctant to have it implemented on
their computers, fearing once again excessive run time, This obstacle was not
removed until the 11th day after the arrival of the SOGREAH engineer!

The two computers Were run with two different versions of the operating
System and with very different peripheral unit configurations. One had only
magnetic tapes as peripheral units available; another, only disk packs with no
-possibility of permanent Storage. Since it was not possible to limit the impl?-
mentation of the software to one of the two computers, the modeller’s englﬂf‘"r
had to prepare auxiliary data management routines for both systems permitting
the shift of data and files from one support to the other. That took him only. 2
few hours because he was well acquainted with the operating system. Had this |
not been the case, the whole transfer operation would have taken several days
or even weeks.

During the first ten days the modeller explained the operating manual to the
users. The users themselves Pprepared the set of tests and modifications and when
the software was finally implemented on both computers, the users ran the
model with their test packages. The implementation and the tests were made
during the last fjve days of the modeljer’s engineer’s stay in Dakar. Since then-
the user has run the mode] there with only one or two minor difficulties .
smoothed out by telex, ‘The whole operation took less than two months and its
cost was, travel expenses excluded, less than 25 000 U.S. doilars (1978).- _

The reader shoyld keep in mind that the Senegal model run in Dakar is, in a
Way, 2 black box as far as the user js concerned. The latter has the Fortran listing
at his disposal, but he has no rea] possibility of modifying it or of resolving .
possible problems by himself. These transfer conditions are acceptable only if *
the model purpose is limiteq and only if the client can rely upon the future o
assistance of the modeller jf something goes wrong.: -~ - I
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The cost of and the time needed for the transfer of the Senegal model may
surprise the reader as being low, especially as compared to those of the Mekong.
This is due to the fact that the model development and user’s mariual were both
paid for by the first FAO project which explicitly specified that the transfer of
the software might be required in the future. Also the ‘black box’ character of
the model use obviated the need for extensive personnel training.
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Index:

Abbott-Tonescu type scheme, 69, 86, 83,
97, 104
Adour River, 139, 147,172
Algorithm, '
f&bbott-lonescu scheme, 106, 109,120
inundated plain model, 113
multi-connected {looped) networks, 117
Preissmann scheme, 108, 111, 117
.Sil‘llplif-connected (branched) networks,
09
Amplification factor, 83, 87-9
Amplitude portraits, 86, 88
Approximation etror, 77

BIVAL regulator, 238

Bore, hydraulic see Surge

Boundary conditions, _
characteristics theory viewpoint, 29
convection-diffusion problem, 329, 343
data needs, 230 o N
discretization, 72 .
downstream, choice of, 36
exterior, 167 .
formal requirements, 31
interior, 50, 167
model calibration, 198
model exploitation, 230
movable bed models, 278
non reflective, 36
rating curve, 36

Calibration, .. .
accuracy of, 222
poundary conditions, 198
cost of, 378
quality of, 384 . . . o
steady flow situations, 186 .
two-d.imensional zones, 206, 212, 219
unsteady flow situations, 193-207, 212,

219 -

CAREDAS modelling system, 5,104
CARIMA modelling system, 5, 104, 109,
172,221,375 '
Celeiity, ‘
flood peaks, 198-206
shocks, 42
small waves, 29
CFL condition see Courant—Friedrichs—
Lewy
Channel flow, 7
equations, 14, 44, 48,49
integral relationships, 11, 13 '
Characteristics, 24 et 5eq-, 26,29, 281
aumerical integration method, 54, 260
5] jed interval (Hartzee) method, 58
variable grid method, 57
Chézy formula, 22
Clinch River, 343
Compatibility conditions seg
conditions, interior
Computational hydrautics, 2
Conservation equations,
differential form of, 13,40,43
energy, 8, 128 ’
integral form of,9,40,43
mass, 8, 11, 14, 16~18
momentum, 8, 13, 15-17
Consistency, 79
Convectlon,
of polluted material, 320
one-dimensional equation, 320
Conveyance, _
calibration of, 187
coefficients of, 87 )
computation in compound sections, 21
definition, 20 )
representation in models, 163
Convergence, 77, 163
Convergence coefficients, 88

Boundary

417
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Cost of mathematical models, 372 ef seq.

Courant—.-Friedrichs-Lewy (CFL) condition,
53,85

Courant number, 85,323

Critical flow, 26, 32,177

Dam-break wave simulation, 357
computational problems, 360
equations, 359

Damping, numerical see Amplitude portraits

Datz needs, 225
hydraulic, 230
movable bed models, 280
topographic, 228

Data, representation in models, 128

Delft Hydraulics Laboratory scheme, 68,

86, 105 .

Dependent variables, 8,16,17

Difference methods see Finite difference

methods ’

Diffusion,

© apparent, 316
artificial (numerical), 321-5§ )
of pollutants gee Transport of pollutants

Diffusion analogy, 46

Discontinuities see Discontinuous flow

variables

Discontinuous flow vatiables, 8, 18, 26, 31 .

56
Discontinuoys solutions, 37, 127,243, 250,
260 ‘
examples of simulation, 250
modelling considerations, 260-43
numerical methods, 37

Discretization, 53
hydraulic, 159
nonlinear terms and cosfficients, 92
one-dimensional equations, 63—75
one- or two-dimensional, 138 '
quasi-two-dimensional, 757
topological, 143 '

Dispersion, - .
numerical, 326, 32

see also Phase portraits
physical process of, 313
Dissipative interface, 89,126
Divergent form of fiow equations see
- Conservation equations

Domain of dependence, 25

Double sweep methods, 106
multiconnected {looped) networks, 117
simple-connected (branched) networks,
single channel, 106~

Double sweep methods (coned) )
two-dimensional inundated plain net-
works, 113

Explicit schemes see Finite difference
methods

Favre waves see Undular bore
Finite difference methods ]
discretization of boundary conditions,
72
discretization of coefficients, 92 )
discretization of quasi-two-dimensional
relations, 75
explicit schemes, 66
general description, 59
implicit schemes, 66, 86
order of approximation, 61
representztion of derivatives, 60
representation of functions, 61
schemes for differential equations, 68
schemes for integral relationships, 63
Flood forecasting and prediction, 350
calibration and sensitivity of models,
356
methodology, 351 _ 154
mode] implementation strategy, 33
Flood plain flow, 7, 24, 50, 147, 15§
Flow,
critical, 27
one-dimensional, 7
quasi-two-dimensional, 50
suberitical, 27
" supercritical, 27
Flow equations,
one-dimensional
differential, 14-17 :
integral relationships, 11~13
simplified, 44 - '
steady, 48, 181
quasi-two-dimensional, 52
Flow regulation,
irrigation canals, 233
low head power plants, 253

Growth factor see Aniplification factor. .
Gunaratnam--Perkins scheme, 72

Holly—Preissmann scheme, 326t sed.

Implicit schemes see Finite difference

- methods - -
Independent variables, 8, 16, 1 350
Inertia terms of equations, 45,135 - |



Initial conditions,
definition, 32
influence, 336 :
requirements, 29—33
Integral flow relations, 9
Inverse computation, 31, 242
Irreversibility, 31
Irrigation regulating systems see Flow
regulation . .
Iterative solution methods, :
for solving systems of equations, 105
for updating coefficients, 104, 172

Kx:nematic wave, 46
Kitkuk—Adhaim irrigation project, 240 -

Lateral inflow, 18, 23

Lax scheme, 67, 81, 88

Lax theorem, 79

Leap-frog scheme, 67 .
Lincarization of coefficients, 103
Linearized flow equations, 80
Live cross-section, 24 :
Looped networks, 141, 147, 369

Manning,
formula, 20
‘global’ coefficient, 190
Mekong Delta model, 113, 138, 140, 147,
150, 386, 399
Mississippi river, 2, 295
Missouri river, 340
Modelling systems, 2, 5,374, 381

Niger river model, 133

Nile river, 23, 385

Numerical damping se€ Amplitude portraits
damping see Amplitude portraits
diffusion see Diffusion
dispersion se¢ Dispersion; Phase portraits
solution of equations, 54-9
stability, 79-86

Ohio River, 2

One-dimensional flow hypotheses, 7,22,
138,146 o

Orzison—Manosque canal, 33, 244

Order of approxkuation, 60-62

Qrifice flow, 16

Parana river model, 137
Phase portraits, 86, 88,
Physical models, 1,7
Power cascades, 253

89
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Preissmann scheme, 63, 86,89,92
Pseudo-viscosity method, 124

Quality of mathematical models, 372,380
et seq.

Range of influence, 25
Rankine—Hugoniot relationships, 38
Rating curve, 36, 186

boundary condition, 198

loop due to unsteadiness of flow, 195

loop due to ronghness variations, 199
Resistance laws, 20, 295 .
Rhéne River models, 45, 135, 216, 253,

255-%

Riemann invariants, 29 .

Saint Venant, de,
equations, 8
hypotheses, 7, 8

Schemes of finite differences,
Abbott-Jonescu tYpe, 69
based on differentlal equations, 66-72
pased on integral relationships, 636
boundary conditions, 725 .
Delft Hydraulic Laboratory, 68
explicit, 66 : _
Gunaratnmn—l’erklns, 12
Holly—Preissmant, 326
implicit, 66

Vasiliev, 71

Sediment transpoft,
analysis of equations, 281
classification of models, 277
numerical solution of equations, 287
resistance formulas, 293

Senegal river model, 208,403

Setit river, 299

Sewage network modelling, 363

Shock fitting, 122,260

gimplified flow equations, 44-6,1317

Sisteron canal model, 248

- BIVA modelling system, 5,70,97,104

Slope,
energy or friction, 13,

298
_neglected terms in simplified equations,
45,135
Small depth problem, 175, 368
Stability, .
canal regufation, 235

20, 22,129,162,
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Stability (contd)
numerical, 79-80
Steady flow, 48, 181
Steep front, 120-28, 24852
Storage,
area, 18
width, 18, 23, 146
Storm drains see Sewage network modelling
Strickler formulg, 20
Surge,
celetity, 26, 38, 43
computational methods, 121, 246, 260
formation of, 37,243
relation to differential flow equations,
39,42 :
relation to integral flow relationships, 40
simulation examples, 240
undular see Undular bore

Through methods, 126, 260
Tidal effects, 35
Topological discretization, 143
Training of personnel, 397
Transfer of models, 391
cost, 330, 388
Mekeng model, 399
Senegal model, 403

Transition and contrel structures modelling
263-70
Transport of pollutants, 312
dispersion equation, 316
estimating transverse velocity
distribution, 346
numerical selution, convection
equation, 320
numerical selution, diffusion equation,
LX)
one-dimensional modelling, 318
two-dimensional modelling, 336
Two-dimensional,
discretization, 170 -
hypotheses, 50, 138, 146
methods of solution, 75, 113

Undular bore, 244, 245-8 -

Vasiliev scheme, 71, 86 .

Velocity distribution in cross-section, 22,
346 :

Vienne River model, 333 :

Weak solutions, 42, 127
Weir flow simulation, 76, 168, 178, 180




