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A Note on the Muskingum Flood-Routing Method

J. E. Nasu

Hydraulics Research Station
Department of Beventific and Industrial Research
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Abstraci—An exact method of solution of the food-routing equation, when the storage is a
linear function of weighted inflow and outflow, ia developed. This operation s shown to be
equivalent to routing a multiple of the inflow through reservoir storage and subtracting the
excess inflow. Modified coefficients for the Muskingum equation are developed which do not
depend on the routing interval being small relative to K.

Introduction—The Muskingum method, which
i2 & finite difference method of solution of the
flood routing equation, under the assumption
that storage is a linear function of a weighted
mean of inflow and outflow, 8§ = K[zl 4+ (1 —
z)Q], is widely used, both in its original form
[McCarthy, 1938] and as the basis of & number
of graphical or semi-graphical methods. In the
use of these methods, however, it is sometimes
overlooked that an essential requirement, to
insure aceuracy in such finite difference caleu-
Iations, is that the finite interval T must be small
relative to the other time elements involved.
This fact was emphasized by Clark [1945] in
discussing the Muskingum flood-routing method.
Nevertheless, it still happens that values of T
sensibly equal to K are recommended for use
in actual caleulation.

Whereas it is possible that in practice the
insccurncies so introduced are generully not
significant relative to the inaccuracies intro-
dueced by the basie storage assumption, and the
usual inaceuracies of the data, it may happen,
particularly in theoretical work, that a high
relative accuracy is required. The failure of the
Muskingum method when T/K is not small is
demonstrated by the widely sccepted belief that
routing through linear storage with = = 0.5
operates as & pure delay. This conclusion is
based on the fact that the substitution of T = K
and r = 0.5 in the Muskingum equation vields
@ = I, the other coefficients being zero. That
this conclusion is erroneous is demonstrated in

‘this note. An exact method of solution under

the storage assumption is developed, and modi-

fied equations for the Muskingum coefficients
are derived. These equations are true even when
T is not amall relative to K.

Nolation—

I(f) = inflow, ft*/see

Q(f) = outflow, ft*/sec

T = a numerical parameter

S(1) = storage, ft* hrs/sec

K = a time parameter, hours

E = K(l — 1)

D = the differential operator d/dt

C, Cy C; the Muskingum coefficients

¢ = exp— T/K(l—zx)

g = the outflow from routing 7 through
8= K(1 - z)q

T = the routing interval, hours

m = slope of inflow curve

The exact solution—The fundamental equations
are
1=+ % (1)
8= K=l + (1 — 2@ (2)
from which

I =x£=a+{1—ﬂx"ﬂ

1— zKD
W=1FTa=axp™ @D

When r = gzero we have the corresponding
reservoir cise

e £

m—.
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Fia. 1—Routing through storage with £ = 0.5

1
Q) = I-l— KD I(e) (4)
which has the solution

@=co' f:e”'f dt (5)
Now (3) may be looked upon as the result of
operating on J{f) successively with 1 — zKD
and 1/]1 4 (1 — z)KD]. The operation 1 — zKD
merely involves differentiation of the inflow and
1/]1 4+ (1 — z)KD] represents reservoir routing
with 8§ = (1 — z)KQ. Therefore (3) is equivalent
to subtracting K times the first derivative of
I from I and routing the remainder through
reservoir stomage with S = (1 — z)KQ. These
operations generally can be carried out graphi-
cally, and mathematically as well, when [ is a
simple function of time. We can learn more
from (3). Let ug define

' = (1 — =KD)I(}) (6)

This meana that I' is the result of routing I
backwards (that is, ealeulation of inflow from
outflow) through linear reservoir storage S =
—zKI. The effect of the negative zK is achieved
by taking the routing procedure from right to
left; that is, in the negative direction of time
(Fig. 1).

When we come to §; at which I' becomes zero,
I would fall off logarithmically and pever actu-
ally reach zero unles [’ took negative values
This means that when [ starts from zero and
rises at o finite rate, " must always take
negative values initially.

It is clear, too, that the interval between the
centers of area of I'(f) and I(f) is zK. We must
now route I” forwards through § = (1 — z)KQ

J. E. NASH

to obtain @ (Fig. 1). Clearly this involves a
further ghift of the center of area (1 — z)K so
that the total shift is K. However I and Q are
not otherwise identical even when z = 0.5 as
shown in Figure 1. It should be noted that the
negative initial values of I' result in negative
initial values of Q.

If we divide out the operator in (3) we obtain

u=[— =
1 I (7)

1
+ (1 -z |1 4+(1— :}Em]f
1 I g =l (8)

We see, therefore, that the outflow consists of
the sum of two parts, the first of which we shall
call g, being the result of routing I/(1 — =)
through 8 = K{(1 — z)g, and the second
part being simply the inflow multiplied by
—z/(1 — x).

There are various ways of routing through
reservoir storage. Equation (5) may always be
integrated graphically, or mathematically if I
is in & suitable form. A simple graphical solution
not involving integration has been demonstrated
by Nash and Farrell [1955). 1t frequently hap-
pens, however, that a coefficient solution is
desired. Formulas for the coefficients are caleu-
lated in the next section.

Modification of the Muskingum coeficients—
I;Il g EJ.-FD + E‘I-'rl : Eiﬂ! I:ﬂ}

the time interval which are small
ecompared with K. .
The solution of (8) when [ is a series of straight
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segments is obtained as follows. Let m = (I, —
I4)/T be the slope of a segment.

Let

1
— g KD

qlt) = ¥ 1(t)
then

Q= gf(1 —z) —=If(1 —x) (10)

Let k = (1 — 7)K and ¢ = exp|—T/K(1 — )]
to simplify the notation. From (5)

0= 1k [ (0 + mie d
g = 1/ke""[kIs"
+ mke " (t/k — 1) + A]

g=1Iy+ mk(t/k — 1) + A/ke”"  (11)
We solve for the arbitrary constant A by letting
g= qyatf{= 0and obtain gy = fy— mk+4+ A /K.
Bubstituting in (11) we obtain
g= I, + mk{t/k — 1)

+ (g0 — I + mk)e™"*

Bubstituting ([, — I)/T for m and letting
¢ = T, we obtain

= L + E/T(T/k — 1)(1, — L)
+ [0 — L+ ¥/T(I, — Ik
g = L{k/T(1 — &) — ¢]
+ L[—=%/T(1 — &) + 1] + gt
whence by (10)

E1—c¢ e
ijrez Jlr1=|I|:l"l—.: 1—.1:]
k]l —e I -
+I‘|: Tl—:+1-h:_t—:]

€
+“1—:

(12)

But ¢o/(1 — 2) = Qa— zI4/(1 — z) which when
substituted in (12), bearing in mind that & =
K(1 — 1), givea

METHOD

Q@ = LIK/T(L — ¢) — ¢]
+ LI-K/T(1 = 4+ 1] + Qe (13

This is the modified form of the Muskingum
equation when T ia not small relative to K. If
T/K ia taken very small the coefficients in (13)
and in the Muskingum equation converge.

Conclusions—We have seen that the Musk-
ingum method is equivalent to either routing
the inflow backwards (that is, calculating I
from €) through storage 8§ = —z KT and subse-
quently forwards through S = (1 — z)KQ,
or routing & multiple of the inflow I/(1 — z)
through § = K(1 — z)¢ and subtmacting
2l /(1 — z). We have also developed the values
of the coefficients to be used when T/K is not
small. The negative outflow, which may occur
when the inflow rises steeply, has been explained
a8 being essentially associated with the storage
assumption, and not with any particular method
of solution. This mther unrealistic consequence
of the storage assumption suggests that some
modification is desirable. As it is necessary in
practice to determine  and K by experiment,
it would seem more reasonable to abandon the
storage assumption and consider the linear
operation to consist of two parts, a pure delay
and s gingle reservoir routing [Hoplkins, 1056],
the two parameters to be determined by experi-
ment. The pure delay plus the storage factor K
would be equal to the lag between the centers
of area of inflow and outflow, and the ratio of
the storage factor to the lag would form a dimen-
sionless parameter which might be constant as
a first approximation or reflect some character-
istics, at present unknown, of the channel. It
might be possible to determine this relation by
means of a statistical correlation.

d:kmwhdgmﬂ—'l‘hu note is published by
permission of the Director, Hvdmulics Rmmh
Station, Department of El:urnhﬁn and
mﬂﬁmﬂx Howbery Park, Wallingford, Berkshire,
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Systematic Determination of Unit Hydrograph Parameters

d. E. Nasa
Hydraulics Research Station
Howbery Park, Wallingford, Berks., England
Abstraci—In unit hydrograph correlations the number of degrees of freedom which it is useful

to maintain in the form of the instantaneous unit hydrograph is shown to be limited by the number
of significant independent correlations with the eatchment characteristics. The moments of the

instantaneons unit

are suggested as a series of parameters of the response, for which

correlations should be sought. A simple method of obtaining these moments iz evolved, and &
method of choosing, in any given ease, between several two-parameter forms is demonstrated.

Nolation—The following notation is used:

IUH—instantaneous unit hydrograph

i—input (effective minfall) & function of time

u—the indicial response (instantaneous unit
hydrograph) a function of time

T'—duration of inflow

¥

K—a linear storage parameter

s—ountput (storm runoff), a function of time

a, b, e—times from the origin to the centers of
area of the input, the cutput, and the indicial
response respectively

7, ¢, y—time measured from the centers of
ares of input, indieial response, and output,

respectively

I, U, 8,—the nth moments about the centers
nluudlhampul,lmhullmmd
output, respectively

L', U, &'—corresponding moments about the
origin

m, = U./c"—the nth dimensionless moment
of the indicial response

h, g—parameters in the equation of the log-
normal frequency distribution

Number of paramelers—The essence of the unt
hydrograph theory is the assumption of Linearity
in the relation between storm runoff and effective
rainfall. Having made this assumption, it remains
to establish the relation between the character-
istics of the catchment and the response in the
storm runoff to a predetermined ‘imput’ of
effective minfall, that is, the indicial response.
The most frequently used indicial response is the
IUH, defined as the hydrograph of storm runoff
caused by unit volume of effective minfall,
generated instantapecusly and umiformly, over
the catchment. To establish the relationship

between the IUH and the catchment character-
istics by means of a statistical correlation, it is
necessary to define the IUH and the catchment
characteristics by numerical parameters. The
parameters of the IUH may be actual measure-
ments of, or constants in, the assumed equation
of the IUH. Correlations must be established
between the IUH parameters as dependent
variables and the catchment characteristics as
independent variables,

Such correlations may be classified as ‘one
parameter,’ ‘two parameter,” . .. depending on
the number of parameters of the IUH for which
independent correlations are obtained. Obviously,
the greater the number of parameters we succeed
in correlating the better, as we are thus enabled
to use a more genersl IUH form.

If we measure only a single parameter, then we
must assume that all [UH's having equal values
of this parameter are identical. If we use two
parameters, we can obfain a better fit to an
actual ITUH, due to the greater generality of the
two-parameter form. It is not nesessary, though
it is desirable, that the form of [UH be expreased
as an actual algebraic equation w = wu(t) (dis-
charge as a function of time). For example, one
could messure the peak and sssume that the
shape is given by Commons [1942] basic hydro-
graph (one parameter), or one could assume that
the IUH was generated by routing an isosceles
triangular inflow of base T hours through linear
reservoir stomge, ¥V = Ks (two parameters).

Clearly, the greater generality of a many-
parameter form can be availed of, only if signifi-
cant independent correlations are obtained for
each parameter. In the two-pamameter case
mentioned (namely, where the IUH is assumed
to be generated by routing an isosceles triangular

1
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112 J. E. NABH

inflow of base T hours through linear reservoir
storage), if correlations for K and T are obtained
with different eombinations of catchment charac-
teristics we have a genuine two-parameter corre-
lation. However if both T and K are correlated
with the same catchment characteristics in such
& manner that the catchment characteristics can
be eliminated between the two equations and K
expressed as a function of T, then we have only a
one-parameter correlation because K can be
replaced by the eorresponding function of T.

Intermediate between these two cases we might
find K and T correlated with almost the same
eatchment characteristics. In such a case it
might be difficult to say whether we had achieved
& one- or two-parameter correlation,

There are two precautions which help to
prevent this situation arising. We may take as
our two parameters T and T/K which are much
less likely to be mutually eorrelated than T and
K. We may also include the first parameter
among the independent variables when studying
the regression of the second parameter on the
catchment characteristics. If a multiple linear

two-parameter form we should correlate (T'+ K)
and T/K with the catchment charmcteristics.
(' + K) could be obtained from the records
with greater certainty than either T or K. The
second point to be remembered is the esse or
Mrﬂwﬁhm”h

IUH for each catchment, a very difficult task.
It is the author’s sugpestion that the form of
the IUH should not be determined until after
the correlation, and that the moments of the
IUH, which can be obtained very easily from
the records without deriving the actual IUH,
should be used as the parameters of the response.
It is shown in Appendix 1 that the first moment
of the IUH about the instant of effective rainfall
is equal to the difference between the first
moments of the storm runoff and effective rainfall
about the time of beginning of effective rainfall.
It is also shown that the second and third
moments of the [IUH about ita center of area,
are respectively equal to the differences between
the corresponding moments of storm runoff and
effective rainfall, each about its own center of
ares. The corresponding relation for higher
moments is also derived.

Thus, to obtain as many parameters of the
IUH as we wish, we simply caleulate the moments
of the storm runoff and effective rainfall and
apply (1) and (4) of Appendix 1.

To obtain independence between the param-
eters of the IUH it is better to use, instead of the
nth moment, the ratio of the nth moment to the
firat moment in the power of n. This renders all
the parameters except the first dimensionless,
In the notation defined above, the parameters
become ¢, mg, My, . . . . These parameters should
be derived for each catchment and treated as
dependent variables. Having obtained a correla-
tion between ¢ and the catchment characteristies,
a second correlation should be sought between
my 88 dependent variable, and ¢ and the catch-
ment characteristics as independent variables,
and so on.

At some value of n it will be found that m_,,
shows no gignificant correlation with the catch-
ment characteristies. [t is possible that it might
show significant correlation with ¢, my, my, . . . m,,
but this is unimportant at this stage. We would
thus have achieved an n parameter correlation
and we must then seek an n parameter form for
the IUH. To decide between various forms we
might use the chi-squared test, used by statis-
ticians to measure the closeness of fit of a fre-
queney distribution. 1f n is small, as unfortunately
is most probable, a method similar to that shown
in Appendix 2 might be used to judge the
suitability of various Hnm forms.
Here the ability of each form to prediet the

o
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third moment, when its two parameters are
determined by equating first and second mo-
ments, is used as a test of suitability.
Concerning the number of parameters for
which we might hope to obtain correlations it
may be noted that the correlations of Bernard
[1935], MeCarthy [1940], Snyder [1938] and
' Kelly [1955] are all ‘one parameter’ while that
of Taylor and Schwartz [1953] is ‘two parameter.’

Arrenpix 1—Tiae Errect or A LiNnEAR
TRANSFORMATION ON MoMENTS

The objeet here is to establish the relationship
between the moments of the “input,’ the ‘indicial
response’ to & unit pulse, and the ‘output.’
Let us assume that the input and output are
expressed in units which make [ ¢ dr and [ # dy
both unity. This does not limit the generality of
the equations subsequently derived, but it
simplifies the expressions slightly.

In the transformation, the elementary strip
% dr (Fig. 1), is replaced by an elementary output
whose ecenter of area must be later than r by c.
This applies to every elementary strip; therefore
the center of area of the output must be later
than that of the input by e.

input i)

o T Yy time

indicial response
u te

(it fime
output 18y}
1
: ]
b o e d time

b=a+c¢ (1)

This is the relation between the first momenta
about the origin. The relation between the nth
moments about the centers of area is found as
follows.

Du Hamel's integral gives the output at time

¥ Bs

lhfl'{r}u[f} dr where v = ¢4 .

R f f UNule + 0" dr de (2)
which may be expanded as

g f f iDE 4 v s

+ﬂ“ﬂ—'|'l~]-;'*r’+ oo 4 7% de dr.

Now
U.-fu{l}i' de, and J, = Iﬂ:f}r' dr.
58 = f (U, + nUosr

+~"~ﬁ'%u Uos? + -+- M dr.

S o= U+ al.al;
+ﬁ"ﬁ‘1 A AR e

If we write the suffixes as power indices (without
of course interpreting them as such, except for
the purpose of expansion), we get

8 =(U+D. (4)

This equation is quite general. It has very simple
expansions for small values of n. Remembering
“Ul-II-E[-n“#

=L+ U, {m
=L+ T, (5b)
8 =I+ U, + 6LT, (5e)

Eq. (4) and (1) enable us to caleulate the mo-
ments of the IUH very simply from the moments
of the storm runoff and effective rainfall
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Fie. 2—Comparison of certain two-parameter forms

APPENDIX 2—(Ca LOULATION AND COMPARIBON
L
ofF, THE Moments oF CerTAIN Two-
Parauerer Forus

Here the quantities ¢, m,, and m; are ealeulated
for & number of possible two-parameter IUH
forms. The relationship between m,; and m, is
calculated and plotted as a set of curves (Fig. 2).
If we obtain, as described earlier in this paper,
the values of m, and m, for each of several
catchments, waundﬂmdawhmhnfﬂmtwq-
parameter Eurm.u gives the best representation of
the several IUH’s by plotting corresponding
values of my and my on Figure 2, The form corre-
sponding to the line which passes closest to the
scatter 80 obtained is the most suitable form.

The routed rectangle (Fig. 2, Curve a)—Figure 3

%qthr-

f ki

Fra. 3—The routed rectangle

shows the method of generation of this form.
A rectangular inflow of duration T is routed
through linear storage ¥ = Ka.

The process of routing through linear storage
15 o linear transformation, and therefore the
equations developed in Appendix 1 may be used
to obtain the moments of the routed rectangle.
In this case the response to a ‘unit pulse’ input
is given by u = ¢ "5/K

U, -f %s""':ﬂ

- .:c*f ( ) e A/ K) = K°T(n)

whence ¢ = K, U; = K° and U, = 2K*. The
moments of the input are a = 7/2, I, = T./12,
undf,— 0 whence by (1) and (5), b= T/24+ K,

= K"+ T°/12, and 8, = 2K*. This gives us
themﬂmmtanfthamﬂnfuunuanfﬁmamﬂu

e=T/24+ K, U= K+ T2,
Uy = 2K*, and

a 4 12
Ant+2 '™

where n = T/K.
The relation between my and my has been evalu-
ated and plotted as curve a on Figure 2.

The rouled isosceles triangle (Fig. 2, Curve b;
Fig. §)—By the same ing a8 above we
obtaine = T2+ K, U, = P/6 4+ K, I, =
2K, and m; = (n' + 6)/6(n/2 + 1), my =

2
o2 3 B R

inflow
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2/(n/2 4+ 1)". The relation between m, and m, is
shown as eurve b on Figure 2.

Successive routings—If an instantaneous inflow
is routed through a series of n linear reservoirs,
each characterised by V = Ks, the outflow
takes the form

¥ — 158 a=1
= T ¢ ¢/ K)*,

The author has suggested elsewhere [Nash,
1958], the possibility of using this equation for
the IUH. By repeated application of (1) and (5)
we get ¢ = nK, Uy= nK’, U = 2nK", my = 1/n,
my = 2/ny = 2m,". The relation between m,
and m, is echown as eurve ¢'on Figure 2.

The equalion of the log-normal frequency
distribution—The author has noticed that §
curves (the integral of the IUH) are frequently
nearly straight lines when plotted on log-normal
probability paper. This implies an equation for
the IUH of form

1 —{log t — g’
R

where g and A are parameters. Chow [1955] gives
the moments of this curve about the origin as

2
U".ﬂﬂp(l:';-l-' w),
from which it can be shown that
E’*ﬂm‘l'ﬂj

T, = & L pve,

and

.U‘ = f.!‘“'

1I1 y"lii[‘f*‘ i ll..l"li'l.j o 'lh"l-i-ll"

Whencemy = ¢ — I, my= ¢ — 3"+ 2=
my + 3m,". The relation between my, and m,
is shown as curve d on Figure 2,

For the routed rectangle and triangle there
are two possible values of my for each value of m,.
This means that in fitting these forms to an
actual IUH by equating first and second moments
there are two possible values of T/K each
of which gives exactly the same second momenta.
This is not really a disadvantage, as the position
of the point corresponding to the actual ITH on
Figure 2 shows which value of m, {and therefore
of T/K) gives the best fit.
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